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Functionals of fractional Brownian motion and the three arcsine laws
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Fractional Brownian motion is a non-Markovian Gaussian process indexed by the Hurst exponent H €
(0, 1), generalizing standard Brownian motion to account for anomalous diffusion. Functionals of this pro-
cess are important for practical applications as a standard reference point for nonequilibrium dynamics. We
describe a perturbation expansion allowing us to evaluate many nontrivial observables analytically: We gen-
eralize the celebrated three arcsine laws of standard Brownian motion. The functionals are: (i) the fraction of
time the process remains positive, (ii) the time when the process last visits the origin, and (iii) the time when it
achieves its maximum (or minimum). We derive expressions for the probability of these three functionals as an
expansionine = H — %, up to second order. We find that the three probabilities are different, except for H = %,
where they coincide. Our results are confirmed to high precision by numerical simulations.

DOI: 10.1103/PhysRevE.104.054112

I. INTRODUCTION
A. Fractional Brownian motion

In the theory of stochastic processes, fractional Brownian
motion (fBm) plays as important a role as standard Brow-
nian motion [1-4]. It was introduced [5,6] to incorporate
anomalous diffusive transport [7], which is abundant in nature
but not describable by standard Brownian motion. Fractional
Brownian motion has several key mathematical structures
to qualify it as the most fundamental stochastic process for
anomalous diffusion: translation invariance in both time and
space (stationarity), invariance under rescaling, and Gaussian-
ity [8]. The current mathematical formulation of fBm was
given by Mandelbrot and Van Ness [6] to describe correlated
time-series in natural processes. It is defined as a Gaussian
stochastic process X; with Xy = 0, mean (X;) = 0, and covari-
ance

X X,) = 21 4 21— — 5?1 (1)

The parameter H € (0, 1) is the Hurst exponent. An example
is given in Fig. 1. Standard Brownian motion corresponds to
H= % where the covariance reduces to (X;X;) = 2 min(s, t).

Fractional Brownian motion is important as it success-
fully models a variety of natural processes [1,2]: A tagged
particle in single-file diffusion (H =0.25) [9-13], the inte-
grated current in diffusive transport (H = 0.25) [14], polymer
translocation through a narrow pore (H ~0.4) [15-17],
anomalous diffusion [18], values of the log return of a
stock (H >~ 0.6 to 0.8) [19-22], hydrology (H ~0.72 to 0.87)
[23,24], a tagged monomer in a polymer chain (H =0.25)
[25], solar flare activity (H ~0.57 to 0.86) [26], the price of
electricity in a liberated market (H ~0.41) [27], telecommu-
nication networks (H ~0.78 to 0.86) [28], telomeres inside
the nucleus of human cells (H ~0.18 to 0.35) [29], subdiffu-
sion of lipid granules in yeast cells [30], and diffusion inside
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crowded fluids (H ~0.4) [31], are few such examples. Due
to the simplicity of its definition, fBm has a fundamental
importance, as well as a multitude of potential applications.
The pressing questions are how the celebrated properties of
standard Brownian motion generalize for fBm, and how can
one analyze them? In this paper we aim to address some of
these questions.

The anomalous diffusion in fBm comes from the long-
range correlations in time, which makes the process non-
Markovian, i.e., its increments are not independent, unless
H = %; this can be seen from the correlation of increments,

(dX,dX,) ~2HQH — 1)(t — s)*H#Vdr?, )

for t > s> dt and dX;, = X;+qr — X;. The positivity of
correlations for H > % means that the process is correlated
and the paths appear to be more regular than for standard
Brownian motion. The converse holds for H < %, where
increments are anticorrelated, making the process rough
on short scales. This can be seen in Fig. 1 for the sample
trajectory of a fBm generated in our computer simulation,
using the same random numbers for the Fourier modes, which
renders the resulting curves comparable.

The non-Markovian dynamics makes a theoretical analysis
of fBm difficult. Until now, few exact results are available in
the literature [32-34]. In this paper, we describe a systematic
theoretical approach to fBm, by constructing a perturbation

theory in
1
e=H—3 3)
around the Markovian dynamics. We describe this approach
with a focus on observables that are functionals of the fBm
trajectory X;, and thereby depend on the entire history of the

process. The fraction of time X; remains positive, the area

©2021 American Physical Society


https://orcid.org/0000-0003-0390-6257
https://orcid.org/0000-0002-9270-4990
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevE.104.054112&domain=pdf&date_stamp=2021-11-15
https://doi.org/10.1103/PhysRevE.104.054112

TRIDIB SADHU AND KAY JORG WIESE

PHYSICAL REVIEW E 104, 054112 (2021)

4= H =0.10
H =025

— H=0.50
— H=075

— H=0.90
— H=1.00

Brownian

0.0 0.2 0.4 0.6 0.8 1.0
t

FIG. 1. Sample trajectories of an fBm corresponding to different
Hurst exponent (H). Anticorrelation of increments for H < % can
be seen from larger fluctuations of the trajectories. In comparison,
smoother trajectories for H > % reflect positive correlations, which

become a straight line for H — 1.

under X;, the position of the last maximum, or the time where
X, reaches its maximum are examples of such functionals.

Functionals of stochastic processes are a topic of general
interest [35-38]. Beside their relevance in addressing practical
problems, they appear in path-ensemble generalizations of
traditional statistical mechanics [39,40]. Beyond equilibrium
statistical mechanics, the dynamics plays a crucial role in
the statistical theory of nonequilibrium systems. Observables
that are functionals of a stochastic trajectory, e.g., entropy
production, empirical work, integrated current, or activity, are
relevant dynamical observables for a thermodynamic descrip-
tion of nonequilibrium systems [41].

The statistics of functionals is nontrivial already for
Markovian processes, and is much harder for non-Markovian
ones like fBm. In our work, we overcome the inherent dif-
ficulty of the non-Markovian dynamics of fBm by using
a perturbation expansion around standard Brownian motion
(H = %), which is a Markovian process. This allows us to
use many tricks available for Brownian motion, such as the
method of images.

B. The three arcsine laws

We illustrate this approach by considering a generalization
of a famous result for standard Brownian motion: the three
arcsine laws [42—45]. This result is about the following three
functionals of a Brownian motion B, starting from the origin
By = 0, and evolving during time T (see Fig. 2):

(i) the total duration #,,; when the process is positive,

(i1) the last time #, the process visits the origin, and

(iii) the time t,,,x it achieves its maximum (or minimum).

Remarkably, all three functionals have the same probability
distribution as a function of ¥ :=t/T, given by [42-45]

1
/o0 =10)

As the cumulative distribution contains an arcsine function,
these laws are commonly referred to as the first, second,
and third arcsine laws. These laws apply quite generally to
Markov processes, i.e., processes where the increments are
uncorrelated [43]. Their counterintuitive form with a diver-

p(0) = “4)

7L
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FIG. 2. The three observables #,o, fiasi, and #ma for a stochastic
process starting at the origin. For the standard Brownian motion, all
three have the same cumulative probability distribution expressed in
terms of arcsine function [42-45].

gence at ¥ = 0 and ¢ = 1 has sparked a lot of interest, and
they are considered among the most important results for
stochastic processes. Recent studies led to many extensions, in
constrained Brownian motion [46-48], for general stochastic
processes [49-54], and even in higher dimensions [55-57].
The laws are realized in a plethora of real-world examples,
from finance [58,59] to competitive team sports [60].

Using our perturbative approach, we show how the three
arcsine laws generalize for fBm. Our results show that un-
like for standard Brownian motion, all three functionals have
different probability distributions, which coincide only when
e =0, i.e., for Brownian motion. As for two of the laws the
difference is first seen at second order in &, we have to de-
velop the technology beyond what was done at leading order
[61-68]. Using our perturbation results up to second order,
and a scaling ansatz, we propose expressions for all three
probability densities. These expressions agree well with our
numerical results, even for large values of ¢, i.e., including
the full range of Hurst exponents reported in the literature
cited above [9-30]. A short account of our main results was
reported in Ref. [69].

This article is organized in the following order: In Sec. II
we discuss basics of an fBm and introduce the perturbation
expansion of the action. As a consistency check we derive
the free propagator for an fBm in Sec. III, which is checked
against the exact result. In the rest of the sections we discuss
the three functionals for the arcsine law. In Sec. IV, we sum-
marize our main analytical results for the generalization of
the arcsine laws for an fBm, and we compare them with our
numerical simulations. How these results are derived is first
sketched in Sec. V and thoroughly discussed in later sections.
Many algebraic details and a description of our numerical
algorithm are given in the Appendices.

II. PERTURBATION THEORY
A. The action to second order in &

Our analysis is based on a perturbation expansion of the ac-
tion for an fBm trajectory around standard Brownian motion
(H = %). This expansion was discussed and used earlier in
Refs. [61-69] at linear order. Here, we give additional details
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at second order, which is essential to show the difference
between the generalizations of the three arcsine laws.

An ensemble of trajectories for fBm in a time window
[0, T'] is characterized by the Gaussian action

1 T T
SIX1 = 5 / d f AX, G X ()
0 0

with covariance G~ (t1, ) = (X, X:,) as given in Eq. (1). The
probability of a trajectory, up to a normalization, is given by
PIX,] ~ e, (6)
For H = % one recovers the Feynman-Kac formula [70] for
standard Brownian motion.
Writing H = % + ¢ and expanding Eq. (5) in powers of ¢
we obtain (a derivation is in Appendix A)

s=1ls,— s, +e2s 7
=plSo S FESat -, (7
where
1 T
So = 2 / dt x(1)%, (8a)
S f dr / X(rl)x(rz) (8b)
] 1 ri+ow rp—n '
S, = / dr / dry x(r)x(r )|:/ L
T2 : Rt S TS TP
- 8
* /+w (S—Vl)(s—rz):| (8)

The prefactor, the diffusion constant, reads

D = D(e, w) = es2(1+1nw)—522(1—%)+(9(£3)' 9)

The small-time (ultraviolet) cutoff @ > 0 is introduced to
regularize the integrals in the action. Our final results are in the
limit of w — 0, and independent of w. The second-order term
in the exponential in Eq. (9) is independent of w, since from
dimensional arguments D ~ »°. An alternative expression for
the second order term of the action was first reported in our
earlier work [69].

Remark. To keep our formulas simple, we explicitly write
the ultraviolet cutoff in Eqs. (8b) and (8c) only for integrals
which would otherwise diverge.

B. Integral representation of the action
and normal-ordered form of the weight

For our explicit calculations we use an alternative repre-
sentation of Egs. (8b) and (8c):

A T T
S = / dy / dry f dry x(r)x(r)e? " ™), (10a)
0 0 r

and

1 A A T T
- / dy, / dys / dn / dry i (r)i(r)
0 0 0 r
y [/ " 1 e n01-)
0

T
_|_/ ds e—yl(s—rl)—yz(s—rz)]’ (10b)

n

where the ultraviolet cutoff w in time is replaced by an upper
limit A for the y variables. A vanishing w is equivalent to
A — 00, which is always taken in the final results.

Their relation can be inferred as follows: for small @

°° dt
/ Te_” ~ —In(sw) —

where yg = 0.57721 ... is the Euler constant. However, the
integral representation for large A reads

A o) A
/ dy/ dt e ~1n (—) O, (12
0 0 N

Demanding that they agree, we get

1
A=—c, (13)
w

ve + O(w), (11

In Sec. III we further check Eq. (13) by constructing the free
diffusion propagator for fBm. In terms of A, Eq. (9) reads

D= 2(1—1nA—yE>—sZ2(1—%)+0(s3)_ (14)

Remark. Keeping in mind the ultraviolet cutoff @ present
in Egs. (8b) and (8c), integrals arising from Eq. (10) are
interpreted such that

T T
/ dry 8(rp — rp) ;= lim dr, 6(ry — r1) =0. (15)
r o= ri+ow
This convention for the expression of the action is used
throughout our analysis.
Remark. A subtle technical point is that at second order
for perturbation of the probability in Eq. (6) one encounters a

term
= dr 1 /
8D2 8D2 / o

/' drg/ x("S)x(rél) (16)
r3+o rg —r3

For the integration range, pairs of time indices coincide and
contracting these corresponding pairs of x using the action
So generates the following terms (see later discussion in
Sec. VIC and Appendix M):

1 i(ry) i(rs)
4D Jri<ry,ry r—ry rq—ry’
g2 1 ) i)
1 4D Jry<ri<nr ra—ry ri—r3’
3D2 1L () i(r)
4D Jri<ry<ry ry—ry ra—ry’
1 () i)
4D Jry,r3<r r—ry rn—r3’

x(rl)x(rz)
I —n

where the cutoffs in the integrations are implicit and the right
arrow indicates contraction of a pair of x. (Contracting all
four x gives a constant entering into the normalization of
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the probability, thus ignored.) The four terms come, in the
given order, from the contraction of x(r;)x(r3), x(r1)x(rs),
Xx(rp)x(r3), and X(r2)x(r4) in Eq. (16). They have the same
structure as those of S, in Eq. (8c), and we can group them
together: the first contracted term in Eq. (17) cancels the first
term of Eq. (8c), the fourth contracted term in Eq. (17) cancels
the last term in Eq. (8c) (note that S, comes with a minus
sign in the expansion, and the points r; and r, are ordered);
the remaining two contracted terms are identical and can be
incorporated into a redefinition of S, as discusses below.
These cancellations make it advantageous to exclude self-
contractions, i.e., the terms on the r.h.s. of Eq. (17), from es,
which in field theory is noted as a normal-ordered [71] weight,

eSS — ¢S (17)

In this normal-ordered form, the second-order term S, is re-
placed by

1 A A T T
s =3 [Can [Can [ an [ anieiie
2 Jo 0 0 "

x /rz ds e 11 —S)—)’z(*’z—s)’ (18)
r

(cutoffs are implicit). Using the normal-ordered weight makes
our calculations simple and elegant. However, to keep our cal-
culation accessible for a nonspecialist, we present our analysis
using the weight in Eq. (10). We shall mention at relevant
stages of the calculation which can be simplified using normal
ordered weight.

III. THE FREE FBM PROPAGATOR

In this section, we verify the perturbation expansion in
Egs. (7)—(10) by deriving a known result about the propagator
of an fBm. The probability for an fBm, starting at X, = 0, to
be at Xy = m at time T is given by

_ m?
e 4r2H

VAR T’

which is straightforward to see for the Gaussian process with
covariance Eq. (1).

In terms of the action in Eq. (5), the same propagator can
be expressed as

Gu(m,T) = 19)

Wy(m, T
Gra(m, Ty = V1 1) (20)
Nr
where
x(T)=m
Wy(m,T) = / Dlx]e W (21a)
x(0)=0
and normalization
o0
Nr =/ dmWyg(m, T). (21b)

Eq. (19) can be derived from Eq. (20) using the pertur-
bation expansion (7). For this, we Taylor expand Eq. (19)
in € as

Gu(m,T) = G(m,T)+e2T(InT)d>G(m, T)
+ & [2(T' InT)*8,,G(m, T)
+2T(InT)Y8,Gm, T)] +---,  (22)

where G(m, T) (without the subscript H) is the propagator
for standard Brownian motion (H = %) with unit diffusivity.
In this section, we restrict our analysis to second order in ¢,
which is enough to verify formulas (8)—(10). An all-orders
analysis is deferred to Appendix C.

Using Eqgs. (7) and (14) in Eq. (21) we get

Wy (m, T) = Wo(m, T) + e Wy(m, T) + &*Wa(m, T) + - - -,

where
x(T)=m 5
Wo(m, T) = Dlx]e” 7, (23a)
x(0)=0
1 x(T)=m 5o
Wiim, T) = = Dilx]le™? Sy, (23b)
x(0)=0
x(T)=m 5 SZ
Wo(m, T) = D[x]e—n[—l — (1—yg—In A)S; —52].
X(0)=0 8
(23¢)

The second term comes from the order-¢ contribution to the
diffusion constant (14) inserted into Eq. (7).

Each term in the expansion of Wy can now be evaluated
as an average with a Brownian measure of diffusivity D. The
path integral measure D[x] is defined such that the leading
term

_m?

e~ 4t

4n DT

Wo(m, T) = Zy (0, m) := (24)

is the normalized propagator Z7 (0, m) for standard Brownian
motion with diffusivity D, starting from x = 0 at r = 0, and
endinginx=matt=T. (ForD=1,Zr(0,m)=G(m,T)
in Eq. (22).)

For the linear-order term in Eq. (23b) we use Eq. (10a) and
the identity (M11) derived in Appendix M to obtain

x(T)=m
Dlx)i(r)i(r)e » = A(ry — 12)Zr (0. m),  (25)
x(0)=0

A(ry — rp) :=22D*32 + 2D 8(ry — 12). (26)

Using the convention in Eq. (15) we get

Wi(m, T) = fi(T)D* 2 82Zr (0, m), 27)
A T T
fi(T) = / dy / dr / drye™2=m)
0 0 r
~ T[In (T Ae”®) — 1]+ O(A™Y). (28)
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For the quadratic term in Eq. (23c) we use Wick’s theorem to
obtain

x(T)=m A
Dlx]x(r)x(rp)x(r3)x(rs)e” D
X(0)=0

= (Z A(roy = 1e@))Are) — ra(4))>ZT(O: ),
' 29)

where o denotes the set of all pairs. Then, using Eqs. (10b)
and (15) leads to

Wa(m, T) = 2f2(T)D*3} Zr (0, m)

+ [f5(T)D —4(1 —ye —In A) f1(T) — 2f3(T)]
x D*0, Zr(0, m) + 1 fo(T)D*Zr (0, m). (30)

Here

A A T
50y = [ [y an
0 0 0
T T T
X/ er/ dr;/ dr4ey1("1—rz)+y2(r3—r4)
r 0 ’ r3

X [8(r1—r3) + 8(ra—r4) + 8(ri—r4) + 8(r3—r2)],

which simplifies to

A A T T T
f5(T) = 2/ dylf dy2/ dm[ er/ ds e Ylsmnilmls=rl
0 0 0 " 0

(31a)

The remaining terms are

A A T T
f3<T>=f dyI/ dyz/ drlf dr,
0 0 0 r

n T
X {/ ds+/ ds}e)'l“fllyzsrz’ (1b)
0 r
A A T T
fG(T) Z/ dy1/ dy2/ drl/ drz e_(y"l“‘YZ)(rz—r])‘
0 0 0 "

(3lc)

In a similar calculation, the normalization in Eq. (21) is
obtained from Egs. (24), (27), and (30) as

Nr =1+ 2L fo(T)D* + O(&).

Note that the linear-order term vanishes.
Altogether, from Eq. (20) we get

G (m, T)
= Zr(0, m) + & 2f1(T)D*32Zr (0, m)
+ e {2fH(T)D* 94 Zr (0, m) + [f5(T)D — 2f5(T)

—4(1 — yg — In M) fI(T)ID*3,;Z7r (0, m)} + O(&?).
(32)

To see that Eq. (32) agrees with Eq. (22) we use Eq. (14)
in Eq. (24) and write

Zr(0,m) = Gm, T)+¢2(1 — yg — In A)T32G(m, T)

2
+ &2 [2((1—7/5—111 A)Z—l—i-%)Ta,ZnQ(m, T)

+2(1 — yg — In A)?*T?32G(m, T):| +.
Substituting the above expression of Z7 (0, m) in Eq. (32) and
then using Eq. (14) yields
Gu(m,T)=G(m,T)+ e 2TK;0,G(m, T)
+ &2[2T°K{0,G(m, T) + 2TK>9,,G(m, T)]

4+ ... , (33)
where
Klzfl(TT)+l—yE—1nA, (34)
and
_5(T) =2f3(T) o Si(T)
Ky == +2(1 — & lnA)—T
7.[2
+(1—)/E—lnA)2—1+?. (35)

It is then easy to see from the expression of f;(7') in Eq. (28)
and

1 A A T T
zfs(T)—ﬁz(T)=/ dyI/ dyz/ dr1/ dr,
0 0 0 r

r
x / dse Y1 6=r)=y2(r2—s)
r

2
:T{[lnT—(l —yE—lnA)]2+1—%}
(36)

for large A, that Eq. (33) agrees with Eq. (22).

Remark. The asymptotics of the integral in Eq. (36) is
numerically verified in Mathematica, with results shown in
Fig. 3.

Remark. The analog of the integral in Eq. (36) with ultra-
violet cutoff w in time is

T-2w T n—w 1
/ drl/ di’z/ ds ——MM— .
0 r+2w ri+ow (S_rl)(VZ _S)

As a consistency check we verified that for small w, and using
the identification Eq. (13), the integral yields the asymptotics
in Eq. (36).

Remark. In our derivation of Eq. (22) using Eq. (7) we
interchanged the small-¢ and large-A limits. Agreement of
the final result in Eq. (22) shows that this step is justified. We
assume the same property in our perturbation analysis in the
observables of the three arcsine laws.

Remark. The analysis would be simpler with the normal-
ordered action in Eq. (17), because then terms fs and fg in
Eq. (30) vanish.
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FIG. 3. A comparison of the integral in Eq. (36) (indicated by red
points) with its asymptotic (indicated by solid line) for large A and
T=1.

IV. A GENERALIZATION OF THE THREE ARCSINE LAWS

Unlike for standard Brownian motion, the probabilities for
the three observables fia, fmax, and f,s all differ. Self-affinity
of an fBm (invariance under rescaling of space with TH)
means that the three probabilities are a function of the rescaled
variable © =t /T (¢ being tjast, tmaxs fpos)- They can be written
as

Masl last
as 19 = F (19’H)7 37
Pn(9) = e (37)
N, e
. 9) = max F (19,]-1)’ 38
Prun(9) = e (38)
N,
o (0) = pos FP (z?,H). 39
Pros(9) = e (39)

The divergences in the prefactor of the exponential terms are

predicted using a scaling argument (discussed in Sec. IV B)
for® — 0and ¥ — 1. They are linked to earlier results about
the persistence exponent ® = 1 — H [32,33,61]. The terms F
in the exponential are nontrivial and remain finite over the
full range of ¥. We use the convention that the integral of
each F function over ¥ vanishes, which together with the
normalization fol dv p(¥) = 1 fixes the constants N.

For H = %, all three F functions vanish, H =1 — H, and
the expressions (37) to (39) reduce to the same well-known
result of standard Brownian motion (“arcsine law”). For
H # %, they can be written as a perturbation expansion in
e=H— %,

FuU, H) = e F™'(9) + 2 F3 (@) +---,  (40a)
FUX(9, H) = & F"™(9) + 2 FF™(9) +---, (40b)

FPS, H) = e FY*(0) + 2 F3% (@) +--- . (40c)
For the leading-order terms we find
Fi™ @) =0, (41a)

and

2
f{“aX(ﬁ)sz°5(ﬁ)=2—%+1/f< v ) (41b)

1-9
with

Yx) = g arctan(x) + 2xarctan<)lc>. (41c)

X

This is the simplest form we found. Alternative expres-
sions were given in Refs. [62-64,66], using that arctan(x) +
arctan(}c) = 7. Yet another equivalent form is given in Eq. (6)
of [69]. We note that the expression (41b) is symmetric under
% — 1 — 9. This can be understood from the symmetry of
the problem. We do not have an intuitive understanding of
the equality of 1™ and Fj"*, while the vanishing of F}**
in Eq. (41) can easily be understood from perturbation theory
[66].

Expressions for the subleading terms J, can be written as
integrals, which are hard to evaluate analytically. For #1,g, it is
given up to an additive constant by

J—_-;ast(ﬁ) :/

0 Y%Y%

; ﬁ), (42a)

where W3t (y,, y,, 7) is symmetric in (y;, y;) and given by
Wy, y2,2) =20/ (1 +y1 + y2)2
x (1=yT+y =VT+y
+ V1I+y+32)W7 = 0@ —y)Vz =y
- Oz —y)Vi—n
+ O —yi —y2)

with ®(x) being the Heaviside step function. An alternative
formula for .7-'%‘1“ was reported in our earlier work [69]. Ex-
pressions for 2" and 75 are cumbersome and given later.

In order that the reader can use our results, we give simple
but rather precise approximations for the results obtained after
numerical integration.

Z=Y1—Y2), (42b)

Fi(9) ~ — 17.92401 + 13.302074/9
— 2.16604+/T — ¥ + 8.30059% + 11.595299 %
+ 13.23121(1 — ©)? — 10.742742, (43)

FIX(9) ~ — 0.431001 4 1.69259[9(1 — 9)]
— 1.93367[9(1 — 9)] + 1.3572[9 (1 — 9)]>
—0.33995[9(1 — )], (44)

FIO(®) =~ — 0.842235 + 1.76479[9 (1 — 912
+ 3.70810[9 (1 — )] — 9.71973[(1 — 9)]?
+ 7.40511[9 (1 — ). (45)

These approximate functions were reported in our earlier
work [69]. These are estimated respecting symmetries in the
problem, i.e., that F5°°(¢%) and 73" () are symmetric under
the exchange of  — 1 — @ while Fi*{(¢) is not.
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FIG. 4. Numerical simulation results for the probability of the
three observables f,, fmax, and fpos for an fBm with H = 0.33. The
inset shows the probabilities for H = 0.66. Note that the distributions
of 05 and #pa, are almost indistinguishable.

Remark. We stated above that pps(¥) and ppa. () are
symmetric around ¥ = %, while pj(9) is not (except for
H= %). Symmetry of the first two probabilities is due to the
observation that x, and X; — x7_, have the same law. For pjaq
the asymmetry is easy to see from the almost-straight-line
trajectories for H ~ 1 in Fig. 1, which makes ¢ = 0 the most
probable value. This is reflected in the small-¢ divergence of
the distribution (37) in the limit of H — 1.

A. Comparison with numerical results

An efficient implementation of fBm on a computer is non-
trivial due to its long-range correlations in time. For this paper,
we use the Davis-Harte algorithm [72,73], which generates
sample trajectories drawn from a Gaussian probability with
covariance (1) in a time of order N In(N), given N equally
spaced discretization points. Details of this algorithm are
given in Appendix D. Interestingly, for the first-passage time,
recently an algorithm was introduced which grows as In(N)?,
albeit accepting a small error probability [68,74,75], allowing
for even more precise estimates.

Results for the three probabilities from our computer simu-
lations are shown in figure 4 for H = 0.33. They are obtained
by averaging over 5 x 10° sample trajectories, each generated
with 213 discrete-time steps. The two distributions ppax (%)
and ppos(¥) are almost indistinguishable, as predicted in their
theoretical expressions in Egs. (38) and (39). These numerical
results were first reported in our earlier work [69].

Figure 4 also shows that pi, (') behaves markedly dif-
ferently from the other two distributions; especially, it is
asymmetric under the exchange ¥ — 1 — . This asymmetry
in exponents is reversed around H = %, as shown in the inset
of figure 4. This can be seen in the scaling form in Eq. (37).

A comparison of numerical data for H = 0.33 with their
corresponding theoretical result in Eqgs. (37)—(39) are shown
in Fig. 5. They are in excellent agreement. Deviations are
visible for higher values of H as shown in Fig. 6 for a set
of increasing values of H > % We see a perfect agreement

between theoretical and numerical results for H = %, (i.e.,
& = 0). The agreement is very good for small ¢ = H — %, but

3.0

258 fpos
1 — tlast

2.0

P&

0.0 : : :
00 02 04 06 08 1.0

0.0 0.2 0.4 0.6 0.8 1.0
¢

FIG. 5. A comparison of the data shown in Fig. 4 with their
theoretical formula (37)—(39). The dashed lines are for theoretical
results. The distribution py,. () is shown in the inset as it is almost
indistinguishable from the distribution pp, ().

deviations can be seen as ¢ is increased beyond |e¢| & (.25,
ie.,H <0250rH > 0.75.

The difference between pj, and ppax first appears in the
second-order term F, in Eq. (40). In Fig. 7 we plot our the-
oretical results of F, (%) alongside the results from computer
simulations. This give a finer verification of our theory. To
illustrate this procedure, we use Eq. (39) to define

11 91— )
Fre @) = g[; 1n<ppos(ﬁ)¥) - ]-'{’°S(19):|.
(46)

Then, 737 (9) = F5° () 4+ O(e) and it contains all terms in
the exponential in Eq. (39) except F1**(¢). We can further

improve this estimate by observing that the subleading term
in F5°°(19) is odd in ¢. Define

Fae(®) i= L[F% @) + F2*. ()], (47)

then ?go: () differs from the theoretical F5°*(¢) by order &2
or higher, for small ¢, equivalent to an order &% correction to
plast(ﬁ)~

A comparison of fgo; (%) extracted from numerical simu-
lations of ppos (1) to the theoretical result of 3 (¢) is shown
in Fig. 7 for ¢ = j:% (i.e., for H = % and %). The figure also
contains a similar comparison for ]—"5“5‘(19) and " (1), with
their corresponding numerical results. One sees the excellent
agreement between results from our theory and numerical
simulations. We remind that these are sub-sub-leading cor-
rections, almost indiscernible in the probability density p(%)
shown on Fig. 5.

An important observation from Fig. 7 is that for all three
observables J, (%) is finite in the entire range of . We note
that the amplitude of F}*!(#) is about ten times larger than
FP®(®) and F**(¥). The former also shows the largest
deviations from our theoretical result, especially for ¢ — 0.
These indicate the presence of subleading terms of order %,
or higher in p.

The difference between ppos(9) and pmax () first appears
at second order in perturbation theory. To underline that
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FIG. 6. A comparison of the theoretical formulas in Egs. (37)—(39) with their corresponding numerical simulation result of an fBm at
diffrent values of H > %: H =0.5,0.6, 0.75 and 0.9. The dashed lines are the theoretical results, the continuous lines the numerical results.

These numerical results were first reported in our earlier work [69].

F(¥) and F™ () in Egs. (44) and (45) are distinct func-
tions, we show in Fig. 8 their difference

max 0S . 1 pmdx(ﬁ)
SF(9) = Fi™(9) — FP (ﬁ):gg%g—zln<m). (48)

F ) Fiet(9)

0.4

0.2

The theoretical result of the difference shows excellent agree-
ment with the numerical data for ]_-'12?(19) — .7'5?; () defined
following the same conventions as in Eq. (47). This proves
that the laws for fna and fps are indeed different. Larger
fluctuations in Figs. 7 and 8 compared to similar figures in our

earlier work [69] are due to difference in their sample sizes.

Frez(9)

0.2

0.1

-0.2

04/}
—0.6

-0.8

(a) S

-0.1
-0.2

—0.3F

-0.4}
(b) (c)

FIG. 7. A comparison of the three J, (1) obtained analytically (black dashed lines) and their measurement using Eq. (47) with ¢ = :l:%.
From left to right the figures correspond to F, for (a) positive time, (b) time for the last visit to the origin, and (c) time for the maximum. The
scattered dots are the raw data from trajectories of N = 2'3 time steps, averaged over ~10° samples, which are coarse grained by a factor of
100 to give the red curve. The apparent chopping of the data is due to the plot range of the figure.
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5F (D)

FIG. 8. The difference §F,(%) = F* (&) — F3*° () using the
same conventions as in Fig. 7. This plot quantifies the difference
between the distribution of 7, and f,0s. The apparent chopping of
the data is due to the plot range of the figure.

B. Scaling analysis

The prefactor of the exponential in Egs. (37)—(39) can
be predicted using scaling arguments. The simplest one is
Prast(9), which is the probability that the fBm is at the origin
at time ¢ and does not return for the remaining time 1 — ¢.
(We put the total time T = 1, s.t. % = ¢.) The probability for
the first part of the event scales as ¥, see Eq. (19). The
second part scales as ¥ =%, where § = 1 — H is the persistent
exponent [32,33,61]. Combining the two gives the prefactor
in Eq. (37).

The scaling argument for pp,, (%) is more involved, and
was first discussed in Refs. [61,64,66]. One starts with the
relation

dSr(m)
dm

where Pr(m) is the probability for the position of the maxi-
mum m for an fBm in a time interval T started at the origin;
#r(m) is the survival probability up to time 7 for an fBm
started at m > 0, in presence of an absorbing wall at the origin.
Self-affinity of an fBm suggests the scaling form

Pr(m) = (49)

1
PT<m)=T—Hgl<TﬁH); %(m)=gz<TﬁH>, (50)

which leads to

g1(x) = gr(x). 619

To be consistent with the result for the persistence exponent
[32,33], one must have g,(x) ~ x# for small x. This leads to
g1(x) ~ x#~!, equivalent to

g1

Pr(m) ~

T9

for small m. (52)

To relate to the distribution Pr(fy.x) of tmax We use that at
small fy,x the maximum m is also small and m ~ ¢ . This
leads to

dm 1

0
Tmax
Pr(tmax) = . 53
T (Fmax) PT(m)dtmax tmax( T) (53)

Substituting & = 1 — H one gets

Pr ) ~ () (54)
T \U!max T T )
and equivalently
Proax(P) =T Pr(®T) ~ " for small 9. (55)

Using the symmetry of the probability pn.x(¢}) under ¢ —
1 — ¥ one gets (1 — )~ for ¥ — 1. This gives the prefactor
in Eq. (38).

A similar argument relating to the persistent exponent [76]
can be constructed for the distribution of 5. For #,0s < T,
probability Pr(t,0s) for an fBm to remain positive of net #yos
time, relates to persistence probability for the fBm to stay
negative for most of its total duration 7. This means, for
l K tpos KT,

Pr(tpos) ~ T 79, (56)

with the persistent exponent 6. For this 7T-dependence to be
consistent with the rescaled probability Pr (9 T) = % Dpos(D),
one must have

Ppos(@) ~ ¥~1 for 9 — 0, (57)

giving the small ¢ divergence in Eq. (39). The symmetry
under ¥ — 1 — ¢ gives the divergence near v — 1.

C. Comparison to an exact result

In Ref. [12] the first few moments of #,,s were calculated
analytically for an fBm of H = }1. It is straightforward to
generalize this analysis for arbitrary H. For the fraction of
positive time ¢ = f;,05/T, we obtain the first three moments:

(%) = % (obvious from the symmetry of the distribution),
o 11! .
¥y = -+ — dr arcsin R(r), (58a)
4 2 0
50 13! .
(93 ==+ — | dr arcsinR(r), (58b)
8 47 0
where
1
R(r) = [+ — (1 —ry"]. (58¢)
2rH

It is hard to determine higher moments. The problem maps to
the calculation of orthant probability that all coordinates of a
multivariate Gaussian of zero mean is positive. A closed form
solution of the orthant probability is still unsolved [77].

A perturbation expansion of Eq. (58)ine = H — % gives

(192>_§+£(ln4_1)—|—8—2(6ln24—7[2)+ (592)
~8 1 24 ’
5 3¢ g
Y = Z 4+ Z(nd—1)+ —(6In24—72)+---. (59
(93) 16+8(n )+16(n )+ (59b)

Terms up to linear order are reproduced using our perturbation
result Eq. (39). The &2 order terms (0.0693 for (#%) and
0.1040 for (193)) obtained using the numerical approximation
Eq. (45) agree with the exact result in Eq. (59) up to the third
decimal place. [This is a 0.2% disagreement, as apposed to a
40% disagreement if 75" is ignored in Eq. (40c).]
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FIG. 9. Second and third moment for the fraction of positive time
¥ = tyos/T as a function of the Hurst exponent H. The solid lines are
the exact result in Eq. (58), whereas the dashed lines denote their
result obtained using Eq. (39) with 77 in Eq. (40) up to second
order. The difference is noticeable for H far from 1, indicating

7
corrections from higher-order terms in Eq. (40).

A comparison of the exact result for the moments with their
results obtained using Eq. (39) is shown in Fig. 9.

V. OVERVIEW OF THEORETICAL ANALYSIS

Before we present details of the derivation for Eqs. (37)—
(39), we give an overview of our approach. Our calculation
is done using a double Laplace transformation D for the
probability Pr(t), defined by

POLs)=92_, ©P (1), (60)
T—s
with
00 T
D., OPr(1): =f dT/ dr T Pr(r).  (61)
T—s 0 0

For the rescaled probability p(¢):=7 Pr(9T) and its
Laplace transform

o0
po = [ dv e p), ©)
0
the Z-transformation gives

e o N p(®)
—p(;), with p(K)—/(; dﬁ1+ic19' (63)

Complex analysis using the residue theorem gives the cor-
responding inverse transformation (see Appendix E for a
derivation),

P, s) =

L P4 =00) = B4+ )
)=—1 . 64
PO)= ot 285 9 4
Equivalently, one can write
1 : ~ * Kk
() = i lim [« p(k) — k™ p(k™)] _.o (65)
Tl ¢—>m o

where the limit is taken from ¢ below m, and the star (%)
denotes complex conjugation.

The analysis can be simplified by considering the form of
results in Egs. (37)-(39) expected from scaling arguments. We
write

eF O H)~(H-3R@®)
aJIA =)

with R(%) = In -+ 1 19) for t, and R(¥) = Ind (1 — 9) for
Imax and fpes. [In wrltmg Eq. (66) the normalization constant A/
from Eqgs. (37)—(39) is absorbed in F.] Then, from Egs. (65)
and (66) we write

p(¥) = (66)

oF (k. H)

ple) = T (67)

=

such that

. ~
e]—“(ﬂ,H)f(Hfz)R(zi‘) — IC/:in? 0) e]'-(K,H). (68)

Here we define the transformation

i}
KLy © f) = lim %[f(‘i9 )] (69)

with Z denoting the real part.

In our derivation of the probabilities in Egs. (37)—-(39),
we first calculate F (x, H), and then use Eq. (68) to obtain
F@,H). To do this order by order in a perturbation expansion

ine=H — 2, write
F,H)=¢ Fi(k) + 2 F2(c) + O(). (70a)
Using this expansion in Eq. (68) we get Eq. (40) with
F@) = R®)+ KL, © Fik), (70b)
Fo®) = =5[F1(@) — RO)P
+ KLy 0 [Fto) + 3 F1 )], (70¢)

Remark. For completeness and for verification purposes,
let us write the inverse transformation of Eq. (69),

VI [
Kos0s@)= - [ a0 e R

A list of the used inverse /C-transforms is given in
Appendix F.

Remark. From the normalization condition fol dd p(¥) =
1 one can see in Eq. (63) that p(0) = 1 and therefore in
Eq. (67),

F,H)y=0 fork =0. (72)

Remark. There are two reasons for performing our analy-
sis using Laplace transform. The first is that convolutions in
time are factorized, the second that integrations over space can
be done over the Laplace-transformed propagator, but not the
propagator in time. This will become clear in the analysis in
the following sections.

VI. DISTRIBUTION OF TIME ¢, FOR THE LAST

VISIT TO THE ORIGIN

The analysis for the distribution of #,y is the simplest
among the three observables, and we present it first. The

054112-10



FUNCTIONALS OF FRACTIONAL BROWNIAN MOTION ...

PHYSICAL REVIEW E 104, 054112 (2021)

77 777777777777

last t="1T
—_— >

time (7)

XtA/\M
VARV

FIG. 10. A schematic of an fBm trajectory contributing to the
time fj,, of last visit to the origin. The striped line indicates an
absorbing boundary.

probability of 1, = 7 for an fBm in a time window [0, T']
can be determined by

W(, T
W@ D) orxe— 0, (73)

PT(tlast = ‘[) =
where W(z, T) is twice the weight of fBm trajectories that
start at Xy = 0, pass through X; = x¢ > 0, and remain positive
for the rest of the time (see Fig. 10 for an illustration). Note
that the factor of 2 accounts for the possibility that the final
position is either m > 0, or m < 0. Here N(T") is the normal-
ization

T
N(T) = / dTtW(z,T). (74)
0

(To keep notations simple, we avoid explicit reference to x,
unless necessary.)
Formally, we write

0 x(T)=m
W, T)= 2/ dm/ Dix] §[x(t) — x0]
0 x(0)=0
T

< [[eww)e. (75)

=t
The perturbative expansion in Eq. (7) of the action leads to a
similar expansion for W, given by
W, T)=Wy(tr,T)+ eWi(z,T) + &Wo(z, T) + ... (76)

with

Wo(t,T)ZZ/OOdM((l))m, (77)
0

— > Sl
Wiz, T) —/0 a’m<<5>>m, (78)

[ s,

The double-angular brackets denote (for m > 0) the aver-
age over trajectories as sketched in Fig. 10 with a standard
Brownian measure,
x(T)=m
({OLx])m 32/ DIx]8(x(7) — x0)

x(0)=0

T
X 1_[ O[x(1)] ef%OO[x(t)]. (80)

1=t

This definition of double-angular brackets is specific to the
trajectories used here, its definition in other sections will in-
clude the corresponding boundary conditions needed there.

A. Zeroth-order term

In terms of the free Brownian propagator Eq. (24) and the
propagator in the presence of an absorbing wall,

ziwom = [ pm[]enmle . 6

x(0)=x; =0

x(t)=x;

we write Eq. (77) as
Wo(e. 1) =2 [ dmZ, 050 i o). (82)
0

Its double Laplace transformation Eq. (61) denoted by
Woh, ) = ¢ 5 7, @ Wz, T) (83)
is
~ o0 ~ ~
Wo(x, s) = 2/ dmZ45(0, x0) Z (xo, m).  (84)
0

Here Zv and Z* are the Laplace transforms of Z, and Z,+, given
by

- s e*«/g\xlfle
Zo(x1,x2) = [) dte™™ Z,(x1,x) = W, (85a)
and
~ o0
ZF(x1,x2) =/ dte™ Z (x1,x2)
0
e*«/g\xlfle _ e*\/glxﬁxz\
= . (85b)

2+/sD

Using these results in Eq. (84) and evaluating the integral for
small xy we get [see Eq. (L5)]

~ X0 1
Wo(sk,s) >~ — x . 86
bk s) = P X e (86)

Remark. The factorization in Eq. (84) results from the
identity

Do O LgOF(T — ) =gls + 1) f(s), 87
T—s
where g(s) and f (s) are the Laplace transforms of g() and
f (), respectively.

Remark. From Eq. (86) it is straightforward to verify
the arcsine-law Eq. (4) for Brownian motion. One can use
D =1 for ¢ =0 in Eq. (86), and verify that Wy(8T,T) =~
xo[mTA/0(1 — 9)]~'. Then, Egs. (73) and (74) lead to the
distribution Eq. (4).

B. Linear order: One-loop diagrams

Using S; from Eq. (10a) we explicitly write Eq. (78) as

1 [ A T T
Wi(z, T):—/ dm/ dyf dr1/ dry
D 0 0 0 |

x & (G (r)E(r)) ) e (88)
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FIG. 11. One-loop diagrams: a graphical representation of the
terms in Eq. (89a) for the linear order in our perturbation expansion.
For all diagrams r; < r,, staying on the same side of t as indicated.
The dashed lines indicate coupling between points r; and r, with
| < r, (indicated by an arrowhead) and a coupling strength e*1772),
The solid disks indicate the ‘charge’ x(r ) and x(r,) for the associated
points. A similar convention will be used for diagrams in later parts
of our analysis.

For convenience we use a graphical representation of the
expression in Eq. (88). We write the amplitude in three parts,
according to the relative order of times ry, r», and 7, as illus-
trated in the one-loop diagrams in Fig. 11.

Remark. Diagrams in Fig. 11 consists of couplings be-
tween a single pair of points, resulting in the y integral in
Eq. (88). In analogy with field theory, we refer to them as
one-loop diagrams, with y representing the loop-variable to be
integrated over. In Sec. VIC, i.e., at second order, amplitudes
involve couplings between two pairs, resulting into two y
integrations, and therefore referred to as two-loop diagrams.

Following our convention for the diagrams in Fig. 11 we
write Eq. (88) as

Wy =A;+A; +As, (89a)

with

1 00 A
Ai(t, T) = B/ dm/ dy J. (0, xo; —, y)Z;“_r(xo,m),
0 0

(89b)

1 00 A
Ay(t, T) = B/ dm/ dyZ.(0, xp) J;r_r(xo, m;—y,y),
0 0

(89¢c)

1 [ A
As(r, T) = B_[ dm/ dy J: (0, x0; =)
0 0

x e I (x0, m3 ). (89d)

We defined

Ji(u, v;y1, ooy V)

n

t x(t)=v 5
= / []e / Dlxli(r) - - - %(ry)e” >
O<ry<--<ry i=1 x(0)=u
(90)

and its analog J* in the presence of an absorbing wall at
x = 0. The integral over time in Eq. (90) is interpreted as in
Eq. (15), i.e., with an ultraviolet cutoff A on y.

Using Eq. (87) we write the double Laplace transform
Eq. (61) of the diagrams A; in terms of Laplace transforms of
Z and Z™ in Eq. (85), as well as Laplace transforms for J and
J*. Expressions are obtained in Appendix N and summarized

here,

~ 1 [ A ~

mww=—fcM/dwmefywﬁmmu
D Jy 0

~ 1 [ A ~

K09 =5 /0 dm /0 dy 7150, x0) T (0. 13—, ).

Using Eqgs. (85), (N8), and (N13) gives, for small x,

Xo X(l + k)
X

A, s) ==L T2
1(sk, 5) Ds " i
~ _x A
Az(SK,S)_DsX T
with
o A dy 2
A(Z)=/O y—z(vZ-H’—«/z) . (28]

A similar analysis for A3 in Eq. (89d), using Eqgs. (N1) and
(N5), shows that the corresponding double Laplace transform
Az ~ x(%, for small xq. As a result, the double Laplace trans-
form of Wi(z, T) defined in analogy to Eq. (83) reads, for
small xo,

X A1) — A(1 + 1)

1% SK,S) >~ —
i ) Ds «/H_K

92)

Remark. The reason for A; to vanish as x(z) or faster, for

small xp, can be understood from a simple observation. In
the limit of xo — 0, J;(0, x;y1, - .., ¥,) in Eq. (90) vanishes
for odd n. One way to see this is by noting that, in the limit
of xo — 0, for each trajectory with a certain x(r), there is a
mirror trajectory —x(r), with equal probability. In compari-
son, J*(xg, m;y1, ..., y,) vanishes for xy — 0 because of the
absorbing boundary. This means that in Eq. (89d), both J and
J7 are at least of order x, and therefore A3 ~ xé, to the least.
We shall see later that for a similar reason the amplitudes of
the two-loop diagrams B and C in Fig. 14 are of order x3, for
small xg.

Remark. We shall see that these diagrams A;, Ay, and Aj
contribute to the propagator W; in Eq. (89a), thus to the scaling
prefactor in Eq. (37), but they do not feed into the exponential
term F1ast,

C. Quadratic order: Two-loop diagrams

Using Eq. (10) we explicitly write the terms in Eq. (79) as

00 SZ
/ dm({—-
0 4D (/.
1 [ A T T T T
:W/O dm/o dyldyzfo dn/rl dr2/0 dr3/r3 dry

x @11 ) 2SI (1 ) (12 )R (13)X () ) m (93)
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FIG. 12. A diagrammatic representation for the amplitude in
Eq. (93) where all orders of time are allowed keeping r, > r; and
r4 > r3 (as indicated by an arrowhead). We write the amplitude
Eq. (93) in five parts according to the contraction of times (indicated
by cross). In panel (a) none of the times are equal (contracted). In
panels (b, ¢, d) two times are contracted and in panel (e) all four
times are contracted.

T T r
% / dry / d}’2|:/ ds e—m(rl—s)—yz(rz—é‘)
0 r 0

T
+/ ds e“(‘y")”(S’”}((X(rl)ic(rz)))m. (94)

A graphical illustration of the amplitudes in Eqs. (93) and
(94) is shown in Figs. 12 and 13, respectively. Similar to the
conventions in Fig. 11, a dashed line indicates an interaction
between points r; and r; with an amplitude ¢*~"7). The solid
disks indicate the field derivative x(r;) at point r;. For a con-
tracted point, indicated by a cross, the associated amplitude is
2D. A reason for this will be clear shortly. Empty points in
Fig. 13 have an amplitude 1.

We shall see that among these diagrams, only diagrams (a)
and (c) contribute at the second order. This can be directly
seen using the normal-ordered weight in Eq. (17). Here, we
explicitly show why this happens.

We find that the amplitudes of diagrams (b) and (b’) are
equal, as are those of (d) and (d’). To see this we use that
under Wick contraction between x(r;) and x(73)

((xrx(r)x(r)x(ra)))m = 2D ((x(r2)x(ra)))m-  (95)

’ /
©) @
4")\ ~ /’ —)‘
@ »>— —e *—
S ™ T9 T1 T9 S

FIG. 13. A diagrammatic representation of the formula in
Eq. (94) where for (b') s < r; < rp and for (d') ry < ry <.

(A similar result holds for contraction of any pair of times.)
One can see this as a consequence of §(r; —r;) term in
Eq. (M8), and its analog in presence of an absorbing boundary.
Using the result Eq. (95) in Eq. (93) for diagram (b) we write
its amplitude as

| 00 A T T T
5/0. dm/ dyldyzf dr1/r dr2/r dry

Xeyl(rl r2) \z(rl ”)((x(rz)x(m)

=—/ dm/ dyldyzf dl’z/ dr4/ dry

X e}l(rl*rz)eyz(rl*M)((x(rz)x(m)))m_

Following a relabeling of the dummy variables r we see that
the integral is equal to the amplitude of diagram (b’) from
Eq. (94) and Fig. 13. A similar analysis shows equal amplitude
for diagrams (d) and (d).

The amplitude of diagram (e), where all four times are
contracted, is proportional to W, in Eq. (77), which can be
seen by using

((ErDR(r)x(r3)E(r)) ) m = 4D (1), (96)

when all four points are contracted. This means that the con-
tribution of diagram (e) can be included in the normalization
Eq. (37), and therefore ignored.

Considering the contribution of the diagrams in Figs. 12
and 13, resulting into Eq. (79), we see that the relevant con-
tribution for W, comes from the two-loop diagrams (a) and
(c) in Fig. 12. Considering the relative position of the loops
with respect to T, we write the amplitude W, as a sum of the
following ten diagrams:

W =a+c
=(E+E)+A+D+ (C+C)
+ (Bi + By) + (G1 + Gy). 97)

This is shown in Fig. 14. Explicit formulas of their amplitudes
are given in Appendix G. We shall see that among these
diagrams, only diagram D contributes to the nontrivial term
F'3tin Eq. (37), whereas the remaining diagrams contribute
to the power-law prefactor only.

Here, we present the double Laplace transformation
Eq. (61) of the amplitude of these diagrams, for small x; limit.
Their derivation is similar to those of the amplitude of zeroth
and linear order terms in Eqs. (86) and (92). We defer their
explicit calculation to the Appendix G.

For small x, we get

Bisi,s)~ X0 2UEO) (98)
Ds T+«
with
Bay=—2 [ A T
0 Yiya
X (V1 +y =T+ =/1+n+1)
X (VZ+y1+y2— 2+ —¢z+yz+ﬁ)(.99)
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, >~ L >~ Lo~ LD~
\ \ 1 1 \ \
_. ._. . T T ‘ H .—
T T2 T3 T4 T T T T2 T3 T4
E1 E2
AT R N
-& *——@ — L —
T1 T9 T T3 T4 1 ry T T4 )
A D
Rt P RN
K T3 To T T4 1 T T3y To T4
Cl C12
/)\\ ”l—,ﬁ\\ //”‘i\ P 2N
— ¢! — -o —¢—o—
1 s T T2 1 T S T2
Bl B2
./‘)'\_ /’ -)\\ Ve )\\ ’ >
-—% *— —eo K ——
1 S re T T 1 S T2
Gl GQ

FIG. 14. Two-loop diagrams for the quadratic order term W, in
Eq. (79). The diagrams are categorized according to relative position
of the loops with respect to t. For diagram E,, the times r; <1, < 7
and r; < ry < 7, excluding cases where any two times are equal
(contracted). Similar convention is adopted for the diagrams E;, A,
D, and C, where r| < ry, r3 < r4, and their relative position with
T indicated in the diagrams. For diagrams B and G we consider,
r, > s > ry being on the same side of 7 as indicated. A solid disk
denotes a “charge” x(r) for the associated point , and a cross denotes
a “charge” 2D. A dashed line indicates coupling between points r;
and r; with a coupling strength ’¢i~77).

The amplitude of the diagrams B and C is of order x7 for small
xO’

B(sk,s)~C(sk,s) ~ x2. (100)

This can be seen from the argument given in the remark below
Eq. (92). Their explicit derivation is in Appendix G2 d.

The amplitude for the remaining diagrams is of order xo,
and given as follows. For small xy,

X E+1)+EQ)

E SK,S +E SK,S) > — , 101
1( )+ Ex( ) . D/ Te (101)
where
~ 1 (A dydy
E@) = —5/ 5@+ YD+ y2)
0 172

+ V2=Vt — Vi)Vt
X (VZ—=Vz+y)+ 2+ 02— 2+ )
+ (V2= — 2+ n)

— 2z V1 F s — N7y =7 F 22
(102)

Similarly, for small xo,

X A1+ 10)A(D)

A §) > —— 1
(sk,s) DUT < , (103)
with Eq. (91), and
~ ~ G(1 G(1
Gi(sk,s)+ Ga(sk, s) =~ % X g(;KI—J%g(), (104)
where
= A dyydy,
o) = /
(2) ; 2
y [(vz Fy: — VOV — (VT — \/E)Zyﬁ}
01 —y2) '
(105)

Considering the amplitude of these two-loop diagrams in
Eq. (97) we get the double Laplace transform Eq. (61) of
Wy(z, T) in Eq. (79). For small x; it reads

X
sDV1 +«
— A0 + 1) A + DA +x)

+ G(1+x)+G(1)].

Wa(sic, s) ~ [E+K)+E)

(106)

D. Result for F'*t(k, H)

From the results in Egs. (86), (92), and (106) we obtain the
double Laplace transform Eq. (61) of W(z, T') in Eq. (76) in
an exponential form,

~ Xo V)
W(SK»S)ZQ-r*)sK T%sCDVV(T’T)2 - X >
s V14K
(107)

Here xo is small, and we used D in Eq, (14) to explicitly write
the exponential term W = eW,; + W, + - -, with

Wikk) = A1) — A1 +«)+2(n A +ys — 1),  (108a)
Whik) = E(1+«) + E(1) + D(1 + k)

— AL+ 0)AM) + G + ) + G(1)

1.~ - 2
—5[Am - Aa+ o) + 2[1 - %] (108b)
To relate to the exponential form in Eq. (67) we note that the
Laplace transform of Ny in Eq. (74) is
N(s) =W (0, ). (109)

The simple s-dependence in Eq. (107) (for A — 00) makes it
easy to invert the Laplace transform, giving
N(T) ~ xo 7@ for small xo. (110)

This means, for small xo, N(T') = N is independent of T,
and the double Laplace transform of Pr(7) in Eq. (73) is

WA, s)

ﬁ(k,s) ~ for small xp. (111)
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Then, using Eq. (107) and comparing with Egs. (63) and (67)
gives

Fuste HY = W(k) — W(0), (112)

which we shall need to determine F (¥, H) in Eq. (68). The
leading terms in its perturbation expansion Eq. (70a) is given
by

Flast(ey = A1) — A(1+x), (113a)
F () = [D(14) — D] + {E(1+6) + G(1+x)
— LB (1+0) - [EM +G() - LA D]}
(113b)

We have numerically verified that, for A — oo,

~ ~ 1 ~ 5m?

£ +0@ -3 L@ =1+h@P - . (114)
Therefore, the only nonvanishing contribution for A — oo
comes from the diagram D, leading to

Fis () = D(1+x) — D(1). (115)

Remark. We see that Eq. (112) is consistent with the con-
dition Eq. (72). Moreover, we shall see that the integrals in
Eq. (113a) and Eq. (115) converge in the A — oo limit, as
one would expect for our theory to be correct.

Remark. Note that in Eq. (108) the contribution from dif-
fusion constant D in Eq. (14) is constant, which cancels in
Eq. (112). This is expected as the distribution of #, is inde-
pendent of the diffusion constant, whereas as a distribution
involving space would depend on D. The same applies for the
distribution of #max and #yos.

For the leading-order term Eq. (113a), explicitly carrying
out the integral in Eq. (91) in the limit of A — oo, we get

Fi () = In(1 + &), (116)
whose I ~!-transformation is [see Eq. (F4)]
Koly © Fie) = —In i = —R™@).  (117)

Using the result Eq. (70b) for #,5 gives the leading-order
result in Eq. (41a).

For the second-order term in Eq. (70c) we use Eq. (115),
Eq. (41a), and

’CK—LZ? o ]A_I'%ast(K)Z — Rlast(ﬁ)Z _ 7T2 (118)
[using the identity Eq. (F5)] to write
~ ~ 712
@) =K, o [DA + k) — D(1)] — TR (119)

where we use linearity of the operator Kt

The integral for D(z) in Eq. (99) is convergent in the
limit of A — oo, but it is hard to evaluate analytically. The
expression for ]—'%a“(ﬂ) in Eq. (42) is obtained [78] by ex-
changing the order of IC;L o transformation and the y-integrals
in Egs. (119) and (99). (For several other examples like in
Egs. (113a) and (117) where integration can be explicitly
carried out, we have verified that this exchange of order gives
the correct result.) The resulting function .7—'5“5‘(19) in Eq. (42)
is plotted in Fig. 15 along with a polynomial estimation given

FEH)

4

FIG. 15. The dotted points (colored red) show results of nu-
merical integration for ]-';“S‘(L‘)) in Eq. (42). The solid line is the
polynomial fit in Eq. (43), which gives a good estimation for
FIs ().

in Eq. (43). The expression Eq. (42) is in good agreement with
our computer simulation result in Fig. 7.

VII. DISTRIBUTION OF THE TIME ¢,,,x WHEN
THE FBM ATTAINS MAXIMUM

The probability for an fBm, starting at X, = 0 and evolving
till time 7', to attain its maximum at time f,,x = T can be
expressed as

W, T)

T)= .
N(T)

Here W (7, T') is the weight of all contributing trajectories, and
N(T) is the corresponding normalization. We use the same
notations as in Sec. VI. Note, however, that the definition of
these quantities (W, N, etc.) is specific to the problem in this
section.

Noting the symmetry of the problem (illustrated in Fig. 16),
we write

00 00 x(T)=my
W, T) =/ dm1/ dm2/ Dlx]
0 0 x(0)=m,
T

x 8(x(t) — Xo) ]_[ Ofx(r)]e SW.

t=0

Pr (tmax = (120)

time (t)

FIG. 16. The dark solid curve is a schematic of paths X, for
Eq. (121), where the stripped line indicates an absorbing boundary at
the origin. For xo — 0, there is an one-to-one correspondence with an
fBm path (indicated by dashed curve) that contributes for the process
to attain its maximum 72, at time fy,y.
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The probability density Pr(t) in Eq. (120) is obtained by
taking the limit of xo — 0. (Like in the previous section, we
do not write any explicit reference to xg, unless necessary.)

The perturbation expansion Eq. (7) of the fBm action §
leads to an expansion of W similar to Eq. (76) with

Wo(r,T>=/dml /dmz (D (122)
0 0

[} e} Sl
Wl(‘L', T) = /dm1 /dn’Z2 <<—>> s
0 0 2D (my,my)

00 o S% 52
ety [ [ ([ 5: . (124
(T, T) /0 m fO 2 << 8D? D >>(m1,m2) ( :

By the double-angular brackets we denote

((0[)6]))(,”] 1)

(123)

x(T)=my T 5
= / D[x](S(x(t) — xo) 1_[ Olx(t)] e D O[x(2)].

©)=m, -0
(125)

Here, both m; > 0 and m, > 0, and the average is over tra-
jectories sketched in Fig. 16 with the standard Brownian
measure. Note that this definition is different from the one in
Eq. (80), due to the different boundary conditions employed
there. We will now in turn study averages at different orders,
expressed in terms of the Brownian propagator Eq. (81) in
presence of an absorbing wall. This is similar to the analysis
of fja5¢ 1n the previous Sec. VI.

A. Zeroth order

Similar to Eq. (84), we write the double Laplace transfor-
mation of Eq. (122) as

oo o0
Wo (A, s) =/ dml/ dmy Z}, (my, x0) Z;} (xo, mo).
0 0

Using Eq. (85) and integrating, it is easy to see that for small
xO’

Wytsie, s~ 20 1

SK,S) > — X .

0 Ds 1+«

The leading nonvanishing term is of order x(%, and its am-
plitude is same as in Eq. (86). This gives the well-known
arcsine-law Eq. (4) for #x.

(126)

B. Linear order: One-loop diagrams

Similar to Eq. (89a) we write W; in Eq. (123) in three
parts according to the order of (ry, r», 7). Their diagrammatic
representation is similar to the one-loop diagrams in Fig. 11,
but their amplitude is different. They are given by

1 o) A
Al(‘l,', T) = —/ dmﬂlnh/ dy

x JF(my, xo; —y, Y)Z;_ (x0, M), (127a)
1 (o) A
Ay(t, T) = —/ dmldmzf dy
2D Jy 0
X ZF(my, x0)J{_ (x0, ma; —y, y), (127b)

2D

x JF(my, x0; =y (x0, ma;y) e 7. (127¢)

1 (o) A
Az(t, T) = —/ dmldmgf dy
0 0

The function J;t is the counterpart of Eq. (90) in presence of
an absorbing wall at the origin. Their double Laplace trans-
form Eq. (61) gives

- 1 00 A
A, s) = E/ dmlde/ dy
0 0

X J 5 (my, xos =y, VZF (x0, my),

- 1 00 A
Ay(A, s) = E/ dmlde/ dy
0 0

X Z,5, (my, x0)JF (xo, mas =y, y),  (128b)

- 1 00 A
As(A, ) = — dmyd d
3(A, 5) ZD/O mp mz/O y

x .ZfrHy(ml, x0: =) (x0, masy). (128¢)

(1282)

These integrals can be evaluated explicitly using the results in
Appendices L and N, specifically Egs. (G3), (L5), and their
symmetry properties for evaluating Egs. (128a), (128b), as
well as Egs. (N6) and (N7) for evaluating Eq. (128c). For
small xy, we get

~ x2 .Z(l +K)

A L)~ 20 - 129
(516, 8) = T e (129)
~ 2 A
A )~ 20 2 130
2l s) = T X~ (130)

~ X A+

As(sk,s)~ 20 22 T 27 131
3(sk,s) Ds e (131)

with A(z) defined in Eq. (91) and

— A/s d
As(2) = —2/0 y—f(\/z+y—\/£)(,/1 Ty—1). (132)

Summing all three contributions we get the double Laplace
transform Eq. (61) of the linear-order term Wi(r,7T) in
Eq. (123). It reads, for small x,

T sy B o AAF )+ AD + & +6)
R Ve '

(133)

We note the simplification

JZ(Z) + Z(l) + Zl;(z)

A/sd
- [ S - v - TR - DR a3

C. Quadratic order

Similar to Eq. (97), we find that the second-order term
W, in Eq. (124) is composed of the two-loop diagrams in
Fig. 14. The amplitudes of these diagrams are different for this
problem. Here we summarize their result for small xy. Their
derivation is given in Appendix H.

The list below contains the double Laplace transform of all
two-loop diagrams. All amplitudes are of order x(2] for small
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Xo. Note that many diagrams are the same as in the problem of
tast 10 Sec. VI; this may not be surprising as the same power-
law corrections for # — 0 and ¢ — 1 are also present in the
distribution of #},.

The list of already calculated diagrams reads (xo < 1):

- - 2 £a £
Ei(sk,s)+ Ex(sk,s) ~ :TO) x % (135)
with € given in Eq. (102).
~ 2 A1 A1
A(sik, s) =~ X0 w (136)
sD 1+«
with A(z) given in Eq. (91).
~ ~ 2 G G(1
Gl(SK,s)—{—Gg(SK,s):x—O M, (137)
sD 1+«

with G(z) given in Eq. (105).
The amplitudes of the remaining diagrams are different.
We get, for small x,

~ 2 D +«)
D(sk,s =—0x—, 138
( ) sD m ( )
with
~ A dyydy,
D(z)=2 ) Vityitynyl+yntym
0 172

X VT4+y+y—V1+y—/1+m+1)

X (WZH+ Y1 +y2 — 7+ 1 — 2+ 2+ V2).
(139)

The difference to Eq. (99) is in the first term inside the inte-
grals and the overall sign.

The leading nonvanishing amplitudes of diagrams B and
C are of order xS, and unlike in Sec. VI, these diagrams are
relevant here. Their Laplace transform, for small x, are

Buse,5) 4 Bats, 5y = 3 » B (140)
SK,S SK,8) 2 — X ————t,
! 2 s D1+«

where

~ A/s dyidy, )
B(z) = 2/ 5 [ V1=V 14y —1)
o Y501 —y2)

— Wz — VO T+y = D] (141)

and

c = 2 [Ca, 1 Gl +x. 1
Cl(SK,S)‘i‘Cz(SK,S)’:)&X[ ( +x)+C(1+« )]’
N

D1+«
(142)
where
5(11,Z2)
A/s dvid
=2/ i; yyzz(«/z_l—\/m—f-h)\/m + 1
0 12
X (Wa+yi+n—vaoty—va+tn+ \/2—2)2~
(143)

From the amplitude of all two-loop diagrams in Eq. (97) we
get the double Laplace transform of W(z, T') in Eq. (124), for
small xg,

2

~ xo ~ ~
~ 0 &1 1
Wa(sk, s) st[S( + )+ E(1)

+ A 4 10)A(1) + D(1 + )
+C(1, 14+6)+C(1+x, 1)

+ BU4+)+G0+x)+GM)].  (144)

D. Result for F™**(x, H)

Taking the results in Egs. (126), (133), (144), and the
expansion Eq. (14) we write in an exponential form analogous
to Eq. (107), where, for this problem,

Wik) = A(1 + k) + A+ A3(1 4+ )+2(In A + y — 1),
Wh(i) = [E(1 + k) + E) + A + )AL + D + )
L C, 1+ k) +C0 +k, )+ B(1+x)

~ ~ 1 ~ ~
+ 60 +k)+60)]— E[A(l + )+ A(l)
~ 7'[2
+ As(1 +/<)]2+2<1 — ?)

The rest of the analysis is very similar to that in Sec. VID. To
leading order we get

FI(16) = Wi (k) — W (0)
A/s a’y
=/ y—z(\/1+/c+y—~/1+/c—\/1+y+1)2.
0

(145)

Explicitly carrying out the integral in the A — oo limit yields

Fr¥ () = —8In2 — (1 ++/T+x)In(1 4 «)

2
14++/1 2In(1 4+ /1 )
+ _1+K(+ + )" In(1 + V1 +«)
(146)

Its inverse transform Eq. (69) is [see Eq. (F8)]

KLy © F™ )

—

= —8In2+ w(,/%) —In[#(1 — 9)], (147)

with 1 (x) defined in Eq. (41c). Then Eq. (70b) with
R™X () = In[vH (1 — )] gives the leading-order term

Fr(9) = —81In2 + w(,/%).

The expression in Eq. (148) differs from Eq. (41b) by a con-
stant, which comes from our convention that for the latter the
integral over ¥ vanishes.

(148)
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At second order, we get
FiaX(ic) = Wh(ic) — Wh(0)
= D1+ 1) — LA + 1) = [D) - LA,(1)])
+ (B 4+1)+C(1, 1+1)+C(1 +«, 1)
— A1+ LA + 1) + A(1)]
— [B(1)+2C(1, 1) — 2A5(DAD])
+ {8+ + G0 +x) — LA + 1)
- [Em+Gm) - LA2m]}

The terms are written such that each square bracket remains
finite for A — oo limit. In fact, we see that the expression in
the last square bracket is same as in Eq. (113b) and it vanishes
for A — oo. Rest two square brackets give F7"** (k) for the
A — o0. N N

Remark. We see that for k = 0, both 7" (x) and F3"* (k)
vanish, which is consistent with the condition Eq. (72).

From Eq. (70c) and using linearity of the transformation
Kt 5 We write

(149)

K—>
YesFR¥ () = K7L, © Frx(e) + LKL, © FmX(e)?
— [f{na)((ﬁ) _ RmaX(ﬁ)]z}. (150)
Using an identity Eq. (F9) we see that
Kily © FP™ )y
3 2
max max 2
z[fla () —R™ (19)] —1//2< m) ,
(151)
where we define
1
Yo(x) = 2arctanx + x In <1 + —2>
X
1 1 )
— |2arctan — 4+ — In(1 +x7) |. (152)
X X
This leads to our result
1 7\
]:;‘ax(ﬁ) = IC;L,, G]:Ena)((l() - El/f2( m) . (153)

(We note that the last term is symmetric in ¥ — 1 — ¢.)

It is hard to analytically evaluate the integrals in Eq. (149).
Similar to Eq. (119), we determine F;"™*(}) by exchanging
the order of [C-transformation and integration. This gives, up
to an additive constant,

2

1 4
Fy ) = —5w2< — _ﬁ>

® dyd 1-9
+2/ e w‘“(yl,yz,—), (154)
0 yiy3 14

where W™ (y;, y,, z) has a lengthy expression given in the
Appendix I. The expression is also given in the supplemental
Mathematica notebook [78] for numerical evaluation.

Our result for 7" () in Eq. (153) is plotted in Fig. 17,
which agrees well with our computer simulation result in

...ucw..‘...."“m"‘
®e,

F1 (D)
-

0.1 E
L ".‘of P T B N §
0.2 04 0.6 0.8 *,, 1.0
-0.1 / *,

\

L]

L]

b
b
i
1
]
i
¢

-0.4

FIG. 17. The dotted points (colored red) show F3"**(:}) evalu-
ated by numerical integration from Eq. (153). The solid line is the
polynomial in Eq. (44), which gives a good estimation for 7" (1#).

Fig. 7. For this, we evaluated both the K~ _transformation and
the y-integration numerically.

VIII. DISTRIBUTION OF TIME t,,; WHERE
THE PROCESS IS POSITIVE

This analysis is more involved compared to the analysis for
fast and t,ax. The main reason is that the expressions at second
order are very cumbersome, and a lot of ingeniosity is needed
to reduce them to a manageable size.

Analogous to Eq. (120), the probability that an fBm, start-
ing at Xp = 0 and evolving until time 7', spends time #,os = T
being positive (X; > 0), can be expressed as

W, T
PT(tpns =1)= ]\E.’(:T))’

(155)

where W (t, T) is the weight of all fBm trajectories contribut-
ing to the event and N(7T') its normalization. Formally,

0 x(T)=m T
Wiz, T)=/ a’m/ Dlx] 5{1—/ dt @[x(;)]}e—sm,
—00 X 0

(0)=0
(156)

where ©(x) is the Heaviside step function. A sketch of such
a trajectory is given in Fig. 18. We follow the same notations
as in Secs. VI and VII. The definition of the quantities W, N,
etc., is modified to measure the positive time.

time (t)

X —_—

N\ AL
NS

FIG. 18. Schematic of an fBm trajectory leading to positive time
fpos- Times spent on the positive side is indicated by double-sided
arrow.
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M mo
_____________________ O
0 ma
W ' Em?
time time time
A B

FIG. 19. Different Brownian paths for the conditional propagator
in Eq. (160). (A) Includes paths which have never crossed the origin,
(B) includes paths which have crossed the origin at least once.

Using the perturbation expansion of the fBm action in
Eq. (7) we write Eq. (76), with

Wo(z, T)=/ dm ((1))©0,m)» (157a)

Wit = [ am{[> 157b

(. )-/_w "\(35)),.. (157b)
> 2 s,

WQ(T, T)—/Oodm<<w—5>>(oym), (157C)

where the double-angular brackets denote
{((O1x])) my.m»)
x(T)=m, T 5
= / D[x](S{t—/ dt@[x(t)]}eDO[x(t)].
X 0

0)=m,
(158)

This is an average over trajectories with Brownian measure.

A. Conditional propagator

In Secs. VI and VII, the amplitudes in the expansion
Eq. (76) are expressed in terms of the free Brownian propaga-
tor Z in Eq. (24) and its analog Z* in presence of an absorbing
wall. For amplitudes Eq. (157), it is natural to express in terms
of a conditional Brownian propagator, defined by

x(T)=my

T 5
Zp(my, my|t) = / Dlx] S{r—/ dt G)[x(t)]}eD.
0

x(0)=m,
(159)

This gives the weight of all Brownian paths starting at m; and
ending at m; at time T conditioned to spending time t on the
positive half.

To find an explicit expression for the conditional propaga-
tor, we write the associated paths into two groups,

Ly (my, my|t) = Ar(my, my|T) + Br(my, my|7r),  (160)
shown in the Fig. 19. The term A is nonzero only for t = 0 or
T. Using Eq. (81), we write

Ar(my, my|t) = O(my)O(m)3(x — T)Zf (my, my)
+ O(—m1)O(—m)8 (V) Zf (—my, —my).

Its double Laplace transform can be written with the help of
identity Eq. (87) as

A(my, mali) = ©(m)Om)ZE, (my, my)
+ O(=m))O(—my)ZF (—my, —my), (161)
where Eq. (85) leads to

N ®
As(”nls m2|)\.) = (mlmZ)
2/Dls + 20 (m)]
X [e_lm'_mﬂ\/@ — e_lml-‘rmzh/@].

(162)
The second part of Eq. (160) is defined by (see Fig. 19)

T T

By (my, mo|t) = / an / At (8 e (1) CE(12))) Yo s
0 n

(163)

with 7 specified in the average Eq. (158). One can estimate,
for example, for m; > 0 and m, > 0,

((5 [)C(l] )]8 [X(lz )]))(ml )

=N D? |:lim M]

x04>0 xO

ZF (xg, m
xG(T—t—0, T —t —1) X [nm Z, (X0, m2)

Xo~>0 )CO

(164)

(here D? is from dimensional argument), up to a normalization
N, where 4 (z, T) is the weight of Brownian paths starting at
the origin and returning there at time 7', spending time 7 in
the positive half.

In general, using identity Eq. (87), we write the double
Laplace transform of B as

By (m1, ma|2)
=N D*9(%, 5)
[ _Om)Z}, (my, x0) + @(—moZ;*(—ml,xo)}
x | lim
x0—0 X0

[ _ O(m)Z,, (x0, mo) + O(—m2)Z (xo, —mz)]
X hm0 - .
X0—> 0

The normalization N to be determined self-consistently, and
& (X, s) is the double Laplace transform of ¥ (z, T).
We see that

g(.’:5 T) = ZT(Ov O)Pbl‘idge(ra T)’

where Pyigge (T, T') is the probability of positive time #,0s = T
for a Brownian bridge of duration 7. One can show (a deriva-
tion is given in Appendix Q) that for a Brownian bridge, all
values of T are equally probable, and therefore Pyigge (T, T) =
1/T. This, along with Eq. (24), gives

\/er_A—\/E'

G, s) = Wi
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L
4 ®
(& T2

FIG. 20. A one-loop diagram representation of the linear order
term Eq. (169) for distribution of positive time. We follow a simi-
lar convention as earlier. A dashed line indicates coupling between
points (ry, r,) (their order indicated by an arrowhead) with a coupling
strength ¢*1="2) and a solid disk indicates a ‘charge’ of amplitude
x(r) for the associated point r.

Using these results and Eq. (85), we find

~ _ s+O(my x
By(my, ma|r) = e ™MV o

[*/ST f} el Z (165
/D

where we used /" = 1, determined using the self-consistency
condition that

T
/dr Lr(my, molt) = Zr(my,m),  (166)
0

for Eq. (160), and equivalently,

e*\/%|m17m2|
2+/sD '
where is(ml,mglk) is the Double Laplace transformation

Eq. (61) of Zy(m;, my|T). Results Egs. (162) and (165) to-
gether give

Z(my, my|0) = Zy(my, my) =

Zs(my, my|n) = Ag(my, ma|h) + ByGmy, maln).  (167)

This will be used extensively in the following sections.

J

B. Zeroth-order term

The leading term Eq. (157a) is

Wo(r,T) = /00 dmZ7(0, m|7).

oo

Its double Laplace transform is

[e.¢]
Wo(n, s) = / dm Z(0, m|),
with Z in Eq. (167).

The integration can be evaluated using Eq. (167) with A
and B given in Eqs. (162) and (165). The result is given in
Eq. (P3) using which we write

~ 1
Wo(sk,s) = — x . 168
o ) N (168)

This is same as for distribution of #,5; and f,,,x, and confirms
the arcsine-law Eq. (4).

C. Linear order: One-loop diagram

Using Eq. (10a) we write the linear order term Eq. (157b)

as
Wi(t, T)= — / dm/ dy/ drlf dr,

X S0 (ErDET2))) 0.m)» (169)

where the integral over time r is interpreted as in Eq. (15).
A graphical representation of the amplitude as a one-loop
diagram is sketched in Fig. 20.

To evaluate the conditional average in Eq. (169) we use a
result for the correlation similar to Eq. (M4). Generalizing the
analysis in Appendix M for the conditioned case, we see that
for r, > ry,

r r—r T—r [e%s)
(S oy = 22DP / dr, / dvs / dts8(t — 1) — T — 13) / dx1 dxs Z, (my, x1]71)
0 0 0 —00

X Ox, Zyy—p (X1, X2172) 0, L7 — 1, (X2, M| T3).

(170)

This helps us to write Wi (z, T') in terms of the conditional propagator Z. By a change of variables and an integration by parts

we obtain

o0 n %) 3 A oo
Wi(r,T) = —ZD/ dtldlzdt3/ dTt; / d‘L'z/ dt:6(T—t—1h—13) 8(‘[—1’1—1’2—1’3)/ dy e " / dm
0 0 0 0 0

o0
X/ dx1dxy 0y, 2y, (0, x1|T1)Zs, (X1, X2|T2)0x, L, (X2, m|T3).

(o]

A double Laplace transform Eq. (61) of the amplitude gives

A [e%) o0
Wi0n5) = —2D / dy / dx1dxady (0, 11 M) Zoory (1, x210) f dmi, 7, (2, mIA),
0 —00 —0

with Z defined in Eq. (167).

—00

Using the result Eq. (167) and integrating using integral Eqs. (P7) and (P8), we get

Wik s, s) =

(171)
(172)

Al +«)
7 173
s/ 1+« (173
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/‘)\\ /‘)\\ //—)\\ /’—)‘\
—o0o—o— - % »—
1 o T3 T4 1 S T

C D

FIG. 21. Two-loop diagrams for the quadratic order term W, for the distribution of positive time #,,. In this illustration we choose r, > r
and r4 > r; for diagram C, whereas r; < s < r, for diagram D. A solid disk denotes a “charge” x(r) for the associated point r, whereas a cross
denotes a contracted point with a “charge” 2D.

with

- A/s dy
A(z)=/ EFS - i JTEy +1F, (174)
0

which by mere coincidence happens to be the same integral as in Eq. (134), although their corresponding diagrams are different.

D. Quadratic order: Two-loop diagrams

Following an analysis similar to that in Sec. VIC, it is straightforward to see that for W, in Eq. (157c) contributions come
only from the two diagrams shown in Fig. 21,

Wa(r,T) =C(z, T)+ D(z,T), (175)
where the amplitudes are given by
1 00 A T T T T
ce. )= g [ dm [ande [Can [“an [Cdrs [ dner e giivninieohen  176)
8D —00 0 0 r 0 3
and
1 [ A T T T
D(z,T)=—— / dm / dy\dy, / dry / ds / drye " e (G (1 k(1)) (0m)- (177)
2D —00 0 0 r K
These amplitudes can be expressed in terms of the conditional propagator Z7 in Eq. (160), and then an explicit result can be
derived following an analysis similar to that of the linear-order term in Sec. VIII C. Here we give their final expression, and defer

their derivation to the Appendix J.
The double Laplace transform of the amplitude of the diagram D in Fig. 21 can be written as

~ D +«)
D(ks,s) = ———, 178
( ) /it (178)
where
~ 2 Als dyid 1,z 1,z,
Bo) = / Vi yz{yzh( zy1)  yib(l,z yz)} (179)
O+ o vy 2 —y1) 1 —y2)
with
(V2 +y — /st + V82051 +y) — /51052 +y)]
bH(s1, 82,y) = . (180)
(Ws1+y+/sDWs2 +y+ 4 /52)
The double Laplace transform for the diagram C in Fig. 21 is
~ C(1+«)
Cks,s)= ———, 181
( ) N (181)
with
~ 4 Als dy.d 1,z,y1,¥2) +9(z, 1, y1,
G = / o ”{f(l,z,yl,yz>+f<z,1,y1,y2>+g( yoy) + e Lo ”)}, (182)
A+v2)Jo iy yi

where we define
g(s1, 82, Y1, ) = /81 F 1+ (W2 +y1 20— sy +y2)
X (st Hyi+si+ v —siH sy Fy— oy — sty + /s2)

9 [ (V51 4 /52)(—/51 — /52 Fy1 + /52) N NG }
WSty + V2 FyDWsiFyi e+ si+y1) sty 4 s
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+ (51 4+ )51 +y2 — /52 +}’2)|:

(V/$1+ /52)(—=/s1 — /52 + Y1 + /52) n VA ]
(W1 +y1+ s FyD)Wst+y+ s+ y2)

N RV

1
+ Z(Sz —sD/s1+ Y1+ /51— V52 + 1 — /52)

n SISy = s F DS (s2 F v — f52) + 251 + 1]

NI I B VATl

and

(183)

f(shSZa )’I»yz) =

&2”)(«/& +y2 — /81 +y2)|:

(V$1 4+ /52) (/52 = /s1 — /52 + 1) n St j|
(V81 +y1 + /52 FyDGst +Hy1+ 51+ y2)

N B Rval

LB
4y,

2(/s1+ /52)(/52 — /51 — /52 + 1) i|
(V1 +y1+/sDWstHyr+ s2+ 1)

X (251852 Fy2 = 23/s13/52 — 2/s13/51 + y2 — y2)

n SISy — st FYyD/s2 — ST — 52 F 1)

2(/s1Fy1 + /51)?

Adding contribution of these two diagrams we get the
double Laplace transform of the second order term

Wh(h, s) = C(h, ) + D2, 5).

The expressions in Eqs. (183) and (184) are given in the
supplemental Mathematica notebook [78] for their numerical
evaluation.

E. Result for F?*(k, H)

Rest of the analysis is very similar to that for f1,5 and fiyax.
We write the amplitude W (4, s) in Eq. (156) in an exponential
form such that

N V)
Wisk,s) = ———, 185
(sk,s) Jire (185)

where W = e W, + &2 W + - - -, with
Wilk) = A(l + ), (1862)
Wak) = C(1 + k) + D(1 4 1) — LA 4 )% (186b)

Considering the normalization in Eq. (155) we get the Laplace
transform of the distribution of #,,s in Eq. (67) with
FP (e, H) = W(k) — W(0). (187)

One can verify that W(O) =0 up to the second order in
the perturbation expansion, and this means in the expansion
Eq. (70a),

FP%)=Wik) and  FP%(k) =Wa(k).  (188)

Comparing with Eq. (145) we see that ffos(/c) is exactly

same as f{“ax (), and therefore we get
FI2@) = F™ (@) (189)

given in Eq. (148).

(184)

The difference with the distribution for #,,,x comes in the
second order term. This is given by

FEEW) = =5 [FI°@) = R @)’
+ KLy 0 [F70 + 177w

Following a similar analysis as used for Eq. (153) we get our
result

(190)

2
U —1
0 [5(1 +1)+ D +x)— %2&1 +K)2}
(191)

pos 1
Fr (@)= _5%

with Eq. (152).

It is difficult to analytically do the integration for the
amplitudes in the second term in Eq. (191). We have numer-
ically verified that the term remains finite for A — oo. For
an explicit formula in terms of ¢ we exchange the order of
K! ,-transformation and the integration. This allows us to

write
2

os 1 )
FEW) =— 5‘/&( m)

*® dydy, 1—-0
o ¥ ¥

(192)

Expression for WP is lengthy and it is given in the Ap-
pendix K. Our result for 77 (¢) is plotted in Fig. 7, which
agrees well with our computer simulation result. For this we
evaluated both the K~!-transformation and the y-integration
numerically.

IX. SUMMARY

We found a generalization of the three arcsine laws of
Brownian motion for an fBm. Unlike in the Brownian motion,
the probabilities are different and given in Egs. (39) and (38).
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These results are obtained using a perturbation expansion
around the Brownian motion, and by a scaling argument for
divergences near ¥ — 0 and 1. Our numerical simulations
confirm these highly nontrivial predictions accurately. We find
a very good convergence to the numerical results for the entire
range of ¥ even for large ¢. Most realizations of fBm found
in practical applications fall within the range H ~ % +0.25
where our formulas yield high-precision predictions.

Our perturbation approach offers a systematic framework
to obtain analytical results for other observables of an fBm, of
which very few are available so far. For example, distribution
of Area under a Brownian excursion is known to have an Airy
distribution [79]. Corresponding generalization for an fBm
is yet unavailable. On simpler examples, a closed form ex-
pression for an fBm propagator with absorbing and reflecting
boundary is desirable.
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APPENDIX A: PERTURBATION EXPANSION
OF THE FBM ACTION

Writing H = % + ¢ in the expression for G'(t, 1) =
(X, X:,) given in Eq. (1) and expanding in powers of small
& we get

G (11, ) = Ko(t1, 1) + eKi(t1, 1) + 2 Koty o) + - - -,
where
Ko(t1, ) = Gy (t1, 1) = 2min(ty, 1),

and, forn > 1,

n

2
K,(t, ) = E[" In"t; 4+ nln"t, — [t —6|In" |t — B]].
' (A1)

For G related by G ' G(t;,6) = GG '(t1,1,) = 8(t; —
1), this is equivalent! to a perturbation expansion

G, ) = Go(t1, ) + £ Gi(t1, ) + € Golty, ) + -+ -,
with
Go(t1, 1) = —38" (11 — 1), (A2a)
and forn > 1,

Gy, 1) = — Z GoK,G—y(t1, 12).
g=1

(A2b)

ITo see this one can verify that K - Go(r, s) = Go Ko(r, s) = 8(r —
s) and then use Z;=0 K,G,_, =0 for all n > 1, which can be seen
from Eq. (A2b).

(Here we denote

T
AB(t1, 1) =f ds A(t1, $)B(s, 1p), (A3)
0
for any two bivariate functions A and B.)
It will be convenient for our analysis to write G, in
Eq. (A2) as

G, = GyX,Gy (A4)
for all positive integers n, such that
Yo =Ko, X1=-Ki, X2=-K+KiGoKi,
Y3 = —K3 + K,GoK + K1GoKy, — K1GoK1GoKy,  (AS)

and so on. In terms of this perturbation expansion, action
Eq. (5) is written as
S=So+eLli+e Lo+, (A6)

where S is in Eq. (8a) and forn > 1,
T T 1
£o= [ an [ dni ){ R tz)} i), (A7)
0 0
obtained by integration by parts.

For their explicit expression we use the following results
obtained from Eq. (Al): fort, > 1,

1 1
-0,0, K1 =(1+1 S(ty —t — , A8
1K (1 + Inw)d(f 2)+2(t2—t1) (A8a)
1 2 2
18,18,21{2: ?—f—Zlnw—l—ln w ot — 1)
1+lna)+1/’2“’ ds
(t—1) 2 Jyse (G—5)s—1)
(A8b)

where singularities are regularized by introducing an infinites-
imally small ultraviolet cutoff w > 0 in time, such that terms
like §(ty — ) In(t, — t;) =~ 6(t; — 1) Inw and

2

In(t, —t In
zn), Do + 50— 1)

(h—t)  (—1)

N 1/’2_“’ ds
2 Jite (L —s)s—1)

which are used for writing Eq. (A8b). Similarly, for ¢, > 1,

(A8c)

1
Za" 3, K1GoKy = 2(1 + Inw)*8(t; — 1)

2(1+hw) 1 /T ds
(t, —11) 2 Jo It —sll—s|
(A84d)

Using Eq. (A8) in Egs. (AS5) and (A7) it is easy to see that

1
L1 =-2(14+1nw)Sy — 551, (A9a)
72
Ly = |:2(l — ?> +2(1 +lna))2i|So
+ (1 4+ Inw)S; + 5>, (A9b)

where Sy, S, and S, are defined in Eq. (8). The expansion
(A6) with Eq. (A9) gives Eq. (7).
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APPENDIX B: ALTERNATE DERIVATION
OF THE ACTION

Here we give an elegant and short derivation of the action
in Egs. (7) and (8) in a normal-ordered form. Using integration
by parts, Eq. (5) gives

1 T T . .
SIX1 = 5 / d / o X, X, (BI)
0 0

with the correlation

Clt. 1) = (X, X,,) = 4H |t — o) 7'8(t — 1)
+ 2HQH — D|t; — 6>~V (B2)

An expansionin ¢ = H — % gives

~ 21n it
C(l1,l2)=2D|:8(l1—l2)+8 &2 @ +...:|’

[t — ta] |t — B

(B3)

with D = 2Hw? ! = (1 + 2¢)w?, and w being an ultravio-
let cutoff in time. This implies

=t
B e B 8221n ==
Ity — 12 [t — 12|

+82/ds;+“'i|
Is —tills — 1]

Substituting in Eq. (B1) and defining a normal-ordered form
(noncontact terms only) in Eq. (17) we get

1
S™WX, :—A/
[X:] Y

tl<ty

1
C'(t,0) = 5[5@1 —h)

dndnX, X, [8([1 —0)

[h—12]

©_ ... B4
|t — 1] ] BH

e 2]11
[ty — 1]

Using the integral representation Eq. (A8c) this gives

1 .o
SMIX, =—/ dndnX, X, | 8@t —t
[X:] 20 )i 1d6h X, X, | 8(ty — 1)

[5)

e 1

- —52/ ds——i—~-i|,
|t — 1] i ls — 11]ls — 1]

(BS)

with D given in Eq. (9). Comparing with Egs. (7) and (8) one
can see that the both leading and subleading terms are same
whereas the &> order term includes only contact-less terms.
An integral representation of the normal-ordered second-order
term is in Eq. (18).

APPENDIX C: THE FBM PROPAGATOR

Here, we verify Eq. (19) using the perturbation expansion
of the action Eq. (A6) to all orders. In terms of this expansion,
Eq. (21a) can be written as

Wi (m, T) = (e L1 60}, (C1)

where by the angular brackets we denote (definition restricted
only for this Appendix)

x(T)=m
(Olx]) = / Dlx] e > O[x]. (C2)
x(0)=0

Then, using a result for the multitime correlation given later
in Eq. (M13) for D = 1 and the propagator Eq. (21a) leads to

Gu(m, T) = " D%G(m, T), (C3)

with

1 T T
F(T) = z/ dn / dn Y "0, 0,K,(t. ), (C4)
0 0

n>1

where we used Eq. (A5) and Eq. (A7).

Remark. In Eq. (C3), the contribution from terms like
K GoK|, etc., in Eq. (AS) are canceled from the terms in
normalization Ny in Eq. (19). One may explicitly verify this
at lower orders in perturbation expansion.

Using Eq. (A1) in Eq. (C4), it is easy to see that

F(T)=T Z (Zgln—n'T) =T(T%* — 1), (C5)

n>1

which in Eq. (C3) leads to
G (m, T) = 7" ~DG(m, T), (C6)

where we used 14 2¢ =2H. Using the expression of
G(m, T) in Eq. (24), it is now easy to obtain Eq. (19).

APPENDIX D: NUMERICAL SIMULATION OF AN fBm

Efficient computer simulation of an fBm trajectory is a del-
icate task. A vast literature has been published on this subject.
For a comparative study of many of the sampling methods for
an fBm see the review [80] and references therein. In general
these algorithms generate the full trajectory. If one is only
interested in a specific observable, as the first-passage time,
not all points need to be generated, allowing for tremendous
gains both in memory usage and execution speed [68,74,75].

In our work, we use a discrete-time sampling method fol-
lowing the Davis and Harte procedure [72] (also known as
the Wood and Chan procedure [81]) as described in Ref. [73].
The basic idea is to construct fBm paths from a discrete-time
sampling of stationary, Gaussian-distributed, increments AX,
for integers n =0, 1, --- , N — 1, with mean (AX,) = 0 and
covariance

=m-n+1 +m—n—1" —2(m —n)*",
(D)

for positive integers n < m < N. For large N with t = n/N,
one can see that N>~> y (Nt — Ns) converge to the covariance
Eq. (2). This means, the cumulated sum N~% >/ AX; for
large N gives an fBm path X; with Xy = 0 in a time window
[0,1].

The Davis and Harte procedure is an efficient algorithm for
generating samples of AX, with a computational efficiency
O(NInN) (compared to O(N?) for Choleski decomposition
method [80]). The algorithm involves the following simple
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steps. We construct two linear arrays {W,,} and {A,} of length
2N with index n=0,1,---,2N — 1. Elements of the first
array are generated from a set of 2N independent Gaus-

sian random numbers Vy, Vi, - -+, Voy_1, with (V,) =0 and
(ViuVn) = 8m.n. We define
1 .
Wo=V, W= E(Vn +iVay—n), (D2)
forn=1,.---,N — 1, whereas
(—1) .

WN = VNs VVn = ﬁ(vn +1 VZan)a (D3)
forn=N+1,---,2N — 1. This construction ensures that
(W,) =0 and

(WiWer) = 8k.00k,0 + Sk+k/.2N (D4)
for indices 0 < k < 2N — 1.
Elements of the second array are defined by
2N—1
nk
=Y Tpe™v (D3)
k=0

for integers 0 < n < 2N — 1, where Ty = y (k) for 0 < k <
NandT'y = y(2N —k)forN + 1 < k < 2N — 1 with covari-
ance in Eq. (D1). This means,

MN—n = Ay (D6)

and the inversion formula
ON—1

1 —im &
Fk:ﬁ;)\.ne N,

The set of increments for a discrete fBm are obtained from
ON—1

mZWk

for 0 < n < N — 1. In comparison, we shall see that the set of
increments for N < n < 2N — 1 do not have the covariance
Eq. (D1) and they are discarded.

It is simple to verify that this construction Eq. (DS8) in-
deed generates Gaussian random numbers with covariance
Eq. (D1). The simplest is to see that (AX,,) = 0 from (W,) =
0. Moreover, X, is a linear combination of Gaussian random
variables W,,, and therefore its distribution remains Gaussian.
For the covariance, using Eq. (D8) we write

(D7)

AX, = (D8)

2N—1
(AXuAX,) = —— Y (WiWie) Vg e e,
2N k,k'=0

which using Eq. (D4) gives

N1
(AX,,AX,) = {Ao+ Y Viihay g e R (DY)
for n < m. Using the symmetry in Eq. (D6) the above expres-

sion s1mp11ﬁes to

2N—-1

_ Z )\k e*t ~ (m— n)k

= Fm—n

(AX, AX,)

(D10)

0 1 v

FIG. 22. Contour C for the complex integral (E).

for m > n, where in the last step we used the inverse Fourier
transformation Eq. (D7). It is clear from Eq. (D10) that

(AXnAX,) = y(m —n) form—n <N, (D11)

which includes all 0 <n <m < N — 1. For indices > N,
such that m — n > N, the covariance is y (2N — m + n), and
therefore AX,, for n > N are discarded.

The mathematics behind this algorithm is clearly explained
in Refs. [73,80]. It involves calculating square root of a pos-
itive matrix by embedding it in a circulant matrix. We shall
not repeat the discussion this here. Reader may find details in
Refs. [73,80].

APPENDIX E: A DERIVATION OF THE INVERSE
TRANSFORM

The inverse transformation in Eq. (64) can be derived using
complex analysis by writing Eq. (63) as

~ )
p(z) = ﬁdﬂ—l s

where C is a simple closed contour drawn in Fig. 22. In an
alternative representation

1 p) L1\ 1
2mi deﬂ_ f@= 2 1( z>p< Z)I ED

The Sokhotski-Plemlj formula of complex analysis gives the
inverse transformation

pl) = f1.(6) — f-(O) (E2)

for any point ¢ on the contour C, where fi(£) = lim,_,, f(z)
with the limit taken from the domain inside (+) and outside
(-) the contour C, respectively. For £ = ¢ on the real axis,

f:(@) =—

1
lim 5(-5 + i3> (E3)

2mwi Y 50

and this gives Eq. (64).

APPENDIX F: A LIST OF USEFUL K~! TRANSFORMS

Here, we give functions, which are related by the transfor-
mation Eq. (69) and its inverse transformation Eq. (71). These
relations, indicated below by <>, are useful for our analysis.

- ‘-)-~ ~. A el
T Tr3T Ty To M T3 T Tg T4
Dl D2

FIG. 23. Two distinct cases of the two-loop diagram D in Fig. 14
for distribution of 1,4, categorized according to whether loops inter-
sect (for D;) or not (for D,). The time variables r’s remain on the
same side of 7 as indicated.
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They can be numerically verified in Mathematica. A trivial,
but useful resultis 1 <> 1.
Among others,

—2In[l1 ++/1+«] < Inv, (F1)

1
—2In|1 In(1 —®), F2
n[ +m}<—> n( ) (F2)

which using linearity of the transformation leads to

In(1+«)—4In[l + V1 +«] < Ind(1 —9), (F3)

and
—In(l+«) < In v . (F4)
1-9
Additionally,
5 \2
[In(1 4+ «)]* < <1n ) -2 (F5)
1-9
We get
In(1 4+ /T +«) 1
—————— <> xarctan —, (F6)
V14K X
and
Mm(l + ! ) < 1arctan X, (F7)
Vite o x
where x = \/g . A linear combination of Egs. (F2), (F6),
and (F7) gives
2(1 + /1 +«)?
—(1+VT+)In(1 4+ «) + e

J

xIn(l++vV1+«k) < ¥x)—Ind(1 —9), (F8)

with Eq. (41c) and the same definition for x. A related result
about square of the above function is

|:—(1+VI+K)1n(1+K)

V14K
< [P) —Ind (1 — ) — Ya(x). (F9)

with Egs. (41¢) and (152).
Other results, useful for verifying Eqs. (43), (44), and (45),
are

2
2
LAV T K)]

r'(%) (1 n—1 n+1
2Fl AT A
T 20 2 2
Vi+«T(%) F<1
1

, —IC) o ()T,  (F10)

n+1
277 2

—_——= 5

7= ,—K)(—)(l—z?)nZI,

(F11)

and their product

VTHr (%) n e
T2 R(L S k) e (-9,
N ( 2 )
(F12)

forn > 1, where ,Fj(a, b, ¢, 7)/T'(c) is regularized hypergeo-
metric function and it can be evaluated to arbitrary numerical
precision in Mathematica.

APPENDIX G: AMPLITUDE OF THE TWO-LOOP DIAGRAMS FOR {4

Here, we give a detailed derivation of the amplitudes of two-loop diagrams shown in Fig. 14.

1. Nontrivial diagram D contributing to 't

Amplitude of the diagram D in Fig. 14 is given by

1 o0 A T T T T
D(t.T) = — f dm / dyidy, / dr, / dr, / drs / dry AT (G () (3 )E () s
4D J, 0 0 . 0 .

with the angular brackets defined in Eq. (80). Considering order of the time variables, the possible cases are illustrated in Fig. 23.
Their amplitude can be expressed in terms of J and J* defined in Eq. (90). Adding them, we write

2 [e’e] A B
D(z,T)= m/dm/dyldyze T 1 (0, X035 —y1, —y2)IF, (Ko, m3 Y2, 1) + I (X0, my Y1, y2)],
0 0

where the prefactor 2 is due to interchange of pairs (rq, ,) with (73, r4).

Its double Laplace transformation in Eq. (61) gives

~ 1 [ A ~ ~ ~
DA, s) = W/dm[dyldy2lv+)~+y1+yz(0’xO; —y1, =y)[J (o, m3ya, y1) 4+ I (o, myyr, y2)]-
o Jo

It is convenient to write the expression in a form such that the integrand is symmetric in y; and y,. We write

~ 1 A ~ ~
D()\., S) = -5 / dyldyZ[Js+)\+y1+y2(0a X05 =1, —Y2) + Js+k+)r1+y2 (Oa X0 —Y2, =1 )]
0

4D?

o0
. / dmlT* (o, 3 y2, y1) + T (o, s 1, o)1, G1)
0
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| /”.;)-\~‘\ ”—):’:)\\
| o 6> o9 | oo "o
T T 3 T4 T2 T 71 3 T2 T4
1/
E} Ej
D BN /)\
o—o o o
r T T2 r3 T4
"
E

FIG. 24. Diagram E, of Fig. 14 is made of three cases according to relative order of time variables with r; < r, and r; < ry4, remaining on
the side of 7 as indicated.

We show that (a derivation given in Appendix N)

2D

[ —— 1S € Y5 4 ya/s F 1 + y2 e VI _ (y 4 y0) s F oy e VI, (G2)

Jo(my, my; 1, y2) =

|y —m; |

where 7 = and

o0 ~ 4D e aTRay 4D S 5
/ dmZ\[:r(ml’mZ;yl,yZ): - S-’_—yz[e*mlv% _efmn/ +)b+2]+— eme/ +bﬂz —Eiml 5]. (G3)
0 iy Vs 01+ y2)y2

Using the asymptotic of Eq. (G2) for small xy, we obtain

2v/D

~ ~ D
J5(0, x93 =y1, =y2) + J5(0, x0; —y2, —y1) = F(\/E — Vs =y = Vs =y s =y =),
12

and similarly from Eq. (G3) we get for small x,

(WS Y1+ y2 — /s Fy1 — /s Fy2 +5).
(G4)

4xo«/l_) o« ST+ Y1+
S

o0
/ dmf{J} (xo, m;y2, y1) + I (xo, my 1, y2)} >~ —
0 yiy2 NG

Using these asymptotics in Eq. (G1) we get, for small x,

_ 2x Aledyzva-i-)’l-i-)’z
D Jo ¥y Vs

X (Vs+Hr+yi+y—vs+r+y —s+r+y+Vs+r).

D(%,s) =~ (VST F32 — /s T — /52 +5)

This leads to the result in terms of rescaled arguments in Egs. (98) and (99).

2. Two-loop diagrams contributing to simple scaling
a. Diagrams E; and E,

We begin with the diagram E, in Fig. 14, whose amplitude is given by

1 00 A T T T T
Exr.T) = gz [am [ dndya [an [Can [“an [ i e ionionioieon,.
4D 0 0 T r T r3

with the angular brackets defined in Eq. (80).
The expression can be written in three parts according to relative order of times r.

Ex(t,T)=Ey(t,T)+ E) (v, T)+ Ey' (7, T),

as shown in Fig. 24. Their amplitude can be written in terms of propagator Z in Eq. (24) and J* in Eq. (90). Adding their
amplitudes, we write

2 A o0 ,
Ex(t,T) = D Zf(O,xo)/ dydy’/ dmlJf_ (xo, m;—y, =y, ¥, ¥) + J5_ (x0, m; =y, =y, », )
0 0

+ Ji (o, m; =y, v, =Y Y.

[The prefactor 2 comes from interchange of pairs (rq, ;) and (r3, 74).]
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Corresponding double Laplace transformation gives
~ 1 ~ A © ~ ~
Ex(h,9) = 555 Zx+x(0,xo)/0 dydy’fo dmlJ 5 (xo, m; =y, y, =Y, ') + I (o, my =y, =y ¥, y) + I (0, m; =y, =, v.))1.
To evaluate the expressions we use Z (0, xo) from Eq. (85b), and
16D? s3 (e — 77 s13(e7% — %)
e s T e R e o e | P
N 527 (551 + $27) (€75 — %)
(s+ 5 )(sz2 — s2) (sz2 — s12) (sz2 — S32) (sz2 — S42)
53((s152 + 532) (5251 + 528532) + 5532 (51 + $2)*) (675 — e755%)
(s + 51)(s 4 52)(s1 + 52)(53% — 52) (532 — 512) (53> — 522) (532 — S42):|’
derived later in Eq. (N19), where we denote z = j—%, SI=A/SFtV4, 2=+/5+y3Ft V4, 3 =/5SF V2t V3 + Y1, 54 =

VSEYI Y2+ s+ s
Using these two results for small x,, we get the asymptotics

oo
/ dej(xo, m;y1,¥2,3,Y4) =
0

(G5)

dyidy,

1
2D \/S(S"‘)\ / y1y2

EQ()L S)

e(s, y1,¥2),

where we define
e(s,y1,¥2) = —(s + 1) + ¥2) + /55 — /531 — /5 F D25 T 31 Fy2 — /5 F 01 — s+ 32 + /)
— (s=VsH0 = Vs HE ) = s FnWs — Vs Ty — st s — sl (G6)

Comparing the two diagrams E; and E; in Fig. 14, one can see that, for small x,

1 / dydy;
2D x/s(s—i-)» yly2

with Eq. (G6). (This we have also explicitly verified.) Adding the two amplitudes we get Eq. (101).
Remark. Interestingly the integral in E(2)(A, s) can be evaluated:

dy\d A A 3
/ D2 sy = —In 2( )+2[1+21n2]1n( >+(1+21112)2 -5
0 y1)’2 2

Ei(h,$) ~ e(s+ X, y1,¥2),

(we have verified this numerically). This result along with results Eq. (G7) and Eq. (G20) given later, helps recognize the linear
combination of diagrams in Eq. (114) where divergences for A — oo cancels.

b. Diagram A
Amplitude of the diagram A in Fig. 14 is given by

1 0 A T T T T
A1) =g [ am [y [Can [Can [Can [T an e genieniomieon,
0 0 r T 3

with the angular brackets defined in Eq. (80). In terms of J in Eq. (90) and its analog J* in presence of absorbing boundary, we
write
A

o0
A(r,T) = dyldyZJr(vao;_.VIyYI)/ dmJ;__(xo, m;—y2, y2),
0

4p?
where the prefactor 2 is the degeneracy from the interchange of pair of indices (1,2) and (3,4). The double Laplace transformation
Eq. (61) gives

A

AQh, 5) = dyld)’2j;+x(0,xo;—y1,y1)/ dmJF (xo, m; =y, y2).
0 0

2D?
Using Eqgs. (G2) and (G3) for small x(, we get

dyidy, 2 )
N - FA—stA+
D s(s—i—k)/o yiv3 ( V2 — A/5)° (Vs Vs yi)©.

In terms of rescaled variables this gives Eq. (103).

A(r, 5) >~ —
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Remark. The y integration in A can be evaluated explicitly using
A
d A
/ —i(«/_s—l-y—\/§)2=1n<—>—1—21n2. (G7)
oy s

¢. Diagrams G, and G,

Diagrams G; and G, in Fig. 14 has a contracted point s. Their amplitude is given by

1 [ee) A T T T !
e 1) = / dm / dyidys / dr, / ds / 2" (& () o
0 0 0 r K

and
1 00 A T T T
Gor 1) = / dm / dyidys / dr, / ds / dr2e" 9 (& () o
0 0 T r s

with the angular brackets defined in Eq. (80). (Their difference is in the range of integration for time variables.)
We write these amplitudes in terms of the fBm propagators defined in Egs. (24) and (81).

1 A (o)
Gi(t,T) = l_)f dy\dy, Z: (0, xo; —y1, y1 —)’2,)’2)/ dmZf__(xo, m)
0 0

and
l A 00
Gy(t,T) = B/ dy1dy>Z(0, xo, T)/ dm L7 (x0, m; —y1, y1 — ¥2. y2),
0 0
where we define

t t t
o%(ml,m%)’l,Zv)Q):/ dr1/ dS/ drye™ " TETRR (X (r )X (1)) (my o) (G8)
0 r K

S
and its analog .%," in presence of an absorbing line. The angular brackets denote average with standard Brownian measure e D

starting at position m; and ending at position m,.
Their double Laplace transformation Eq. (61) is given by

~ 1 A 00 ~ ~
Gi(A,s) = 5/ dmdyz[ dmZ, 130, x0; =1, y1 — ¥2, 2) ZJ (x0, m) (G9)
0 0

and
- 1 A 00 - ~
Gy(A,s) = B/ d)’IdY2/ dmZy15(0,x0) L (x0, M5 —y1, Y1 — Y2, ¥2)- (G10)
0 0

Expressions of 7 and Z*Nare in Eq. (85) and the integral of the latter is in Eq. (L5).
For Laplace transform .Z of Eq. (G8) we note that

~ 1 ~ -
ZL(my, ma;y1,2,y2) = z{-[v(ml, ma;y1 + 2, y2) — Jy(my, ma; y1, y2 + 2)} (G11)
with Eq. (90), and a similar relation for 2% in terms of J:*. This is easy to see from Eqgs. (G8) and (90) and taking their Laplace
transformation.

Then, using Eqgs. (G2) and (G3) we get

D hs(%’ylvyz)

L0, X0 —y1. 31 — Y2 y0) =/ = x — (G12)
s Yiya
and
* 5 oD B (31, 3m)
/ dm L (xo, m; —y1, y1 = y2,2) = —= X ﬁz—z (G13)
0 \/E Yiys
where we define
) 2./s Py — B - y
hy(z,y1,y2) = e VS yy, — (y—fy){y%m/—s Fyp e VT = s e (s e VI — s e ), (Gl4)
1 — )2
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and

B (2 y1.y2) = —2 yivae ™ + ;

2 S {y%m(e—z sy e—zﬁ) _y%m(e—z sty e
- )2

In terms of these functions in Egs. (G9) and (G10), we write

P s A T ( Xo )
1A, 8) = s+l —F—=> V1, 2
svDs+mJo y: T\UD

and
~ dyldyz Xo
Go(A,5) = f i —=,y1. 0 ).
«/Ds(s+k yiys VD

For small z, the expressions in Eqs. (G14) and (G15) have the asymptotics

(s Fy2 = V) = (s Fy1 — /93
01 —y2)

hy(z, y1,y2) =

and

Bz, y1,v2) > 2 hy(z, y1, y2).

Substituting this in the expression for G, and G, in the small x, limit, we get

51(A, s) =~ D«/% gls+ 1)
and
Gl 5) = e ().
D/s(s +2)
where

o Y3 01 —y2)
In terms of rescaled variables, we get Eq. (104).
Remark. The integral in Eq. (G19) can be evaluated analytically,

A 2 w2
g(s):|:ln<—)—1—21n2i| —i—l—f—?.
s

d. Diagrams B and C
Amplitude of B, and B, in Fig. 14 is given by

).

1 [e') A T T T
BT =+ / dm / dyidys / dr f ds f drse "D (e Vi)
0 0 0 r T

and

1 fo'e] A T T T
By(x,T) = 5 f dm / dyidy, / dry / ds / drye 17927 (G (r)E(F2)) ) .
0 0 0 T K

Their difference is in the limit of the time integrals.

(G15)

(G16)

(G17)

(G18)

(G19)

(G20)

Amplitude of these diagrams are of order x3 or higher, for small xo, and therefore they do not contribute in the leading order

amplitude in Eq. (106). To see this let us consider B, which we write as

1 A 1 00
By(t,T) = 5/ dy dy,J- (0, xo; —yl)ef”f/ dmZ5 _(xo, m;y1 — y2, y2),
0 0

where, similar to Eq. (G8), we define

t t
%Jr(mhmz;yl,yz):f dnf drye " (i ()t
0 r

The double Laplace transformation of B, is then given by

~ 1 A ~ 0 ~
By(A, s) = l_)/ dy1dysJsi 4y, (0, xo;—yl)/ dmZF (xo, myy1 — y2, y2).
0 0
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From the definition in Eq. (90) it is easy to see that
1
L (my, sy, y2) = y—[Jf+(m17m2;)’2) — J(my, my;y1 + y2)]
1

and similar for their Laplace transformation. Then using Eq. (N7) we see that, for small x,
o0
/ dm L (xo, m;yy — 2, ¥2) ~ Xo
0

and similarly, .7;(0, X0;y) ~ xo from Eq. (N1). This means Ez ~ x(% for small xj.

Following a very similar calculation one can verify that B, is also of order xé for small xy. These are easy to see using the
argument given in the remark below Eq. (92).

The argument can be used to show that the diagram C is also of order x3. We have as well verified this explicitly using their
amplitude

1 e’} A T T T T )
e = o / dm / dyidys / dr / dr, / drs / dry &0 (A (E)) In
0 0 0 r 0 T
and
1 [e') A T T T T
G ) = o / dm / dyidy / dr, / dr, / drs / dry @D (] )5 ) ))
0 0 0 T T 3

as indicated in the diagram Fig. 14.

APPENDIX H: AMPLITUDE OF TWO-LOOP DIAGRAMS FOR #p,x

All diagrams in Fig. 14 for distribution of 7, are of order xg for small xyp. Among these, the diagrams E and A contribute to
the scaling term in Eq. (38), and the rest D, B, C, and G contribute to the nontrivial function F™¥*.

1. Diagrams for scaling term
a. Diagrams E; and E,

We begin with the diagram E; in Fig. 14, whose amplitude for the problem of f,« is given by

1 00 A T T T T
Bz, T) = ﬁf dm1dm2/ dyldyzf d"l/ dr2/ dr3/ drge ")
0 0 T " . s

% e”(”*”)(()'c(rl )X (r2)x(r3)x(14))) (1 ,ma) D

with the angular brackets defined in Eq. (125). Considering relative order of times » we write the amplitude in three parts as
indicated in Fig. 24. Their net amplitude can be written together as

2 A 00 e}
Ex)(t,T)= w/ dyldY2/ dmlz:'(ml,xo)/. dmy[Jf_ (X0, ma; —y1, —y2, 2. y1)
D~ Jo 0 0
+ JF (o, mas —y1, —y2, Y1, y2) + I (o, mas —y1, 1, —y2, Y2)],

where the propagator Z is in Eq. (81) and J™ is an analog of (90) with absorbing boundary. The prefactor 2 is the degeneracy
from interchange of pair of indices (1,2) and (3,4) in Fig. 24.
A double Laplace transformation Eq. (61) of the amplitude is

- 1 A 00 - 0 - -
Er(A,s) = Wf dyldyZ/ dmIZ;;L(mlaxO)/ dma[J . (xo, ma; —y1, —y2, y2, ¥1) + I (%0, m25—=y1, =2, Y1, ¥2)
0 0 0

+ J?(Xo, My, —y1, Y1, —y2, ¥2)].

Expression of Z* is in Eq. (85b) and integral of J*isin Eq. (GS5). Using these results we get, for small xo,

- 1 2 Adyd
Ey(h,5) ~ — X0 yiayz

e(s, )’l,yz),
2D /ss+ 1) Jo  yivs

with e(s, y1, y2) in Eq. (G6).
Amplitude of the diagram E for f;,,x 1S

1 00 A T T T T
BV T) = o [ dmams [“aydys [an [Car [Cdrs [ an e oo men s i i 0
8D 0 0 0 i 0 r3
(H2)
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Comparing with Eq. (H1), we see that for small xy, the double Laplace transformation of the amplitude E| is

x5 A dydy,

e(s+ A, vy,
m 2 ( Y1, Y2)-

We note that amplitude of E, 1 and Ez for small x( are almost identical for both problems (#,5; and #,4x). In terms of rescaled
variables we get Eq. (135).

Ei(h,s) =

b. Diagram A
Amplitude of the diagram A in Fig. 14 for t,,,x is given by

1 00 A T T T T
AT = / dmydm; / dyidys / dr, / dr, / drs f dry @D (G () )E ) Dy,
0 0 0 r T r3
(H3)

with the angular brackets defined in Eq. (125). In terms of J* in Eq. (90), we write

2 A 00 e}
A(r,T) = 807 /) dY1dy2/ dmlff(ml,xo;—)’hyl)/ dmyJf_ (x0, ma; —y2, y2),
0 0

where the prefactor 2 is the degeneracy from the interchange of pair of indices (1,2) and (3,4).
The double Laplace transformation Eq. (61) of the amplitude can be written as

1 A
A s) = D 2/ dyldyz/ dmlfﬂ(ml,xo, YI,YI)/ dma T (xo, ma; =2, y2).

We use the results of integrals in Eq. (G3) and

o0 4D sty s 4D s sty
/ dmlj (;/n17 my;yi, y2) - H—yz[e*mz D — e‘”’l\/g] + —[e—WlZ«/; — e MmN 122 ] (H4)
0 yinVs+yi+» 01+ y2)yi

Their derivation is in Appendix N. Substituting the results, we get, for small xo,

X N dyidy, 2 2
A, 5) ~ > m o (Vs + A4y — s+ 125 Fy2 — /9)2

In terms of rescaled variables this gives Eq. (136).

2. Nontrivial diagrams contributing to 7™
a. Diagram D
Amplitude of the diagram D in Fig. 14 for #,,,x is given by

1 R A T T T T
D(z,T) = F dmldmzf dyldyQ/ dr1/ dr2/ dr3f dry e1(n=n)
0 0 T 0 T

x €T (G ()X (P)X(r3)% (7)) Gy o) » (HS)

with the angular brackets defined in Eq. (125).
Analysis for this amplitude is similar to the analysis in Appendix G 1. It is straightforward to get

1 A - oo oo
D(t,T)= m/ dy\dy, e " yﬂf dmyJ (my, x0; —y1, —)’2)/ dmalJ} (X0, ma;ya, y1) + JF (x0, mas y1, y2)],
0 0 0
with J* in Eq. (90). Taking the double Laplace transformation Eq. (61) we get

~ 1 A 00 ~ ~
D(%,s) = W/o dyld)@fo dm1]+,\+y1+v»(m1,xo;—y1, —y2)|:/0 dmsz(xo,sz)’z,)’l)+Js+(xo,m2;y1,y2)]

It is more convenient to write the expression in a symmetric form
1 A 00 ~ ~
D(n,s) = T / dyidy, /0 dmy [T 4y, (05 X05 =Y1, =¥2) + 5 4, (M1, X03 =2, —31)]

X / dmz[jjr(xo, my;y1,y2) +j;+(xo, ma;y2, y1)l. (H6)
0
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For evaluating the expression we use the results for integrals in Eqs. (G3) and (H4). This leads to, for small xj,

. X0 4«/5 « ﬁ
yiya VSt

o0
/ dmy[J (my, xo3y1, y2) + I (my, x05 2, y1)] = (VsFy1 T2 — /sty — /sty +/5)
0

and an analogous formula Eq. (G4).
More explicitly, for the integrals in Eq. (H6) we get for small x,

o
/ dmy {J5 5, O, x0s =1, —=y2) + I8 4 Oma, xos =y, —yi))
0

. 2VDx SRy Ay
- yiy2 S+ A

Using this with Eq. (G4) we get an explicit expression for Din Eq. (H6). For small x( limit,

(WsHr—ys+rty—Vs+r+y+s+r+y+)

2 A

X0 dyidy,

X d(s,s+ A, y1,¥y2),
R ( Y1, ¥2)

~ 1
D(A, s) =~ o)

where we define
d(s1,5,y1,92) =2 /s1+y1 F 2 /2 + 1 F02(s1 v Hy2 — st Fy = s+ + s
X (V2 +y1+y2 — s2+y1 — 52+ 32 + A/52). H7)

In terms of rescaled variables, this gives the amplitude in Eq. (138).

b. Diagram C

One can see that for #,,,x, amplitude of the diagrams C; in Fig. 14 is

2 A [ee) T T T T , ] ) ] ]
e / dyidy: / dmydm; f dr / drs / drs / dry O (G (r )E (P D)) i
0 0 0 r 0 T

(H8)

with the angular brackets defined in Eq. (125). (The prefactor 2 is the degeneracy from interchange of pair of indices (1,2) and
(3,4).) The amplitude can be expressed in terms of J* in Eq. (90), giving

1 A o]
Ci(z,T) = W/ dyldyz/ dmydmy e ™" 7 (my, xo; —y1, y1. —y2) J{_ (X0, ma3 y2), (H9)
0 0
where we define
ft+(m1,m2;y1,y2,y3)=/ dr1/ dFQ/ dfgeiymiyzrziy}r}()'C(r])}'C(rz)J.C(F_%)):;nhmz), (HIO)
0 r 0

for m; > 0 and m, > 0. For an explicit evaluation one can use that .#;" is related to J* [an absorbing-boundary-analogue of
Eq. (90)] by

T (my, masyr, v, y3) = 7 (my, mos yi, ya, y3) + JF(my, masy, ya, v2) + I (my, masys, v, y2). (HI1)
A double Laplace transform Eq. (61) of the amplitude in Eq. (H9) gives
~ 1 A o ~ ~
Ci(A,5) = A dyidy, /0 dmldmzf;hﬂ,z(ml L X05 = Y1, Y1, —y2)J. (X0, m2; o). (H12)
To evaluate the integrals, we use a result from Eq. (N7) which, for small x, gives
0 ~ 2x0 (/S F Y2 — /S
f dmy T (xo, m; y2) =~ —0(#) (H13)
0 Vs Y2

Similarly, using Eq. (H11) and the integration result Eq. (N16), for small xj, we get

*° ~ 4D)C0
dm I+ (my, x0; —=y1, Y1, —V2) = ————— X (s + A, y2, V1), (H14)
/0 1<% s oty, 1, X05 = V15 V1, —)2 «/H—_)»y%yz Y2, Y1

where we define

(5,71, ¥2) = /5 T y1 (WS F Y1 T2 — s Ty — s+ 2+ Vo) (H15)
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Using Eqgs. (H13) and (H14) for the integrals in the expression Eq. (H12) we get the amplitude

1 /A dyidy
x (Vs = /st y)els + Ay, ),
NACE SN

for small xy, where we exchanged the dummy variables y; and y,.
Analysis for the diagram C, in Fig. 14 is similar. Its amplitude

~ 2x(2)
Ci(h, ) = D

2 A o0 T T T T
G T = — [ dydy, / dmidm; / dr, / dr, / dr; / dry T Y (G (e ()5 )Y iy
0 0 T T r

802 J,

and the asymptotics for the corresponding double Laplace transformation for small xj is

- 2x2 1 A dyidy,
G, 5) = =2 x / (Vs + XA —/s+ A+ y)es, yi, y2).
D = ss+mJo vy v

Adding the results for Ci and G, gives Eq. (142) in terms of rescaled variables.

¢. Diagram B

For fn,x, amplitude of By and B; in Fig. 14 is

1 o) A T T T ! ,
Bi(v.T) = 55 / dmydm, / dyidy, / dry / ds / dry &G (G (r)X(12))) (g o)
0 0 0 r T
and
1 e’} A T T T
Byt T) = o / dmydm / dyidys / dr, / ds / drse ) 207D () ) o
0 0 0 T s

with the angular brackets defined in Eq. (125). Their difference is in the limit of the time integrals.
These expressions can be written in terms of J* in Eq. (90). We write

1 A 00 ,
Bi(t,T) = E[ dyldJ’2/ dmidmyLF (my, xo; —y1, y1 — y2) € 27T (%0, ma; y2),
0 0

where we define
L (my, my;y1,y2) = / dr / drye " (x(ry )t
0 r
This function can be evaluated in terms of J* in Eq. (90),

1
(7 (my, masy1 + y2) — €27 I (my, mo; y1)).

L (my, mosy1,y2) = —
Y2

In a similar way, we write Eq. (H19) by

1 A 00
By(t,T) = E/ d)’Id)’Z/ dmdmyJ} (my, xo; —y1) €7 L5 (x0, masy1 — ¥2, ¥2),
0 0

(H16)

(H17)

(H18)

(H19)

(H20)

(H21)

(H22)

with J* defined in Eq. (90) and £ defined in Eq. (G8). The last quantity can also be expressed in terms of J* by their analog

of Eq. (G11) with absorbing boundary.
A double Laplace transformation Eq. (61) of the amplitudes Eqs. (H20) and (H22) are

~ 1 A 00 ~ ~
Bi(A,s) = 5/ dyldyz/ dmldmzL;Hyz(ml,xo;—yl,yl — y2) Ji (x0, ma3 y2)
0 0

and

- 1 A 00 - ~
By(X,5) = E/o. dy1dyz/0 dmydmyJS,, | (my, xo5 =y1) £ (x0, mas y1 — y2, ),
where

~ 1 ~ ~
L (my, ma;y1,y2) = y_{J:_(ml, my;y1 +y2) — J;.yz(ml,mZ;YI)}
2
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and
~ 1 ~ -
L my, my;y1, y2) = y_{Jl-'_(mlva,YLS) — Ji (my, my, y1 + y2, )}
i

For an explicit evaluation of the amplitudes we use Eq. (N6) that for small x, leads to

2o SEV =V = (S =V
Vs yiy2(y1 = y2) '

o0
/0 dmll;_yz(ml,xo;—yl,)’l — )

Similarly, using Eq. (G3) we get, for small x,

2xo y (Ws+y2 — VI — (s +yi — /9y
s yiyv2(y1 — y2)
Using these asymptotics, along with Egs. (N6) and (N7) we get the amplitudes, for small xj,

o0
/ dmy L (xg, ma;y1 — y2, y2) =
0

2x3 A (Vs+y2 = +/f5)

Bi(hs) > ——— | dyidyy S5 [(fstrty = Vst m— (s+A+y—Vs+A
R N CEy I S e s s TR (s 2= Vet il
and

~ 22 Y WA s+

B, :—O/dd NCESTRS - (s¥y - ,

20 9) = oS [y, T — (Vs +y1 = Vo2 = (Vs +y2 = Vo]

where in the expression for §2 we exchanged the dummy variables y; and y,.
Sum of the two amplitudes has a simpler expression, given by
2

B(L, s) = Bi(A, $) + Ba(M, 5) = 11) x «/ﬁ x b(s, s+ A),

where we define

A dyid
b(s1, 52) =2 / R[5 F 0 — S5 T 01— 5 — (Vs — D — 5]
0

Vi — )

In terms of rescaled variables this result gives Eq. (140).
Remark. We have numerically verified the asymptotic divergence for large A,

2In A
bisy. 55) = —21n% (A) + \/%[2(4/?1 + /532 10 (57 + /53) — 51 In(sy) — s 1n(s2) + 2/5755(1 — 210 2)] + - - -
192

d. Diagrams G, and G,
For f,x, amplitude of G| and G, in Fig. 14 are

1 A 0 T T T ! ) )
Gi(e. 1) = 5 / dyidy, / dmidm; / ar, / ds / dry 92 (G E))) g
0 0 0 r K

and

1 A 00 T T T . ‘
Gy (7, T) = E/ dyldyZ/ dmldmZ/ dr1[ ds/ dry @927 (G (1) (1)) (o)
0 0 T r s

with the angular brackets defined in Eq. (125).
These expressions can be written as

1 A o0
Gi(r,T)= E/ d)’ldyZ/ dmidmy L5 (my, x0; —y1, y1 — Y2, y2)Z7_ (X0, m2)
0 0

and

1 A (o)
Gy (7, T) = E/ dyldyzf dmidmyZ} (my, x0). L5 (X0, ma; —y1, y1 — y2, y2),
0 0

where Z* is in Eq. (81) and . is an analog of (G8) in presence of absorbing boundary.
A double Laplace transformation Eq. (61) of the amplitudes are

~ 1 A 00 ~ ~
Gi(A,s) = 5/ dyld)’2/ dmidmy L, (my, Xo;5 —y1, Y1 — Y2, y2)Z (x0, my)
0 0
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and
- 1 A 00
Gz()»,s)=5/ dyldyZ/ dmldm2Z+}L(ml’x0)$ (X0, M2; =1, Y1 — ¥2, ¥2), (H25)
0 0

where the Laplace transformation of £ is expressed in terms of J* in an analogous relation of Eq. (G11). From this relation
and using the results in Egs. (G3) and (H4) we see that

o0 o0
/ dmy L5 (x0, ma; —y1, Y1 — Y2, ¥2) =/ dm L (my, xo5 —=y1, Y1 — Y2, y2),
0 0

with an expression for the latter in Eq. (G13). This gives

o) - X0
dm LF (xo, m; —y1,y1 — y2, y2) = X hj(—,yl,yz , (H26)
/0 «/_yl)’2 VD
with 4] in Eq. (G15).

Result for the integral of Z Z* isin Eq. (LS). Using these results in Eq. (H24) we get

Gi(h,s) = b(s, s+ 1), (H27)
Go(h, $) = h(s + A, s), (H28)
where
(1—e V3 / dy,dy, ( X0 >
(s1,8) = A —, yi. 02 ). (H29)
bHis1, 52 515 y1y2 ) EY1 Y2
For small xy, using the asymptotic Eq. (G16) we get
2
Gi(h,s)~ ——90 A H30
and
Ga(o., ) % (s) (H31)
,8) > ————————— X g(s),
2 DJsst 8

with g(x) defined in Eq. (G19). Beside the x(% prefactor, amplitudes are similar to asymptotics in Eqs. (H30) and (H31) for f},.
In terms of rescaled variables, we get Eq. (137).

APPENDIX I: EXPRESSION FOR w™a*
The expression for W™ in Eq. (154) can be written as
Uy, y2,2) =0+ b+c—a, In
where the terms on the right-hand side are associated to the amplitudes in Eq. (149) and given by
0= Vi An+IlWm+nFl-Vn+l—Vn+i+1)
X (= +n+ I+t l= i+ T+ 1+ D+ +y -1
x (VIz=nl[0G =y) = 001 +y2 = D+ Iz = 12| [O(z = y2) = O +y2 = 2)]

+VIi+y =z [0 +y2—2) — O —y1 — )]+ \/E [BG1 +y2 —2) — O@)]}), (12)
1
b= - WY+ 1= D =200 —2) =y +1+1)
-
— MW+ =Dy =202 —2) —Vy + 1+ 1), (13)

c= VI F I At L= L=+ L+ D= =200 —2) + vy +1—1)
— A=+ D+ I+ L=+ L=+ 1+ D2+ —21 O — )
X O —2) O+ — D1 T2 —2— V2= — V32— 2+ V2 —2(J2—Vz— )]
+ VI =21 OG1 +y2 — DHOMT — 2)O(n — Dz — (V¥ 32 — 2 — V1 —2— /32 — 2)°]
+0GE—y) O — )Wz —Vz—y) — (V== +y2—2)]
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FIG. 25. An illustration for a change of variables in the amplitude Eq. (J1) of the diagram D in Fig. 21 to write the expression in Eq. (J2).
Inside each time window ¢; the process is conditioned to stay a net t; amount of time on positive side.

— 20z —y1) O —y)Vyi+y —z(Vz=y1 +Vz—y2 — V2)
+ Oy —2) Oz — Y)Wz — VZ—y2) — (W1 — 2= 31 +y2 — 21D, 14)

and
a= 1=y + D=y + D=y + 14+ =200 — )1+ =y + DA =y + 1)
XAV =22 = 2001 —2) O02 —2) = [Vz — V2 =1 O —yDIVzZ — vz —y2 Oz — )]}
+ (1= V31 4+ Dy =2 001 —2) = 2425 — 2 001 — DIVz — vz = y2 Oz — )]
— 222 =200 — DVz — V2 — y1 O — yD]} (I5)

Here ®(x) is the Heaviside step function. These expressions are also given in the supplemental Mathematica notebook [78] for
their numerical evaluation.

APPENDIX J: TWO-LOOP DIAGRAMS FOR DISTRIBUTION OF ¢

Among the two diagrams in Fig. 21 which contribute to second order, the diagram D is simpler to evaluate. Corresponding
amplitude is in Eq. (177), which can be expressed in terms of conditional propagator Eq. (159) using the correlation in Eq. (170):

22D2 A T T T r ry—r) T—r, o0
/ dyldyZ/ dr1/ ds/ drzf df1/ d‘L’z/ dT3/ dxl d)CZ dm
2D Jo 0 " s 0 0 0 —c0

x 8(t — 11— —13) VT 7 (0, x1171)dy, Ly, (X1, X2|T2) By L7 -y (X2, M| T3). Jn

D(t,T) =

For reasons that will be clear shortly, we make a change of variables (see illustration in Fig. 25), and write

A o] t H t3 71 00
D(t,T) = ZD/ dyldy2/ dlldlzdl3dl4/ dt / dTg'/ d‘L’3/ d‘(4/ dxdx,dxsdm
0 0 0 0 0 0 —00

X 8(T—t1—th —t3— 1) 8(t— 11— Ta — 13— Ta)e 270 7, (0, x1171) 0y, Zy, (x1, X2|T2)

X Z[;(xza-x3|t3) 8X3Zt4(x37m|r4)1 (J2)

where in the last two lines of the expression we used Z;, 1, (x1, x3|72 + 13) = f Adxy 2, (X1, X2|12) L1y (X2, X3|73).
A double Laplace transformation Eq. (61) of the amplitude gives a simpler expression

A [ee)
Bo.s)= 2D f dyidy, / dxidxadxsdm Zy(0, 11|13y, By, (61 5210) B, (k2. 310) 3 Zy (x5, I,
0 —_

oo

with Z defined in Eq. (167). B
Results for spatial integration of Z; are derived in Appendix P and successively using them we get (a lengthy but straightfor-
ward algebra) an explicit expression for the amplitude,

2 /A dyldyz{yzh(l,z,yl)+y1h(1,z,yz)}
VsGHD(s+s+2) o v 2 —y1) i =y |

where h(sy, 52, y) is defined in Eq. (180). In terms of rescaled variables, Eq. (J3) gives Eq. (178).
For the diagram C in Fig. 21, we write the amplitude Eq. (176) in three parts according to the order of time variables
(associated diagrams are indicated in Fig. 26). For example, amplitude of diagram C; is

D(L, s) = J3)

]

2 A T T T T
)= g [ am [ vy [Can [Can [Can [ dn et ieniaiegiaon. @
8D? J_ 0 0 r r r3

where the prefactor 2 is the degeneracy for exchange of pairs (ry, r2) and (r3, r4) for the diagram C; in Fig. 26.
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/)‘\ /}‘\ P GRS
—- —so ~— -+ " » o
1 o T3 T4 1 s T4 2
Cl C12
/’>\/\’}§\
—& *—» —
T r3 T2 T4
Cs3

FIG. 26. The diagram C in Fig. 21 is split into three parts according to relative position of the loops. For these diagrams we choose r, > r
and r4 > r3, as indicated by the arrowheads.

Similar to the diagram D, these amplitudes can be expressed in terms of conditional propagator Eq. (159). The four point
correlation in the conditional case is given by, forr; <r, <rm <ry < T,

00 r r—ry r3—r; r4—rs3 T—ry
(()'c(rl )X(FQ)X(V3)X(M)))(ml,mz) = 24D4 /dxld)ngX3dX4/ d‘L'1 / d‘lfz/ d‘L’3/ d‘K4/ dTS
—00 0 0 0 0 0

X8(T =11 — T — 13 — T4 — T5)Lp (M1, X1 |T1) s, Lipy—y, (X1, X2|T2) 0y Loy 1, (X2, X3]T3)
X BX3ZV4—}”3 (-x3a -x4|7:4)8JC4ZT—r4 (-x47 m2|1—5)7 (JS)

where the conditional average is defined in Eq. (158). This is analogous to Eq. (M8) without a condition on positive time and
can be derived following a similar analysis given in Appendix M.
Following this result Eq. (J5) and the amplitude in Eq. (J4) we write the

24D4 A 00 4 2] 3 14 Is
Ci(t, T)= 2 x T /dyldyz /dt]dl‘zdl‘3dl4dl‘5/ dt; / de/ d‘L’3/ dl'4/ dts
8D Jo 0 0 0 0 0 0

o0
X / dxidxydxzdxsdm 8(T —t —th —t3 —t4 —t5)0(T — T —Th — T3 — T4 — T5) e 1Tyl

o0

X Ly (0, x1|T1)0x, Lty (X1, X21T2) 0y, Ly, (X2, X31|T3)Ox, Loy, (X3, X4|Ta) O, Lot (X4, M|T4), Jo)

where we have made a change of integration variables similar to that used for the diagram D in Eq. (J2).

Following a very similar analysis we find that amplitude of other two diagrams in Fig. 26 are almost same as in Eq. (J6), with
only the term e 12724 replaced by e ™Y1 (2514328 for C, and by e Y12 H3)=02(44) for C;,

A double Laplace transformation Eq. (61) of the amplitudes integrates the delta functions and lead to a simpler formula,

A 00
Ci(A,s) = 4D2/ dyldyQ/ dxidxydx3dxadmZis(0, x1|1X)0x, Zigyy, (X1, X2|A)0x, Zis (X2, X3|A) 0y, Zisy, (X3, X4|A)0x, Z (X4, m|L),
0 —00
()
with Z defined in Eq. (167). The other two amplitudes
G, s) = 4D2/ d)’1dy2/ dxidxadxzdxadmZy(0, x11)0x, Ly, (X1, X2|1 )0y, Zigyy 1y, (X2, X3| 1)
0 —00
X B, Ly, (43, %41 )05, Ly (3, m|2) as)
and
Gy 5) = 4D? / dyidy; / dxvrdxadxsdxadmy(0, 5111 Fosy, (1, 1211, Fo sy s (2 2312)
0 —00
X O, Lty (63, 6312004, Z (g, m 1), 9

Difference in Egs. (J8) and (J9) are in the subscript of a single Z term.
Spatial integrals in these amplitudes can be evaluated by successively applying results from Appendix P. It follows a lengthy
but straightforward algebra. We write their final expression as follows:

4 /A dydy,
S HLN) (Ws+As+A) Jo yive

Ci(h, s) = [(s, s -+ A, y1, ¥2) + (s + A, 8,31, y2)], (J10)
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with § in Eq. (184). Amplitudes of C, and Cs are similar,

4 N dyidy,
V(s +A) (s + /s + 1) yiv
with g in Eq. (183). Writing them together in terms of rescaled variables we get Eq. (142).

Remark. We have verified the expression in Eqgs. (J3), (J10), and (J11) using the formula Eq. (167) in Eqs. (J7), (J8), and (J9)
and then numerically integrating in Mathematica.

Co(h, 8) 4+ C3(1, 5) = [g(s, s+ A, y1,y2) + 6(s + A, 5, y1, )], Ji)

APPENDIX K: EXPRESSION FOR yPs
Similar to the Eq. (I1) for #,,,x we write WP in Eq. (192) as a combination of three terms,
WP (yy, y2,2) = ¢+ 0 — 3a, (K1)

where the terms on the right-hand side corresponds to amplitudes in Eq. (191). Expression for ¢(y1, y2, z) is cumbersome to write
here and it is given in the Supplemental Material Mathematica notebook [78]. In comparison, 0 and a have simpler expression,
given below. Their numerical verification is also given in the Mathematica notebook.

¥3 r(y1,2) — y3 r(v2, 2)

001, ¥2,2) = yi2 + , (K2)
Yi—Y2

with

r(3,2)=—/zz=»)0z—y+ K y+1-DJSy—z0@—-2)+/y+1+z—-1. (K3)
Here ®©(x) is the Heaviside step function.

a(y1, 2, 2) = u(y1, y2, 2) + u(y2, y1, 2), (K4)

with

WOnyn ) = 2— et o T o 64— 2 4201 — s T I T

2 2
+ =z —2) — O —yDIR2 4y —2 =2y + 1 =2V + 1y — 2 O(y2 — 2)]
+ 201 — 2O — D@V F L+ i+ 1 =3) 31—y + 1)
Fol— i+ 1=+ 1+ VO + Doa + DI}
+ V2O = )21 +F Do+ 1) —4yy1 +1=2ys + 1 +y; —z+4])
+ 20y1 =zl Iy2 — 2l[O() — 2) — O — yDIO(2 — 2) + vz Oz — y2)]

1
+ §|YI = 2zlly2 = Zl[®(1 —2) = Oz — yDI[O(2 — 2) — Oz — y2)]

— 2V — 2V — 2 V(W + T+ Vv + 1T =2)[0() — 2)Oz — y2) + Oz — y)O(y, — 2)]
+ =1+ +1+Vn+ 1=+ D2+ DIOG — 2000 —2) — O(z — y)Oz —y)1}).  (K5)

APPENDIX L: A LIST OF INTEGRALS We list the following results for the integral of the propa-
FOR THE BROWNIAN PROPAGATOR gators, which are frequently used in this paper. They can be

The Brownian propagator Z;(mj, my) in Eq. (24) is sym- numerically verified in Mathematica.

metric under exchange of m; and m,, and therefore / dmoZ.(my . my) = — (L4)
_ s
O Zy (1, M) = — 0y, Z, (1, m13) (L1) . T
P T o TR and its analog with absorbing boundary
and its Laplace transformation Eq. (85),

/ dmZZj(ml,m2)=§(1—e—m'x/§). (LS)

O Zs(m1, m2) = =85, Zy(my, my). (L2) 0
There is an analogous formula for the propagator Z* in pres- Another useful result
ence of absorbing line, /.Oodmgz m, mye™ 3 _ l(e_ml T e_mlﬁ).
B 2 (my.ma) = — 3, 2" (my m2) + Il)e‘@ml*mz). w ’ (L6)
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Due to a symmetry Zg(ml, my) = Zg(mz, my) an integral over

m; yields the same results as above.
For product of two propagators we get

and for its analog with absorbing boundary

o0
/ dxZt(my, x)Z (x, myp)
0

o] ~ ~
/ dxZ,(my, x)Zy(x, my) Limmy) 4 2 () ifs #r,
—00 r—s S—=r
- - T/ 5 lm—m| =~ .
Zimmy) | Zy(mymy) if s r M Zj(ml, my) ifr=s, (L8)
r—s s—r ’
‘ @L7 min{m,;,my} —(ml-‘rmz)\/I
I+ /Em—my| . —— P
M Z.(my, my) ifr=s, % ¢
|
For product of three propagators, corresponding formula is
Z,(my.my) Zy(my.my) Z,(my.my) ;
ooni—n T oot T G—no—n LT FSF!
[1+«/§‘m1*m2‘ _ L]Zm«l,mz)
() 0 - - - 2r s—r s—r
/ dx/ dyZ,(my, )Zy(x, NZ(y,my) = |+ L) ifr=t+#s (L9)
—00 —00
[1+¢%\m1—mzw S AU
— AT
+ Gl ifr=s#t
and its counterpart in presence of absorbing line,
ZHomimy) | ZFomimy) | ZF(mimy) :
Gt T rsi—s T 0G0 ifr#s#t
1+£‘m17m2‘ 1 Z;*’(ml,mz)
00 o - - [ ~+2r - E] s—r i
/0 “ /0 dyZ, mi, )25 o2 (o) = {4 Emame) i) gt 5 =g s (L10)
1+£‘m17m2‘ 1 Zf*’(ml,mz)
[ ~+2r - :] t—r
ZI L] i k) - 2 5 1
+ (5”11[)”;2) _ mlznr((lzn]—;r)lZ)e (mi+m) /5 ifr=s#t
[
APPENDIX M: TIME-CORRELATION and using integration by parts for y variable, we get
OF BROWNIAN VELOCITIES
oo
Here, we derive multitime correlations of velocity x(¢) (x(@))y = 2D f dxdy Z;,(my, x)
for a standard Brownian motion with diffusivity D. The first —o0
moment is defined by 1 o5 o)
x lim | ——— |0,Z7_;_ , M),
X(T)=m; % a—0 | JagDAr | A Y»
oy = [ owwe Bi M)
HO=m In the At — 0 limit, it gives an expression
where the angular brackets denote average with a Brownian
f diffusivity D starting at position x(0) = m; and . =
measure ot ¢ y arting a p — e (x()) =2D dx Z;(my, x)0x Zy—;(x, my), (M3)
finishing at time 7 at position x(7') = m,. For evaluating oo

the average we consider a small window between time ¢ and
t + At such that

o)
(1)) = lim / dxdy Z,(my, x)
At—0 J_

-2

e~ 4DAr y—Xx
X | — Zr_,_ L mp), (M2
[m< AL >:| T—i—at(y, m2) (M2)

where the Brownian propagator Z is in Eq. (24) and we use
Eq. (8a) for small A¢. Writing

_ -2

e 4bar <y—x) 2Da eiQXZ)XA)rZ
VArDAr\ At ) | VarDAr

which can be explicitly evaluated using Eq. (24).
For two-time correlation one can similarly show that

(X(r))x(r)) = 2°D*E (r1, 12) + 2D 8(ry — r2)Zr (my, my),

(M4)
where €' (ry, r2) is a symmetric function given by
C(ri,r) = /dxldx22r1 (my, x1)
—0oQ
X O0x1Zyy—r (X1, X2)02Z7 1, (X2, M2),  (M5)

for r, > r;. The integral remains finite for r; — 7, limit.
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A generalization of Eq. (M4) in an analogy of Wick’s
theorem gives multitime correlations. For example, we get

(x(r1)x(r2)x(r3))
=23D3C(r1, 12, r3) + 2D 25(1”,' — (), (M6)
pairs

where € (ry, 1, r3) is a symmetric function under permutation
of its arguments and given by

C(ry,1r2,13)

oo
= / dx\dxydx3Z,, (my, x1)

o0

X axlzrz—rl (xl ) x2) axzzr3—r2 (x27 x3)aX3ZT—r3 (x37 le),
M7)

forry > r; > ry.
For the four-time correlation, we get

(X (r)x(r)x(r3)x(r4))

=2'D*C(r1, ra. 13, 1a) + 2D Y 8(ri — 1) (i(rOR (),
pairs

(M8)

with

C(ri,r, 3, 1a) = /

—00

oo

dxldxzdx3dX4Z,1 (m1 , x1)

X 8X1272*V1 (x1, x2)axZZr37r2 (x2, x3)

X 3X3Zr4—r3 (x3, x4)aX4ZT—r4 (x4, my),
M9)
forri<rm<r<---<r.
Expression for these correlations can be further simplified.
For the first moment Eq. (M3), using Eq. (L1) and then inte-
grating over x, we get

(£(0)) = (= 2D0y,) Zr (my, my). (M10)

Similarly, from Eq. (M4) we get
(& (r)x(r2)) = [2°D*0,, 4 2DS8(ry — r2)|Zr (my, my),
ML11)

and for three-time correlation in Eq. (M6) we get

G(r)E()i(rs)) = (—2D By,) [220233"2

+ 2D " 8(ri — rj)}zr(ml, my).
pairs

M12)
More generally, for r; < ry < --- < ry, we see that

(K(r1) - X(ran)) = 2°"D*" 0 Zy (my, my), (M13)

which is used for a derivation of Eq. (C3).

Remark. Formulas in Eqs. (M11) and (M12) are men-
tioned earlier in Egs. (25) and (29).

Remark. In presence of an absorbing wall, correlations
have a very similar formula as in Eqs. (M3), (M4), (M6),
and (M8), where one need to substitute the propagator

Z by Z*. However, they can not be simplified like in
Eqgs. M10)—(M12).

APPENDIX N: IDENTITIES FOR J; IN EQ. (90)

In this section, we give a list of results for J; in Eq. (90)
and its analog J; with absorbing boundary. These results are
used in our analysis.

1. Ji(my, my3y)
Using Eq. (M10) in Eq. (90) we write

e —1
Ji(my, myyy) = 2D 8y, Z, (my, mz){ ; }
Its Laplace transform is
Jo(my, may) = 78m2 [Zery(mlv my) — Zg(my, my)],

and using Eq. (85b) it leads to

~ sgn(m; — my)
Jy(my, mpyy) = ——

% [e—\ml—mz‘\/ % — e_‘ml_mz‘ %] (Nl)

Here sgn(x) gives the sign of x.

2. J;(my, my3y)
An analog of J; in presence of absorbing line is

J(my, mysy) :/ dr e (x(r) T, (N2)
0

with the average (-)* defined as in Eq. (M1) with absorbing
boundary at origin. Using the analogous formula of Eq. (M3)
for absorbing boundary and taking Laplace transformation we
get

(m1, ). Z (x, my).  (N3)

o0
JHm, myy) = ZD/ dxZ},,
0

Further, using Eqgs. (L3) and (L8) leads to
THmy ma:y) = —2Dd,, [ / dxZ], (my, 0)Z] (x, m)}
0
> ~ s
+2 /0 dxZh (my, x)e V50 (N4)

Invoking the explicit expression of Z* in Eq. (85b) leads
to a small xy asymptotic,

~ ZXO\/E sty — s
Jr(my, x;y) > —={eT"V D —eMVB),  (N5)
D

which has been used many times in our analysis.
Another useful result is for integrals of J". It is straightfor-
ward to see that an integration over m; gives

* 7 2 Vv D sty 0
dm Js+(m , m ,y) = e—mz D — e_mlﬁ ,
/(; 1 b Y/ (s +Y) { }
(N6)
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and an integration over m; gives
2VD, _,. /5 . &
1 mi
femVp — eV,
/8

/ dszNS+(m1, my;y) =
0
(N7)

where we used Eq. (L6). The same result can also be derived

using a symmetry
S (my, mysy) = —=J & (ma, my; —y),

which is evident from Eq. (N4) and the symmetry of Z+.
3. Ji(my, ma3y1,y2)

For J,(my, my;y1,y2) in Eq. (90) using the correlation
Eq. MM11) with the choice of integration Eq. (15) we get

e_y2’:|.

Ji(my, ma;y1, y2)

2 Z,(my, my) |:y1 + ype !0y
Yiy2 i+
A Laplace transformation gives

22 D2 m2

j;(ml,mz;yld’z)
22p?
T yinGr+y2)
+ yZBiZZr-b-yl-f-yz (my, my) — (y1 + ,Vz)a,%,zzsﬂz (my, my)].

[v182,Z(my, my)

The explicit formula of Zin Eq. (85b) leads to the result given
in Eq. (G2).

A special case of Eq. (G2), used earlier for deriving the
result Eq. (91), is

T30, x0; =y, y) = ~—

4. J7F(myy my3y1, y2)
Starting with the definition

t t
Jz+(m1,m2;)’1,y2)=/ d’l/ dry €' (x(r)x(r)) T
0 r
(N9)

with the convention in Eq. (15) for time-integrals and using an
analog of Eq. (M4) for correlations with absorbing boundary,
we write

JH(my, mas i, y2)

o0 t t
=/ dxlde/ dr1/ dry e T2n
—00 0 r

X Zr1 (ml , X1 )8xlzr2—r1 (xl B xZ)axZZT—rz (XZ’ m2)~
Its Laplace transformation (in # — s variable) is
73+(m1, m2;y1,y2)
(o]
=22p? / dxidx;
0

X Zg+\ +y2 (mlv-xl) X1 H—Vz(-xl’-x2)axz s (-XZ’ m2)'
(N10)

An explicit expression can be derived using the result in
Eq. (85b).
Analysis gets simplified realizing that

j;r(ml, ma;y1, y2)

—2p / T om0 e, ), (NTT)
0

with .Z*(x, my, y») in Eq. (N3). Using this, for example, one
can derive a useful asymptotic for small xy by using Eq. (N5)
and Eq. (85b), which gives

J~S+(m1, X05¥1,¥2)

=~ 4)(0{;(em1 s _eimlw)
Y21 +y2)

_m(_mﬁ

Yiy2

1@)}
(N12)

For an analogous formula of Eq. (N7) we evaluate
the integration in Eq. (N11) using Eq. (L5), a symmetry
Z(my, my) = ZF (my, my), the results in Egs. (L2), (L6),
(L8), and using integration by parts. This way it is straight-
forward to get the result in Eq. (G3).

In a similar way we derive the integral over m;, and the
result is given in Eq. (H4). Alternatively, one can use a sym-
metry

THGmy, mosyr,y2) = T3, 4, Oma, mys =2, =y1),

which is evident from Eq. (N14) using the symmetry
Z}(x1,x2) = Z] (x2, x1).

A special case of Eq. (G3), which is used for deriving
Eq. (91), is

o0
/ dmyJf (my, my; —y, y)
0

D ol -

— s
x —myye ™MV}

W)
(N13)

5. JF(my, masy1,y2,¥3)

Similar to Eq. (N9) we define J;’ (my, ma;y1, ¥2,y3). Using
the analog of Eq. (M6) with an absorbing boundary and then
taking a Laplace transformation (in + — s variable) we write

Z*(ml M5 Y1, Y2, Y3)
o0
= 231)3 / dxld)Cde3
0

+
x ZS+}1+}2+V3 (my, x1)d X S+V2+H(x1 s X2)

X 3xZZS+M(X2,X3)3x; (3, my). (N14)

For an explicit result we note that

[o¢]
IS (my, myyi, ya, y3) = ZD/ AXZ\ 4y iy (M1, X)
0

X S (x, ma;ya, y3),  (N15)
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with Eq. (N14). Then, Eqgs. (85b) and (N12) can be used to get
an asymptotic for small xp.

Integral of J;" (my, xo;y1, y2, y3) analogous to Eq. (N6) is
also straightforward to derive using Eq. (N15). For small xy,

o0
/ dmJ (my, X051, ¥2,¥3)
0

G+ +y3—/s+yi+y2+y3)
VS y2(01 + y2)ys
mwﬁya)m
VS y1y2y3(32 + ¥3)
X (Vs+y1+y2+y3—/s+y2+y3)
V(s Ty + 2+ ys — «/3)}
32 +y)O0n +y2+y3) )

which is used for a derivation of Eq. (H14).
For an integral over m;, variable, one can use a symmetry

J (my, ma;y1,y2,y3) = —

~ SDX(){

y2+/5]

(N16)

:_lylme (ma, my; —y3, —=y2,—¥1),
(N17)

which is evident from Eq. (N14) and ZJr (my,my) =
Z+ (my, my). The result is useful for a derivation of Eq. (H17).

6. J;"(my, ma5y1,y2, Y3, ¥4)
Similar to Egs. (N11) and (N15),
JE(my, masyi, ya, y3. a)

t t t
= / dr1 / dVQ/ dr3
0 ry r

t
X / drge TR G ()X (1 )X (13)X (1)) T

r3

(N18)
follows a hierarchy where
-Z+(m1 M3 Y1, Y2, V3, V4)
=2D /(; de;+\1+y2+y3+V4 (m1, x)
X 3y (r ma; ya, 3, ya), (N19)

which leads to explicit results explicit result for Eq. (N18).

For example, an integral over m, variable is given in
Eq. (G5). From this one can derive also the integral over m,
variable using a symmetry relation

J~+(m1,mz;y1,yz,y3,y4)

= J*

sy 4ya-Fyabys 125 TS = Y4, =3, (N20)

—¥2, =Y1)s

which is evident from Eq.
Z}(my, my) = Z} (my, my).

(N19) and a symmetry

APPENDIX O: IDENTITIES FOR .7} IN EQ. (H10)

Using Eq. (H11) we get a relation for their Laplace trans-
formation

T (my, ma;y1, y2,53)
= T (my, mayyi, y2, y3) + T (my, may, y3, v2)
+ T (my, mas 3, i, v2). (O1)

This leads to the results we need, namely,

[e¢]
/0 dm I5, ,, (my, Xo5 =y1, Y1, —y2)

(o]
=/ dm1{J;Hy2(m1,xo;—y1,)’1,—yz)
0

T, (M X0 —y1, —y2. 1)
+J~;A+y2(m1,x0; —y2, =y, 1)},
which using Eq. (N16) for small xy limit gives Eq. (H14). A

analogous integral

o0
/ dmy I (xg, ma; —y2, y2, y1)
0
4Dx0~/s + v
N ylyz\/_
— V5T + V), (02)

for small xo, is derived using Egs. (O1), (N16), and (N17). It
is used for a derivation of Eq. (H17).

————F—— sty — s+

APPENDIX P: IDENTITIES FOR CONDITIONAL
PROPAGATOR Z,

In this section we give a list of identities for conditional
Brownian propagator Z, in Eq. (159). These identities are
often used for our analysis in Sec. VIIIL.

In Eq. (162) we see that

A,(0, x|1) = 0 = A,(x, O|1). (P1)

Substituting this and Eq. (165) in Eq. (167) we get

~ ~ NOE f (x| /T
Z4(0, x|1) = B, (0, x|A I
(0, x|A) 0, x|2) = Y,
(P2)

The result is used for the zeroth-order amplitude in Eq. (168)
and also appears in the linear order amplitude Eq. (172). _

For results about integrals of Z; we use that for A in
Eq. (162),

“ll s+0(x))
oo ~ l—e ™MV ™D
/ dxy As(x1, 02|A) = ——————
oo s+ 20(x)
and for B in Eq. (165),
SHAOG])
D

00 - e*|X|
dxy By(rp, xph) = e
/;OO X2 Bs(xq, x2|A) NCCED)

Then Eq. (167) leads to

0 ~
/ dxy Zig(x1, x2|\)

o0
RN NN 2
B + . ®3
N +)\®(X1) S(S—‘r )\’) ( )
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For a related result, we use to get
— o —lxl /v+»\<)(x])
/wd b sy = /w s T, iy = T LS VSR
X20x, Ag(X, X2|A) = e
o DIs + 200x)] —o0 VDs(s +4) P4
and which appears in the amplitudes Egs. (172) and (175).
In the rest we list a few more identities which frequently
*© doo. B (x1. x2|A) appear for calculating the amplitude Eq. (175). Their deriva-
oo 200 Dt 2 tion is similar to those shown for Egs. (P3) and (P4). They can
be verified numerically in Mathematica using the expressions
_ SENEXDVS FABGY) gy 5 in Eqs. (162), (165), and (167).
Ds(s + 1) These are as follows:
|
© 5 e e OV R ey L
dxaZs,(x1, x2[A)e” 2NV P = (PS)
—00 $2 — 81 f ’\/sl+ $2 — 81
and
o0 s A()’c 1 A) — A
/ A2 750, x| 2)d,e N T = Voils +2) = sy £ 4) . (P6)
—o0 VDT (VWSRO DA+ s+ )
An analogous result [difference with Eq. (P6) is in a space derivative] is
00 ~ $+10(x 1 A) — A
/ A1 [0 Z, (0, 31| 3)]e V=T = — Vil + ) = Vs + M2 . (P7)
oo VD (st + A+ SDGST+ )W st A+ s b

More identities involving products of Z are as follows:

[ s )

o0
f dxsdm, (x1, 62100, Lo, (2, mIA)

00 ' - §2 — 81 4/D s51(s1 + 1)
52 +20(x))
e N ! (\/S_z— /sy + A)] (P8)

o0
/ 170, 1), ooz, (61, 2l0)

1 1 20(0)+s
= o —{Sgn(xz)\/)»@(xz)—i-sexz 5 [(V”y‘
V1

(Vi +s5+5)
ﬂmmﬁ@m+%WWWW+

A last one involving products of four Z,

o0

h(s, s+ X, y1)

VWO A 5) s +y1) — /sO + 5+ y1))
(VA+s+VA+s+y)WaFs+ty+/5Fy)

P9)

o0
/ dxidxydxsdm Z (0, x1|A)0y, Zigty, (X1, X2|A) Zispy, (X2, X3| 1) 0y, Zis(x3, m|A)

1 1
RN (Vs+s+2)

where h(sy, 52, y) is defined in Eq. (180). This is used for the
amplitude of diagram D in Eq. (178).

APPENDIX Q: UNIFORM DISTRIBUTION OF ¢,
FOR A BROWNIAN BRIDGE

In Sec. VIIT A we used a result that for a Brownian bridge,
time spent on positive half has a uniform distribution. Here,
we give a derivation of this result.

Our derivation is for a random walk of total 2n steps on an
infinite chain. The walker is conditioned to take equal number

h(s,s+)»,y2i| P10)

yi(y2 —y1) Y21 — ¥2)

(

of positive and negative steps such that at the final step the
walker returns to the starting point, which we choose to be the
origin. Continuous limit of the process is a Brownian bridge,
and the distribution of positive time for the Random walk
gives the distribution for Brownian bridge in the continuous
limit.

For our derivation, we define a generating function

G(K,p)=1+ZZK",0

n=1 m=0

1
’"ﬁN(Zn, 2m), QD)
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FIG. 27. The zigzag solid line shows a random walk bridge of
2n = 18 steps that spends 2m = 6 steps on the positive side. The
dashed line shows an excursion of 2 steps that is conditioned to stay
positive, for the entire duration.

where (k, p) are parameters and N(2n, 2m) gives the total
number of Random walk bridges of length 2xn with 2m number
of steps spent on the positive side of the chain (see illustration
in Fig. 27).

We define a second generating function

[e.¢]

sy =72 - £ Nt n,

n=1

(Q2)

where N1 (2n) gives the number of random bridges that stay
on the positive side of the chain for the entire duration 2n
(random walk excursion; see illustration in Fig. 27).

Using method of images it is straightforward to show that

N*(n) = (Zn — 2) B <2n — 2) _ 2n —2)! 7
n—1 n n!(n—1)!

leading to

(Q3)

1
8l) = (1l =~1—=x). (Q4)

To calculate G(k, p) we use a relation
G, p) = 1+ [glk) + glkp)]
+ [g()* + 28()glic p) + glicp)*]

G(k,p) =1+ {*—,Jr—\}

~ -

FIG. 28. A graphical representation of the infinite summation
in Eq. (Q5). Down-sided excursions represent g(x) and up-sided
excursions represent g(k p). Relative order of excursions give the
degeneracy in Eq. (QS5).

+ [8()° + 3()’g(k ) +38(k)g(k p)* +8(kcp)*]
+ e (Q5)
which can be seen by the graphical illustration in Fig. 28.

Completing the summation we get

1

Gk, p)= ———. 6
0P = T 500 — st Q0
Using the formula for g(x) in Eq. (Q2) we write
(Zn)!
G(x, p)-l—l—ZZKp wornae @

n=1 m=0

Comparing with Eq. (Q1) it is evident that N(2n, 2m) is
independent of m. Equivalently, there are equal number of
paths for all values of m in a random walk bridge of length
2n. In the continuous limit, this means that for a Brown-
ian bridge, all values of fractional positive time are equally
probable.
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