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Abstract. We explore analytically the nature of the transition to the Fulde-Ferrel-Larkin-Ovchinnikov
superfluid phases in the vicinity of the tricritical point, where these phases begin to appear. We make use
of an expansion of the free energy up to an overall sixth order, both in order parameter amplitude and
in wavevector. We first explore the minimization of this free energy within a subspace, made of arbitrary
superpositions of plane waves with wavevectors of different orientations but same modulus. We show that
the standard second order FFLO phase transition is unstable and that a first order transition occurs at
higher temperature. Within this subspace we prove that it is favorable to have a real order parameter and
that, among these states, those with the smallest number of plane waves are preferred. This leads to an
order parameter with a cos(q

0
·r) dependence, in agreement with preceding work. Finally we show that the

order parameter at the transition is only very slightly modified by higher harmonics contributions when
the constraint of working within the above subspace is released.

PACS. 74.20.Fg BCS theory and its development – 74.60.Ec Mixed state, critical fields, and surface sheath

1 Introduction

Although they have been proposed a long time ago, Fulde-
Ferrel-Larkin-Ovchinnikov (FFLO) phases [1,2] are still
the subject of a continuing interest. Indeed the existence
of these phases is a fairly remarkable phenomenon since
they correspond to a spontaneous symmetry breaking of
the standard BCS superfluid phase in the presence of an
effective field, inducing a difference in chemical potential
between the two populations involved in the formation of
Cooper pairs. This symmetry breaking leads to an inho-
mogeneous superfluid with a space dependent order pa-
rameter, while the applied field is perfectly homogeneous.
This situation is analogous to the appearance of vorticity
in type II superconductors, but in this latter case the ef-
fect is due to the coupling of the field to particle currents
while in FFLO phases only the coupling to the spin of
the pairing fermions is involved. In standard supercon-
ductors the coupling to the orbital degrees of freedom
is much stronger than the coupling to the spins. Hence
the upper critical field is due to the orbital coupling and
the FFLO phases can not be observed, since they should

a e-mail: combesco@lps.ens.fr
b Laboratoire associé au Centre National de la Recherche

Scientifique et aux Universités Paris 6 et Paris 7

appear at much higher field. However in heavy fermions
superconductors the strength of these two couplings is
comparable, which could make possible the observation
of FFLO phases. Nevertheless their sensitivity to impuri-
ties could be a major problem. Another possible direction
to eliminate the orbital coupling is to consider lower di-
mensional superconductors, in a geometry where the cur-
rents would have to flow in an actually prohibited direc-
tion. Organic compounds or cuprate superconductors are
interesting systems in this respect. And indeed very re-
cently the FFLO state has been claimed to be observed
in a quasi-two-dimensional organic compound [3]. On the
other hand earlier possible observations in heavy fermion
compounds [4] have not been undisputed. We note in par-
ticular that the analysis of experimental results relies very
often heavily on the theoretical results, but we will see that
the situation is not completely satisfactory in this respect.

Another class of physical systems where FFLO phases
could be observed is coming up quite recently. These are
the ultracold fermionic gases. As it is well known remark-
ably low temperatures have been obtained on bosonic
gases, leading in particular to the observation of Bose-
Einstein condensation in alkali ultracold gases. More
recently fermionic gases have been cooled down in the de-
generate regime [5–7] and reaching a BCS superfluid tran-
sition in these systems seems a reasonable possibility [8,9].
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However in the systems considered for observing this tran-
sition there is, in contrast to electronic spin relaxation in
superconductors, no fast relaxation mechanism to equal-
ize the populations of the two fermion species involved in
the formation of Cooper pairs. Hence one should have no
limitation to the effective field in these systems since the
number of atoms in the populations can be in principle
obtained at will. So the difference in atomic populations
looks as a very promising control parameter. On the other
hand if this parameter is not fully controlled this might
very well be a major difficulty in reaching the BCS tran-
sition in these systems [10,11]. Let us also mention that
FFLO phases are of high interest for quark matter [12]
which is expected to be found in the core of compact stars.

In contrast with this raising experimental interest
there are still theoretical problems with the precise na-
ture of the possible phases. Specifically the basic FFLO
instability corresponds to have pairs formed with a total
nonzero momentum q0 instead of forming pairs (k,−k)
with zero total momentum as in the standard BCS phase.
This gives rise to a spatial dependence exp(iq0 · r) for the
order parameter, which leaves a degeneracy with respect
to the orientation of q0. This has been investigated by [2]
Larkin and Ovchinnikov (LO) who looked how it is lifted
right below the critical field. In this case, when considering
the spatial dependence of the order parameter ∆(r), one
can restrict the investigation to the subspace generated
by linear combination of the plane waves exp(iq0 · r) with
all possible directions q0. At T = 0, LO looked for peri-
odic structures and found that the energetically favored
result is a second order transition to a one-dimensional
‘planar’ texture ∆(r) ∼ cos(q0 · r). However they left
open in their paper the possibility of a first order tran-
sition. Actually when considering the three-dimensional
‘cubic’ texture ∆(r) ∼ cos(q0x)+ cos(q0y)+ cos(q0z) they
found that it is energetically unfavorable compared to the
normal state. Nevertheless they obtained from the gap
equation that a nonzero solution for this order parame-
ter exists above the FFLO transition line. In terms of the
expansion of the free energy in powers of the order pa-
rameter, schematically Ω = α2∆

2 + α4∆
4, this situation

corresponds to a positive coefficient α2 for the second or-
der term and a negative coefficient α4 for the fourth order
one, just the opposite of the standard Landau-Ginzburg
expansion below the transition. The LO evaluation of the
related free energy corresponds actually to the maximum
α2

2/4|α4| of this free energy. Beyond this maximum the
free energy decreases, and it would go to −∞ if one would
consider only the second and fourth order terms. Natu-
rally one has to include the effect of all higher order terms
in order to find the value of the free energy for large values
of the order parameter. However, at the FFLO transition
line and slightly above it, the free energy becomes neg-
ative for values of the order parameter (specifically for
∆2 = α2/|α4|) where only the second and fourth order
terms have to be kept in the expansion. This shows defi-
nitely that the transition toward the FFLO phase occurs
above the standard second order FFLO transition line and
is actually first order, because one can display in this range

a solution which has a lower free energy than the normal
state. On the other hand in order to obtain consistently
the order parameter which gives the lowest free energy one
has naturally to take into account higher order terms. In
particular it is by no means obvious that the cubic phase is
the stable one. Moreover when higher order terms are con-
sidered there are no reason anymore to restrict the search
to the subspace generated by the plane waves exp(iq0 · r).

In order to explore more fully this difficult problem
with easier conditions, it is better to be able to proceed
to some kind of expansion. This can be done if, instead
of working at T = 0, one explores the vicinity of the
tricritical point (TCP), where the FFLO transition line
starts. It is located at Ttcp/Tc0 = 0.561 where Tc0 is the
critical temperature for µ̄ = 0, with 2µ̄ = µ↑ − µ↓ be-
ing half the chemical potential difference between the two
fermionic populations forming pairs. The corresponding
effective field is µ̄tcp/Tc0 = 1.073. At this point, in the
free energy expansion, both the coefficient of the second
order term α2 and the coefficient of the fourth order term
α4 vanish. Naturally α2 is zero just because the TCP is
on the standard second order phase transition line. On the
other hand following this transition line one has α4 > 0 for
T > Ttcp and α4 < 0 for T < Ttcp. In our case the change
of sign of α4 at Ttcp is the origin of the FFLO instability,
because it happens accidentally that this same coefficient
controls also the wavevector dependence of α2 (this is seen
explicitely in Eqs. (7, 8) below). Clearly, by continuity, the
equilibrium order parameter will be small in the vicinity
of the TCP since we know that it is zero just above the
TCP on the second order line and it is small right below
it in the superfluid phase. Therefore a power expansion
of the free energy will be enough to find it. On the other
hand, since the second and fourth order terms are zero at
the TCP, we have clearly to expand at least up to sixth
order, but this will prove to be enough because the cor-
responding coefficient is positive and not small. Similarly
the optimum wavevector q0 corresponding to the FFLO
phase will be small in the vicinity of the TCP since it is
zero just above it on the second order line. This allows to
proceed to a gradient expansion of the free energy. Since
only even powers of the wavevector can enter and we look
for a minimum as a function of this wavevector, we have
to expand at least up to fourth order in gradient, but this
will prove again to be enough.

This line of thought has actually already been followed
by Houzet et al. [13,16], who have performed this expan-
sion for the free energy and explored the result numeri-
cally. They have found that the energetically favored phase
is the one-dimensional planar order parameter found by
LO at T = 0, but that the transition is actually slightly
first order, instead of second order as found by LO at
T = 0. Our purpose in the present paper is rather to pro-
ceed to an analytical study of this problem. Indeed there
are infinitely many possible order parameters in competi-
tion. And our aim, in considering the vicinity of the TCP,
is to find the important ingredients which are responsible
for the selection of the actual stable state and obtain a bet-
ter physical understanding, having in particular in mind
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the generalization to more complicated situations. Hence
our paper is complementary to their work. In particular
we obtain a first order transition to the one-dimensional
planar order parameter, but we will be able to analyze
the reasons which favor this phase. The transition to this
planar order parameter has been actually explored nu-
merically down to T = 0 by Matsuo et al. [14]. They have
used quasiclassical equations and found that the transi-
tion keeps first order down to low temperature, but even-
tually goes to second order in agreement with LO. On
the other hand since we know that at T = 0 the cubic
phase is more stable than the planar one, the question
of the stablest phase at low temperature is still unsolved.
Finally this first order transition to the planar phase in
the three-dimensional case is in contrast with the results
of Burkhardt and Rainer [15] who found it to be second
order in a two-dimensional space.

In the following section, for completeness and to set
up our notations, we rederive the expression [16] of the
free energy. After considering in Section 3 some simple
situations, we explore in details the minimization of this
free energy. This is done in Section 4 by restricting our
search to the LO subspace for the order parameter, which
is made of arbitrary superpositions of plane waves. In Sec-
tion 5 we show that our results are only slightly modified
when we release this restriction. Throughout the paper
we restrict ourselves to the simplest BCS scheme, namely
we will consider the free energy corresponding to a weak
coupling isotropic Fermi system, ignoring in particular
any Fermi liquid effect. Moreover we concentrate on the
three-dimensional case which leads to a first order tran-
sition, and make only occasionally comparison with the
two-dimensional situation where the transition is second
order.

2 The free energy

There are various ways to obtain the explicit expression for
the free energy we need in the vicinity of the TCP [17,18].
In practice it is convenient to use the fact [18] that, by
varying the free energy with respect to ∆(r) one finds the
gap equation, which is also easily obtained from Gorkovs
equations, as done for example by LO [2]. The integral
form of these equations is [17,19], with standard notations:

G↑(r, r
′) = G0

↑(r − r′) −

∫

dr1G
0
↑(r − r1)∆(r1)F

+(r1, r
′)

(1)

F+(r, r′) =

∫

dr1Ḡ0
↓(r − r1)∆

∗(r1)G↑(r1, r
′) (2)

with, for the Fourier transforms of the free fermions ther-
mal propagators, G0

↑(k) = (iωn − ξk + µ̄)−1 and Ḡ0
↓(k) =

(−iωn−ξk− µ̄)−1 where ξk is the kinetic energy measured
from the Fermi surface for µ̄ = 0 and ωn = πT (2n + 1)
are Matsubara frequencies. The order parameter is given

by the self-consistency relation:

∆∗(r) = V T
∑

n

F+(r, r). (3)

We expand equations (1–2) up to fifth order
in ∆(r). We introduce the Fourier transform
∆q =

∫

dr∆(r) exp(−iq · r) of the order parameter.
As explained in the introduction we proceed also to an
expansion in the wavevector q of the order parameter
since we know that its relevant values will be small in
the vicinity of the TCP. More precisely we will see that,
in order to obtain a coherent expansion, it is enough to
go only up to fifth order terms in overall power of ∆
and q. This means that, in the gap equation, we have to
expand the first order term in ∆ only to fourth order in
q. Similarly the third order term in ∆ has to be expanded
only to second order in q and the fifth order term in ∆
can be calculated to zeroth order in q. For example in
order to find the third order term, we have to expand up
to second order in wavevectors:

∑

k

Ḡ0(k)G0(k+q1)Ḡ0(k + q−q3)G
0(k+q)∆∗

q1
∆q2

∆∗
q3

(4)

where we have used q1 +q3 = q+q2 and we have omitted
the unnecessary spin index. In the expansion appear the
following numerical coefficients:

a0(µ̄, T ) = 1
N0V − 2πT Re

[

∑∞

n=0
1

ω̄n

]

a2(µ̄/T ) = −µ̄22πT Re
[

∑∞

n=0
1

ω̄3
n

]

(5)

a4(µ̄/T ) = −µ̄42πT Re
[

∑∞

n=0
1

ω̄5
n

]

where ω̄n = ωn − iµ̄, and the summation for a0 has to be
cut-off in the standard BCS way. The simple second order
transition line to a standard BCS superfluid with space
independent order parameter is given by a0(µ̄, T ) = 0.
Below the TCP it corresponds to a spinodal transition
line, at which the normal state becomes absolutely unsta-
ble against a transition toward a space independent order
parameter. The domain a0(µ̄, T ) > 0 corresponds to the
region of the (µ̄, T ) phase diagram above this line, and it
is the domain where we will look for other transitions. In
practice we can see a0(µ̄, T ) as a measure of the distance
from the spinodal line in the (µ̄, T ) plane. Explicitely if we
define Tsp(µ̄/T ) the spinodal temperature as a function of
the ratio µ̄/T , we have a0(µ̄, T ) = ln[T/Tsp(µ̄/T )]. We will
not need to explicit further this distance. As indicated in
the introduction we have by definition a2(µ̄/T ) = 0 at
the TCP and it is small in the vicinity of this point. For
(µ̄/T ) > (µ̄/T )tcp = 1.91, we have a2 > 0 and a2 < 0 for
(µ̄/T ) < (µ̄/T )tcp. Finally a4(µ̄/T ) = 0.114 at the TCP
(while it is negative near µ̄ = 0 and goes to −0.25 when
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T → 0). With these notations the gap equation in the
vicinity of the TCP reads:

∆q

[

a0 −
1

3
a2Q

2 +
1

5
a4Q

4

]

−
∑

qi

∆q1
∆∗

q2
∆q3

×

[

1

2
a2−

1

6
a4

(

Q2+2Q2
1+2Q2

3−Q·(Q1+Q3)+3Q1 ·Q3

)

]

+
3

8
a4

∑

qi

∆q1
∆∗

q2
∆q3

∆∗
q4

∆q5
= 0 (6)

where we have used the dimensionless wavevector Q =
qvF /2µ̄ and expressed ∆q in units of µ̄. Also the momen-
tum conservation is assumed in the summations, that is
q1+q3 = q+q2 in the third order term and q1+q3+q5 =
q + q2 + q4 in the fifth order one. The above expression
can be checked against the case of the simple Fulde-Ferrell
state ∆(r) = exp(iq0 ·r) where a single wavevector enters.

Now the above gap equation is obtained by minimizing
the following free energy difference Ω between the super-
fluid and the normal state:

Ω=
∑

q

|∆q|
2

[

a0−
1

3
a2Q

2+
1

5
a4Q

4

]

−
1

2

∑

qi

∆q1
∆∗

q2
∆q3

∆∗
q4

×

[

1

2
a2 −

1

6
a4(Q

2
1 + Q2

2 + Q2
3 + Q2

4 + Q1 ·Q3

+ Q2 ·Q4)

]

+
1

8
a4

∑

qi

∆q1
∆∗

q2
∆q3

∆∗
q4

∆q5
∆∗

q6
(7)

where we have the momentum conservation q1+q3 = q2+
q4 in the fourth order term while q1+q3+q5 = q2+q4+q6

holds in the sixth order one. We have used symmetry and
momentum conservation to present the fourth order term
in a symmetrical way. This expression equation (7) is just
the free energy we were looking for. It coincides exactly
with the result of reference [16] once the differences in
notations are taken into account. We have considered here
the 3-D case. For a two-dimensional system the angular
averages found in the calculation are different. The result
is simply obtained from the above one by multiplying the
Q2 terms by 3/2 and the Q4 terms by 15/8.

3 Simple cases

Let us first consider some simple situations. If we con-
sider an homogeneous order parameter, that is q = 0, we
have merely Ω = a0∆

2 − a2∆
4/4+ a4∆

6/8. If we want to
have this free energy negative for a0 > 0 we need to have
a2 > 0, that is to be at temperature below the TCP. In
this case Ω > 0 when a0 > a2

2/8a4 and we reach a first
order transition for a0 = a2

2/8a4, with a non zero order pa-
rameter ∆2 = a2/a4. This is the standard first order Pauli
limiting transition. We consider next the possibility of a
second order transition. In this case only the second order
term in equation (7) is relevant. The location of this tran-
sition is given by a0 = 1

3a2Q
2 − 1

5a4Q
4. Below the TCP,

where a2 > 0, we can find a0 > 0 for non zero wavevec-
tor Q, that is we will find an FFLO phase. Precisely the
optimal wavevector is Q2

0 = 5
6a2/a4 and the correspond-

ing maximal a0 is a0 = 5
36a2

2/a4. We see that this value is
larger than the one we just found for the standard Pauli
limiting transition. Thus as expected the FFLO transi-
tion happens first and overtakes the first order transition.
Finally it is natural and interesting to try to generalize
the two above situations and consider the possibility of a
first order transition for an order parameter with a single
wavector component ∆q. With the shorthand ∆q ≡ ∆ the
free energy writes:

Ω=

[

a0−
1

3
a2Q

2+
1

5
a4Q

4

]

∆2−
1

4

[

a2−2a4Q
2
]

∆4+
1

8
a4∆

6.

(8)

Minimizing first with respect to Q2 we obtain for the ex-
tremum the condition Q2 = 5

6a2/a4 −
5
4∆2, which implies

that must have ∆2 ≤ 2
3a2/a4 otherwise we are back to the

homogeneous situation and the Pauli limiting transition.
Inserting this value for Q2 in equation (8) we find Ω =
[

a0 −
5
36a2

2/a4

]

∆2 + 1
6a2∆

4 − 3
16a4∆

6. We are naturally
interested in finding a transition higher than the standard
FFLO. This means we are looking for a0 > 5

36a2
2/a4, so

the first term in Ω is positive. But one sees that the sum
of the last two terms is also positive for ∆2 ≤ 2

3a2/a4.
Therefore we have not been able to improve the standard
FFLO solution. However we have clearly not done our best
in this direction.

Before trying to improve in this way, it is convenient
to simplify our expression for the free energy by taking
reduced units for the order parameter and the wavector,
which come out naturally from our above discussion. We
set ∆ = (a2/a4)

1/2∆̄, Q = (a2/a4)
1/2q̄, a0 = A0a

2
2/a4

and Ω = (a3
2/a2

4)F . This leads to rewrite equation (7) for
the free energy as:

F =
∑

q

|∆̄q|
2

[

A0 −
1

3
q̄2 +

1

5
q̄4

]

−
∑

qi

∆̄q1
∆̄∗

q2
∆̄q3

∆̄∗
q4

×

[

1

4
−

1

12
(q̄2

1 + q̄2
2 + q̄2

3 + q̄2
4 + q̄1 · q̄3 + q̄2 · q̄4)

]

+
1

8

∑

qi

∆̄q1
∆̄∗

q2
∆̄q3

∆̄∗
q4

∆̄q5
∆̄∗

q6
. (9)

It is clear from this rescaling transformation and the re-
sulting expression that, in the vicinity of the TCP (where
a2 is small), it is unnecessary to go beyond our sixth order
expansion in ∆ and q. It is also of interest to rewrite this
free energy as a functional of ∆(r) by Fourier transform.
This gives, after by parts integrations:

F =

∫

dr

[

A0|∆̄|2 −
1

3
|∇∆̄|2 +

1

5
|∇2∆̄|2

]

−

∫

dr

[

1

4
|∆̄|4 −

1

24

[

2
(

∇|∆̄|2
)2

+3
(

∇∆̄2
) (

∇∆̄∗2
)

]

]

+
1

8

∫

dr|∆̄|6. (10)



���0� � ��� � ����	�� � � �����	���E� �+���������
	c����������� ���!� � �0�����$���E� � �	�����!�1�p����� ��� k�k�k
R. Combescot and C. Mora: Transition to Fulde-Ferrel-Larkin-Ovchinnikov phases near the tricritical point 401

4 The LO subspace

As emphasized by LO all the states corresponding to the
same wavector q̄0 but with different orientation for q̄0 are
degenerate right on the FFLO transition line. This degen-
eracy is lifted, at least partially, when one goes into the
superfluid phase because of the coupling between the var-
ious plane waves produced by the nonlinear terms in the
free energy. When one investigates the states selected in
this process, one has to consider the subspace:

∆̄(r) =
∑

∆q0
exp(iq̄0 · r) (11)

of all the order parameters generated by these plane waves.
We call this the LO subspace. In this section we will re-
strict to this subspace our search for the state appearing
at the transition: we will look for the minimum of the free
energy within this LO subspace. Actually LO looked for a
lattice as a solution and restricted themselves to this kind
of order parameter. However there is physically no basic
reason to enforce this type of restriction. One could look
for incommensurate structures or quasicrystal-like solu-
tions. Even if these are not the lowest energy solution, they
might be of interest as local solutions corresponding phys-
ically to defects. Therefore we have not set a periodicity
condition on the solutions we have considered. Neverthe-
less let us indicate at once that the energetically favored
solutions we have found within the LO subspace are actu-
ally periodic. Although considering only the LO subspace
is an important restriction, it does not make the problem
easy at all, although we solve it completely below.

Let us first show that, within this subspace, the stan-
dard FFLO transition line is not stable, and the transition
is actually first order. With our reduced units the LO sub-
space corresponds to q̄2

0 = 5
6 . This minimizes the coeffi-

cient of the second order term in equation (9). The FFLO
transition line is then given by A0 = 5

36 , which makes the
second order term zero within the LO subspace. Let us
then look at the fourth order term in equation (9). This
amounts to calculate the functional derivative of the free
energy on the FFLO transition line. In a standard sec-
ond order phase transition it should always be positive,
forcing the order parameter to be zero on the transition
line. However in the present case it is not obvious that
this is systematically so because of the interplay of the
wavevectors in this term. Specifically we introduce a pa-
rameter β which describes this effect for any fixed order
parameter ∆(r). It is defined by:

2βq̄2
0

∑

qi

∆̄q1
∆̄∗

q2
∆̄q3

∆̄∗
q4

=

q̄2
0

∑

qi

(q̂1 · q̂3 + q̂2 · q̂4)∆̄q1
∆̄∗

q2
∆̄q3

∆̄∗
q4

=

−

∫

∆̄2(∇∆̄∗)2 + c.c. (12)

For the simple case of the FF solution we have merely
β = 1. However this is the highest possible value and we
can think of decreasing it, or even making it negative, by

a proper choice of the order parameter in the LO space,
although naturally β ≥ −1. Then the fourth order term in
equation (9) is given by

[

1
6 (β + 2)q̄2

0 − 1
4

] ∫

|∆̄|4 and has

thus the same sign as 5β + 1 when we take q̄2
0 = 5

6 . Hence

for any order parameter with β ≤ − 1
5 the fourth order

term is negative. We will find actually many such states.
Now when we are on the FFLO transition line (the second
order term is zero) and the fourth order term is negative,
we decrease the free energy and make it negative just by
taking the order parameter to be small and nonzero, which
shows that the standard FFLO transition line is unstable.
Naturally the larger the order parameter, the lower the
free energy, but we have to stay in the range where the
second and fourth order terms are the only ones important
in our expansion, which means that the sixth order term
is negligible. Then since we have a negative free energy, we
can raise it back to zero by increasing A0 beyond its value
5
36 on the FFLO line, which means we go beyond this line
in the (µ̄, T ) phase diagram. In this way the second or-
der term becomes positive. Eventually we will be limited
by the growth of the sixth order term. The transition we
have found corresponds to positive second and sixth order
terms and a negative fourth order one. The free energy
becomes negative for a nonzero value of the order param-
eter. We have thus found a first order transition beyond
the standard FFLO transition line. This discussion about
the order of the transition is the exact analogue of the one
we made in the introduction for the T = 0 situation.

Naturally it is of interest to minimize β since it is
rather natural to expect that the states corresponding to
the minimum will lead to the stronger instability toward
the first order transition. We show now that β ≥ − 1

3 ,

the equality β = − 1
3 being obtained for any real order

parameter. We make use of:

∫

[

∆̄2(∇∆̄∗)2−|∆̄|2|∇∆̄|2
]

+c.c.=

∫

[

∆̄∇∆̄∗−c.c.
]2
≤0

(13)

where the equality occurs only for a real order parameter
(within an irrelevant overall constant phase factor), and:

∫

[

∆̄2(∇∆̄∗)2 + 2|∆̄|2|∇∆̄|2
]

+ c.c. =

−

∫

|∆̄|2(∆̄∇2∆̄∗ + c.c.) = 2q̄2
0

∫

|∆̄|4 (14)

where the last step makes specific use of the form equa-
tion (11) for the order parameter. We have then:

− 2βq̄2
0

∫

|∆̄|4 =

∫

∆̄2(∇∆̄∗)2 + c.c. ≤

∫

[

∆̄2(∇∆̄∗)2

−
2

3

[

∆̄2(∇∆̄∗)2 − |∆̄|2|∇∆̄|2
]

]

+ c.c. =

1

3

∫

[∆̄2(∇∆̄∗)2 + 2|∆̄|2|∇∆̄|2] + c.c. =
2

3
q̄2
0

∫

|∆̄|4 (15)

hence β ≥ − 1
3 .
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Together with β it is also intuitively convenient to con-
sider γ defined by:

γ

∫

dr|∆̄|4 = q̄−2
0

∫

dr
[

∇|∆̄|2
]2

=

∑

qi

(q̂1 − q̂2)
2∆̄q1

∆̄∗
q2

∆̄q3
∆̄∗

q4
(16)

which is easily seen to satisfy γ = 1−β from equation (14).
We are thus interested in maximizing γ. From the first ex-
pression in equation (16) it is intuitively clear that γ will
be large when the (properly normalized) order parame-
ter has strong spatial variations. In particular it will be
better for |∆̄(r)|2 to have many nodes. This is more eas-
ily achieved if ∆̄(r) has no imaginary part since in this
case one has only to require that the real part is zero.
This makes intuitively reasonable that γ is maximized by
a real order parameter. One can also come to this conclu-
sion from the Fourier expansion in equation (16) (or also
from Eq. (12)): it is of interest to have as often as possible
opposite wavevectors so that (q̂1 − q̂2)

2 takes as much as
possible its maximum value, namely 4. One is thus natu-
rally led to an order parameter which is a combination of
cos(q0 ·r+ϕq0

) with real coefficients, the directions of the
q0 ’s being free. This corresponds merely to require that
∆̄(r) is real in equation (11) by taking ∆−q0

= ∆∗
q0

. On
the other hand, since any real order parameter gives the
maximum γ, it is not necessary that these cosines have
equal weight.

We can now come back to our free energy equation (9)
and find the best solution within the LO subspace, since
we have found that the minimum β is −1/3, as soon as
the order parameter is real, which implies ∆−q0

= ∆∗
q0

in

equation (11). We introduce a measure ∆̄ of the amplitude
of the order parameter by setting:

∫

dr|∆̄|2 =
∑

qi

∆̄q1
∆̄∗

q2
= N2∆̄

2 (17)

where by definition N2 ≡ N is the number of plane waves
coming in equation (11). If all the planed waves have same
amplitude, ∆̄ is just the common value of these ampli-
tudes. Then we define N4 and N6 by:

∫

|∆̄|4 =
∑

qi

∆̄q1
∆̄∗

q2
∆̄q3

∆̄∗
q4

= N4∆̄
4 (18)

and:
∫

|∆̄|6 =
∑

qi

∆̄q1
∆̄∗

q2
∆̄q3

∆̄∗
q4

∆̄q5
∆̄∗

q6
= N6∆̄

6. (19)

In these definitions we have used the same implicit conven-
tion of momentum conservation as in equation (6), that
is q1 = q2 in equation (17), q1 + q3 = q2 + q4 in equa-
tion (18) and q1 +q3 +q5 = q2 +q4 +q6 in equation (19).
For the simple plane wave considered in equation (8), we
had N2 = N4 = N6 = 1. For the real order parameter
we are interested in, the set of wavevectors {qi} is made

of N/2 pairs. If all the planed waves have same ampli-
tude, one finds [20] for example by simple counting that
N4 = 3N(N − 1) and N6 = 5N(3N2 − 9N + 8). Actually,
once it is recognized that, from the counting procedure,
N4 and N6 are polynomials in N of order 2 and 3 respec-
tively, the coefficient may easily be found by considering
the cases N = 2, 4, 6. With these notations the free energy
equation (9) reduces to:

F =N2∆̄
2

[

A0−
1

3
q̄2+

1

5
q̄4

]

−N4∆̄
4

[

1

4
−

α

2
q̄2

]

+
1

8
N6∆̄

6

(20)

where we have set α = β+2
3 (for the simple plane wave

considered in equation (8), we had α = 1).
We proceed now as we have done for equation (8).

Minimizing F with respect to q̄2 we find for the extremum
the condition q̄2 = 5

6 −
5
4α(N4/N2)∆̄

2, which implies that,

in our considerations, we have for ∆̄2 an upper bound
∆̄2

max = (2/3α)N2/N4. This leads, for the value of the
free energy F at this extremum, to:

F

∆̄2
= N2

(

A0 −
5

36

)

+ N4∆̄
2

(

5α

12
−

1

4

)

+ ∆̄4

(

N6

8
−

5α2

16

N2
4

N2

)

· (21)

Now the standard FFLO solution corresponds to A0 = 5
36 .

Since we are interested in a better solution we want
A0 > 5

36 which makes the first term of F/∆̄2 positive. On

the other hand, for ∆̄ = ∆̄max, the sum of the last two
terms in the right hand side (r.h.s.) of equation (21) can
be written as ∆̄2

max(N4/24α)[5(α− 3
5 )2 +2N2N6/N

2
4 −

9
5 ].

This is always positive since we have N2N6/N
2
4 ≥ 1 ( this

results directly from
∫

dr|∆̄|2 ·
∫

dr|∆̄|6 ≥ [
∫

dr|∆̄|4]2).
If we assume that the second term in the r.h.s. of equa-
tion (21) is positive, this implies that the free energy is
always positive. Therefore if we want to find non positive
values for F it is necessary to have a negative coefficient
for the second term in the r.h.s. of equation (21), which
means α < 3

5 . This is possible since the minimum β = − 1
3

we have found above corresponds to a minimum α = 5
9 .

Then the quadratic form equation (21) can be zero
if we meet the condition 4(A0 − 5

36 )(2N2N6

N2

4

− 5α2) ≤

(5α
3 − 1)2. This leads to the following result for the tran-

sition line to the FFLO phase:

A0 =
5

36
+

1

8

(

1 − 5α
3

)2

N2N6

N2

4

− 5
2α2

· (22)

In the (µ̄− T ) plane this line is higher than the standard
second order FFLO transition line, which is given by A0 =
5
36 . On the other hand the value of ∆̄m which gives F = 0
at the threshold given by equation (21) is:

∆̄2
m =

N2

N4

1 − 5α
3

N2N6

N2

4

− 5
2α2

(23)
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which is clearly nonzero and our transition is quite ex-
plicitely a first order transition (note that the condition
∆̄m < ∆̄max is necessarily satisfied since F is zero for ∆̄m

and positive for ∆̄max ).
Coming back to the location of the transition line equa-

tion (23) we consider now how to optimize it. First we see
from the numerator that it is advantageous to lower α
as much as possible. Indeed our minimum α = 5

9 is quite

close to the limiting value α = 3
5 so the variation of the de-

nominator with α is irrelevant. Hence we are lead to make
the fourth order term in the free energy equation (9) as
negative as possible by minimizing β, as we anticipated at
the beginning of Section 4. Once we have taken α = 5

9 , we

see that it is of interest to take N2N6/N
2
4 as small as pos-

sible (we have seen that it is bounded from below by 1).
From their definitions equations (18, 19) we can evaluate
N4 and N6 for a general order parameter equation (11)
∆̄(r) =

∑

∆qi
exp(iqi · r) = 2

∑

|∆qi
| cos(qi · r + ϕqi

).
One finds:

N4∆̄
4 = 3

(

∑

i

|∆qi
|2

)2

− 3
∑

i

|∆qi
|4 (24)

and:

N6∆̄
6 = 15

(

∑

i

|∆qi
|2

)3

− 45

(

∑

i

|∆qi
|2

)2
∑

i

|∆qi
|4

+ 40
∑

i

|∆qi
|6. (25)

Actually one can recognize that, for symmetry reasons,
the results involve only

∑

i |∆qi
|n with n = 2, 4, 6, be-

cause odd powers of cosines average to zero. Hence the
results assume necessarily the general form given by equa-
tions (24, 25). Then the coefficients are easily obtained
from the specific case where all the amplitudes |∆qi

| are
equal.

Since the wavevectors are paired it is now more con-
venient to sum over pairs from now on. Defining ai =
|∆qi

|2/
∑

i |∆qi
|2 (implying

∑

i ai = 1) we have:

9

10
N2N6/N

2
4 =

6 − 9S2 + 4S3

(2 − S2)2
(26)

where S2 =
∑

i a2
i and S3 =

∑

i a3
i . When we have

a single pair S2 = S3 = 1 and the r.h.s. of equa-
tion (26) is equal to 1. We show now that it is other-
wise larger than 1. Since (2 − S2)

2 < 4 − 3S2 because
S2 < 1 when we have more than a single pair, it is
enough to prove that 3(1 − S2) ≥ 2(1 − S3). This is in
turn verified because we can write for the left-hand side
1−S2 = (

∑

i ai)
2−
∑

i a2
i = 2

∑

i<j aiaj . In a similar way

we have in the right-hand side 1−S3 = (
∑

i ai)
3−
∑

i a3
i =

3
∑

i<j aiaj(ai + aj) + 6
∑

i<j<k aiajak = 3
∑

i<j aiaj −

9
∑

i<j<k aiajak. So our statement is correct since it is

just equivalent to
∑

i<j<k aiajak ≥ 0 (the equality holds
when we have only two pairs since one can not have three
different indices). Therefore we come to the conclusion

that N2N6/N
2
4 is minimized when we take a single pair

of plane waves with wavevectors (q,−q), corresponding
to a simple order parameter proportional to cos(q · r),
which has hence a planar symmetry. It is unfavourable
to increase the number of plane waves. This is more eas-
ily seen in the particular situation where these N plane
waves have the same amplitude. In this case we merely
have N2N6/N

2
4 = [15N2 − 45N + 40]/9(N − 1)2 which

increases regularly with increasing N , and is minimum for
N = 2. In this last case N2N6/N

2
4 = 10

9 . It is interesting to
remark that this conclusion is opposite to what one would
obtain by considering the fourth order term alone in equa-
tion (9) and omitting the sixth order one. Since the fourth
order term grows (compared to the second order one) with
the number N plane waves, one would conclude that it is
better to increase this number. The opposite turns out to
be true because the sixth order term grows even faster
with the number of plane waves. This shows quite clearly
that, in contrast with what one might hope, the consider-
ation of the fourth order term is not enough to conclude
about the actual ground state of system.

We find then explicitely A0 = 5
36 + 2.02 × 10−3.

We note that this is quite close to the standard FFLO
transition itself. For comparison the standard Clogston-
Chandrasekhar [21,22] first order transition is given, as we
have seen, by A0 = 1

8 so the difference with the standard

FFLO transition is −1.39×10−2 which is also rather small.
Since we know that the standard Clogston-Chandrasekhar
transition and standard FFLO transition stay close be-
yond the vicinity of the TCP and that this proximity be-
tween these two lines extends down to zero temperature,
it seems quite possible that the same is true for our first
order transition line. This is indeed what has been found
numerically by Matsuo et al. [14]. Hence it is very tempt-
ing to conclude from this proximity between first and sec-
ond order lines that the first order transition is only very
weakly first order. Naturally this point is very important
experimentally since it would be quite difficult to distin-
guish between a second order transition and a very weak
first order one.

On the other hand we know from the work of
Burkhardt and Rainer [15] that the transition is second
order in a 2D situation. So it is of some interest to con-
sider formally an arbitrary dimension to see how one goes
from the 2D to the 3D situation. For the case of our pla-
nar order parameter, there is no difficulty in working with
an arbitrary dimension D. As we have mentionned at the
end of Section 2, one has just to modify some coefficients
in equation (7): here one has to multiply the Q2 terms
by 3/D and the Q4 terms by 15/D(D + 2). Reproducing
then the above analysis, we obtain that the FFLO tran-
sition occurs for A0 = D+2

12D with a wavevector q̄2 = D+2
6 .

One finds again that, in order to obtain a phase transition
higher than FFLO, the coefficient of the second term in
the r.h.s. of equation (21) has to be negative. But this coef-

ficient is now in general N4(
α(D+2)

D −1)/4 with explicitely

α = 5
9 . So we find Dc = 2.5 as the critical dimension to

have a first order transition. The result equation (21) for
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the location of the transition for this planar state becomes:

A0 =
D + 2

12D
+

(2D − 5)2

15D(7D − 10)
(27)

with the value of ∆̄m of ∆̄ at the threshold given by:

∆̄2
m =

4

5

2D − 5

7D − 10
· (28)

Since we have found a critical dimension Dc = 2.5 which is
halfway between the physical situations D = 2 and D = 3,
from this point of view, the first order transition we have
found is not ‘very near to be second order’, in contrast
to what we suggested above. Naturally the best way to
conclude on this point is to look at the value of the or-
der parameter at the first order transition equation (28)
which is ∆̄m ' 0.27. Although this is clearly smaller than
the corresponding value ∆̄m = 1 for the uniform BCS
state, the order of magnitude is similar so the first order
transition is not very weak in this respect. This seems in
agreement with results given in reference [14] where the
jump of the order parameter is also sizeable.

In two dimensions we can again make use of equa-
tion (20) to compare all the possible states. As we have
seen the transition is second order and we can neglect the
sixth order term as in the original LO analysis. The fourth
order term is positive and, roughly speaking, below the
transition the state with smaller fourth order term is se-
lected. This leads to take N4/N

2
2 = 3(2−S2)/2 as small as

possible. So we find again that the single pair state N = 2
is selected, which corresponds to the state investigated by
Burkhardt and Rainer [15].

In closing this section, let us note that we have have
found a non- degenerate minimum for the free energy,
namely the planar state cos(q · r) corresponding to two
plane waves with opposite wavevectors and equal ampli-
tude in equation (11). However by adding to this order
parameter another cosine with a small amplitude, namely
ε cos(q1 · r), we can have a free energy arbitrarily close to
the planar state free energy. Conversely the location for
the transition can be made arbitrarily close to the planar
state transition. These states are highly degenerate since
the relative directions of q and q1 do not matter. These
are some kind of excited states for our system with ar-
bitrarily small energy and it is possible to speculate that
they play a role in the physics of our system.

5 Beyond the LO subspace

In the preceding section we have restricted to the LO sub-
space our search for the state with lowest free energy at
the transition and therefore with highest critical tempera-
ture. While this restriction is justified when the free energy
expansion is limited to the fourth order term (this term
being treated as a perturbation), it is no longer valid when
the sixth order term is included. And indeed the actual
minimum state does not belong to the LO subspace, since
it can be checked that equation (11) can not satisfy the
Euler-Lagrange equation corresponding to equation (10)

because of the non linear terms. However we have found
in the preceding section a non degenerate minimum corre-
sponding to the planar state. The selection of the wavevec-
tors of this state was due to the fourth order term while
the number of components was controlled by the sixth
order one, which is otherwise quite structureless. If the
nonlinearities produce only a rather small change on the
solution, it is reasonable to look for the actual solution as
being ‘near’ the solution cos(q · r) we have found in Sec-
tion 4. In particular it is reasonable to look for an order
parameter with a one-dimensional dependence on r and
we will also assume it to be real. And indeed we will find
a solution which is quite near cos(q · r). Although this
argumentation is only a self-consistent one (we can not
exclude that a strong nonlinear modification of a three-
dimensional solution produces the actual minimum), we
note that the numerical exploration of Houzet et al. [13]
has indeed produced a real one-dimensional order param-
eter for the minimum. We remark also that there is an an-
alytical solution [23] in the case of one-dimensional space
for this one-dimensional order parameter.

With a one-dimensional real order parameter the re-
duced free energy simplifies into:

F =

∫

dx

[

A0∆̄
2 −

1

3
∆̄

′2 +
1

5
∆̄

′′2

]

−

∫

dx

[

1

4
∆̄4 −

5

6
∆̄2∆̄

′2

]

+
1

8

∫

dx ∆̄6 (29)

where ∆̄′ and ∆̄′′ are first and second derivative of ∆̄ with
respect to x. Although we deal with a nonlinear prob-
lem we can still minimize with respect to the amplitude
of the order parameter, just as we have done at the end
of the preceding section (this works actually also for a
three-dimensional order parameter). We set ∆̄(x) = aδ(x),
where δ(x) is a normalized spatial function (for example
by
∫

δ2 = 1 ). δ(x) gives the shape of the order parameter
while a corresponds to its amplitude. When we substi-
tute in equation (29) we obtain for F/a2 a quadratic form
in a2. Writing again that, for a specific function δ(x), this
form has double root at the transition leads us to an ex-
pression for A0 which does not depend anymore on the
normalization of δ:

A0 =
[
∫

δ4 − 10
3 (δδ′)2]2

8
∫

δ2
∫

δ6
+

∫

1
3δ

′2 − 1
5δ

′′2

∫

δ2
(30)

and we want now to maximize A0. Similarly the condition
that the free energy is zero at the transition imply:

∫

∆̄6 =

∫

∆̄4 −
10

3
∆̄2∆̄

′2 (31)

or equivalently:

A0

∫

∆̄2 =

∫

1

8
∆̄6 +

1

3
∆̄

′2 −
1

5
∆̄

′′2 (32)

which gives the amplitude of the order parameter.
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The condition that A0 is maximum can be obtained
from equation (30) but it is easier to deduce it from equa-
tion (29). One finds the ordinary nonlinear differential
equation:

1

5
∆̄′′′′+

(

1

3
−

5

6
∆̄2

)

∆̄′′−
5

6
∆̄∆̄

′2+
3

8
∆̄5−

1

2
∆̄3+A0∆̄=0

(33)

(analytically this equation can be integrated once and
then reduced to a second order nonlinear differential
equation but this is of no real help for numerics). One
checks readily that the cosine form of the order parameter
∆̄(x) = a cos(q̄x) is not a solution. It satisfies only the lin-
ear part of the equation, which leads to A0 = q̄2/3− q̄4/5.
Looking for the maximum of A0 gives the FFLO result
A0 = 5/36 ' 0.1389 with q̄2

FFLO = 5/6. This FFLO so-
lution corresponds to keep only the second term in the
r.h.s. of equation (30). This term produces for A0 a kind
of (inverted) effective potential q̄2/3 − q̄4/5 which has a
strong maximum for the FFLO solution. When we write
a Fourier expansion of the solution this potential selects
quite effectively the wavevectors in the close vicinity of
the FFLO result q̄FFLO.

Indeed the numerical exploration of equation (33) for
A0 very close to the maximum gives for the solutions
one or two basis frequencies q0 and q1 which are close
to q̄FFLO. The other frequencies appearing in a Fourier
analysis are simply odd combinations of q0 and q1 like
2q0 ± q1, 2q1 ± q0, 3q0, 4q1 ± q0, etc. The weights of these
frequencies depend on their order, i.e. the higher the fre-
quency, the smaller the weight. This shows explicitely the
strength of the effective FFLO potential in A0 (the sec-
ond term in the r.h.s. of Eq. (30)). We have investigated
analytically the efficiency of a small frequency splitting
by writing q1 = q0 + ε with ε → 0 (but ε 6= 0 because
this limit is singular). However a single frequency q1 = q0

turned out to be always better. We are finally lead to the
conclusion that going beyond the LO subspace produces
only small corrections due to nonlinearities. These cor-
rections correspond to odd harmonics of the fundamental
frequency q̄ and they are small because of the efficiency
of the effective FFLO potential. Actually if we assume
from the start that the corrections to δ0(x) = cos(q̄x) are
small, we can write δ(x) = δ0(x)+δ1(x), with δ1(x) small,
and perform a first order expansion of equation (30). One
finds readily that it is most favorable to take δ1(x) pro-
portional to cos3(q̄x) (another contribution from cos5(q̄x)
is quite small), but one has to go to second order to find
the amplitude. Actually, once it is proved that this har-
monic expansion is the correct answer, it is much easier
to minimize equation (30) numerically which avoids cum-
bersome calculations. Specifically we considered the trial
function δ(x) = cos(q̄x)+a3 cos(3q̄x+φ1)+a5 cos(5q̄+φ2)
and numerically maximized A0 (some more complete trial
functions that we also tried eventually reduced to this
form when maximized). We found a3 = −1.33 × 10−2,
a5 = 1.62 × 10−4, q̄ = 0.793, φ1,2 = 0 and A0 = 0.141604
(which is in full agreement with reference [13]). This form
is very close to the cosine solution and the improvement

in A0 compared to our result equation (22) for the co-
sine solution A0 = 31/220 ' 0.14091 is pretty small in
absolute values, although it gives a significant increase of
7×10−4 to our gain of 2.02×10−3 compared to the FFLO
result. Our result q̄ = 0.793 has to be compared to our re-
sult in LO subspace from equation (23) q̄ = 0.829 and to
q̄FFLO = 0.913.

Let us finally indicate that, in contrast to the weak
nonlinearities we have just found at the transition, one
finds that higher order harmonics become increasingly im-
portant when one goes deeper into the superfluid, which
corresponds to decrease A0. This makes this regime be-
yond the scope of our study. Actually it has been found
quite interestingly that, in 2D [15] and in 3D [13], one
goes progressively to a lattice of solitons, which leads to
a second order phase transition to the uniform BCS state
deep in the superfluid phase.

6 Conclusion

In this paper we have explored analytically the nature of
the transition to the FFLO superfluid phases in the vicin-
ity of the tricritical point, where these phases begin to ap-
pear. This region is convenient for the analytical study we
make because, in the vicinity of this point, one can make
use of an expansion of the free energy up to sixth order,
both in order parameter amplitude and in wavevector. De-
spite this simplification one has still a complex nonlinear
problem to solve. We have first explored the minimization
of this free energy within the LO subspace, made of ar-
bitrary superpositions of plane waves. We have seen that
the standard second order FFLO phase transition is un-
stable and that a first order transition occurs at higher
temperature. Within this subspace we have shown that it
is favorable to have a real order parameter. Then among
these states we have shown that those with the smallest
number of plane waves are preferred. This leads to re-
tain only two plane waves, corresponding to an order pa-
rameter with a cos(q0 · r) dependence, in agreement with
preceding work [13]. Finally we have shown that, when re-
leasing the constraint of working within the LO subspace,
the order parameter at the transition is only very slightly
modified by higher harmonics contributions and we have
been able to ascribe this result to the strong selection
of the wavevector caused by the second order terms of
the free energy, corresponding physically to the standard
FFLO transition.

We are very grateful to X. Leyronas for stimulating discussions
and to K. Nagai for making us aware of his work, during a
meeting very nicely organized by G. Eska and H. Brandt for
D. Rainer’s 60th anniversary.
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We present an extension of the well-known Bogoliubov theory to treat low-dimensional degenerate Bose
gases in the limit of weak interactions and low density fluctuations. We use a density-phase representation and
show that a precise definition of the phase operator requires a space discretization in cells of size l. We perform
a systematic expansion of the Hamiltonian in terms of two small parameters, the relative density fluctuations
inside a cell and the phase change over a cell. The resulting macroscopic observables can be computed in one,
two, and three dimensions with no ultraviolet or infrared divergence. Furthermore, this approach exactly
matches Bogoliubov’s approach when there is a true condensate. We give the resulting expressions for the
equation of state of the gas, the ground state energy, and the first order and second order correlation functions
of the field. Explicit calculations are done for homogeneous systems.

DOI: 10.1103/PhysRevA.67.053615 PACS number~s!: 03.75.Hh

INTRODUCTION

Recent progress in the realization of low-dimensional
Bose gases in the quantum degenerate regime offers new
perspectives for comparison with theoretical treatments. In
atomic Bose gases, low-dimensional systems are achieved by
creating anisotropic trapping potentials. Bose-Einstein con-
densates of reduced dimensionality, that is, with the atomic
motion frozen in the harmonic oscillator ground state along
one or two directions, have been produced @1,2#.

Low-dimensional Bose gases with repulsive interactions
were the subject of early theoretical studies. In the thermo-
dynamic limit for spatially homogeneous systems, the
Mermin-Wagner-Hohenberg theorem @3,4# excludes the for-
mation of a Bose-Einstein condensate at finite temperature.
This is physically due to large phase fluctuations which re-
strict the coherence length of the bosonic field to a finite
value. One expects, however, that strong enough repulsive
interactions between the particles strongly reduce the density
fluctuations of the gas in contrast to the noninteracting case
@5,6#. In this context, Popov introduced a long time ago the
concept of a quasicondensate @7#. This concept has been ex-
tended to trapped gases @8–10#. The recent observation of
large phase fluctuations for a degenerate Bose gas in a highly
anisotropic cigar shaped trap has brought qualitative experi-
mental confirmation of the theory in a quasi-one-dimensional
geometry @11,12#.

It turns out that the theory of quasicondensates has not yet
reached the maturity of the theory for condensates. In the
case of regular three-dimensional ~3D! Bose-Einstein con-
densation in the weakly interacting regime, the Bogoliubov
theory @13#, based on a systematic expansion in a small pa-
rameter, gives a very precise description of the state of the
gas. The intuitive idea of the Bogoliubov theory is to use the
existence of a single macroscopically occupied mode f0 of
the field, the mode of the condensate. We recall here the
U~1!-symmetry preserving version of the theory @14,15#. One
first splits the bosonic field operator as ĉ5f0â01dĉ ,

where â0 annihilates a particle in the condensate mode and

dĉ accounts for quantum and thermal fluctuations in the

other modes. Then one uses the assumption udĉu!uâ0u to
solve the field equations of motion perturbatively. This ap-
proach is not suitable for a quasicondensate as there is no
single macroscopically occupied field mode. Fortunately, in
the case of weak density fluctuations, the Bogoliubov idea
can still be adapted in a quantum phase-density representa-

tion of the field operator. One writes the field operator ĉ as

exp(iû)r̂1/2 where û and r̂ are position dependent operators,
giving the phase and the density. One then splits the operator

giving the density as r01dr̂ , where r0 is a c number and dr̂

are fluctuations, and one uses the fact that udr̂u!r0. This
idea has already been used in the literature @16# but to our
knowledge without a precise definition of the phase operator,
a well-known delicate point of quantum field theory @17,18#.
As a consequence of the nonrigorous definition of the phase,
divergences appear in the theory @16#: one has to introduce
an arbitrary energy cutoff, so that predictions in 1D at zero
temperature are made within a logarithmic accuracy only,
and in 3D there is no full equivalence with the Bogoliubov
theory. Another approach based on the current-density opera-
tor rather than on the phase operator was given by Schwartz
@19#: an expansion of the Hamiltonian in terms of weak den-
sity and current fluctuations is performed relating the corre-
lation function of the field to the static structure factor. It is
subject to the same divergence problem in 2D and 3D in the
absence of an energy cutoff if one calculates the structure
factor in the Bogoliubov approximation.

A possibility to circumvent these difficulties is to rely on
the path integral formulation of quantum field theory, which
involves a functional integral over a classical field, for which
the phase is perfectly well defined. This is the approach used
by Popov, but with the introduction of an energy cutoff much
smaller than the chemical potential of the gas, so that the
physics at length scales smaller than the healing length is not
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accurately described. This functional integral has recently
been considered: it can lead to a cutoff independent formal-
ism for quasicondensates @20,21# and it reproduces the same
results as the Bogoliubov theory for a 3D condensate @22#.

In this paper, we propose an improved Bogoliubov ap-
proach to treat quasicondensates in the phase-density formal-
ism for a weakly interacting Bose gas. This approach is
based on a lattice model, that is, with discrete spatial modes,
which allows us to give a careful definition of the phase
operator of the field and to introduce from the start an energy
cutoff. It uses a systematic expansion in powers of the den-
sity fluctuations and of the spatial phase gradient and leads to
simple expressions for the first and second order spatial cor-
relation functions of the bosonic field that do not depend on
the energy cutoff and that exactly reproduce in 3D the pre-
dictions of the Bogoliubov theory. We also use this formal-
ism to determine the equation of state of the gas to the lowest
nonvanishing order in the thermal and quantum excitations.

In Sec. I, we construct a discretized space model in order
to define in a precise way the operators giving the phase and
the density. We give the physical implications of the space
discretization, restricting this approach to highly degenerate
and weakly interacting Bose systems. In Sec. II, we derive a
quadratic approximation to the Hamiltonian, that is, we de-
rive approximate linear equations of motion for the density
fluctuations and the phase operators. We recover to the low-
est order the Gross-Pitaevskii equation for the quasiconden-
sate density and we recover the Bogoliubov spectrum for the
excitations. We also push the expansion to the next order, by
producing a cubic correction to the quadratic Hamiltonian,
including the interaction between the quasicondensate and
the excitations. We show that inclusion of this correction is
necessary to get a consistent theory and to establish the full
equivalence between our approach and the number conserv-
ing Bogoliubov theory. In Sec. III, we present a few appli-
cations of our formalism: we give general formulas for the
equation of state and the ground state of the gas, and for the
first and second order correlation functions g1 and g2 of the
field operator. In Sec. IV, we apply our formal results to the
homogeneous Bose gas in various dimensions of space. This
allows us to derive simply the validity condition of the
method and to compare our results with existing results in
the literature.

I. CONSTRUCTION OF A DISCRETE
PHASE-DENSITY REPRESENTATION

A. Why discretize the real space?

In previous studies of quasicondensates the basic tools of
the theory are an operator

r̂~r!5ĉ†~r!ĉ~r! ~1!

giving the density in r and an operator û(r) giving the phase
of ĉ(r), the field operator in r, the position r being a con-
tinuous variable @23#. A small parameter of the theory char-
acterizing the regime of quasicondensates is then that the
density fluctuations, that is, the fluctuations of r̂(r), are
small in relative values:

var@ r̂~r!#[^ r̂~r!2&2^ r̂~r!&2
!^ r̂~r!&2. ~2!

However, one finds that the expectation value of r̂(r)2 is
infinite at every point with a nonvanishing mean density
r(r)5^ r̂(r)&:

^r̂~r!2&5d~0!r~r!1^ĉ†~r!ĉ†~r!ĉ~r!ĉ~r!&, ~3!

where d(0), the value of the Dirac distribution at the origin,
is infinite, and the second term on the right-hand side, giving
the probability density of finding two atoms at the same
point of space, is finite in any realistic model. Mathemati-
cally, this divergence is due to the use of the bosonic com-
mutation relations of the field operators ĉ(r) and ĉ†(r) at
the same point of space to put the atomic field product in
normal order.

In order to have small, and therefore finite, density fluc-
tuations, one is forced to discretize the space, that is, to col-
lect the particles in little boxes at the nodes of a spatial grid.
Each little box has equal length l along each dimension of
space and is parametrized by the position r of its center. The
field operator ĉ(r) has the effect of removing a particle in
the box at position r and it now satisfies the bosonic com-
mutation relations

@ ĉ~r!,ĉ†~r8!#5

dr,r8

lD
, ~4!

where dr,r8 is the discrete Kronecker delta function and D is
the dimension of space. The variance of the operator giving
the density is now finite:

var@ r̂~r!#5^ĉ†~r!ĉ†~r!ĉ~r!ĉ~r!&2r2~r!1

r~r!

lD
. ~5!

In the validity domain of the theoretical approach of this
paper, this variance will be much smaller than r2(r) because
both the sum of the first two terms and the last term in the
right-hand side are small:

u^ĉ†~r!ĉ†~r!ĉ~r!ĉ~r!&2r2~r!u!r2~r!, ~6!

r~r!lD
@1. ~7!

B. The phase operator

In the usual continuous space theories, a Hermitian field
phase operator û(r) is introduced subject to the following
commutation relation with the operator giving the density:

@ r̂~r!, û~r8!#5id~r2r8!. ~8!

In our discrete model the desired commutation relation is
modified into
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@ r̂~r!, û~r8!#5i
dr,r8

lD
. ~9!

First we recall briefly that there actually exists no Hermit-
ian operator û(r) satisfying strictly the above commutation
relation. From the identity ~9! one can indeed show that the
operator

T~a ![e2iaû(r), ~10!

where a is any real number, is a translation operator for the
density @24#:

T~a !†r̂~r!T~a !5 r̂~r!1

a

lD
. ~11!

This identity contradicts two fundamental properties of r̂(r),
the positiveness and the discreteness of its spectrum @25#.

We now proceed with the construction of a phase operator
û(r) approximately satisfying the commutation relation ~9!.
The key ingredients allowing such an approximate construc-
tion are ~i! to be in the limit of a large occupation number of
the considered box of the lattice, and ~ii! to construct the
operator e i û first, which, according to Eq. ~11! taken with
a521, simply reduces the number of particles in the con-
sidered box by 1.

In each spatial box we introduce the basis of Fock states
un ,r& with exactly n particles in the box. In this basis the
field operators have the following matrix elements:

ĉ~r8!un ,r&5

dr,r8

lD/2
Anun21,r&,

ĉ†~r8!un ,r&5

dr,r8

lD/2
An11un11,r& ~12!

as a consequence of the commutation relation ~4!. The
atomic density r̂ defined by r̂(r)5ĉ†(r)ĉ(r) is diagonal in
the Fock state basis:

r̂~r8!un ,r&5dr,r8

n

lD
un ,r& . ~13!

We then introduce the operator Â defined by

ĉ~r![Â~r!Ar̂~r!. ~14!

In the Fock space Â(r) reduces by 1 the number of particles
n in the box r:

Â~r8!un ,r&5~12dn ,0!dr,r8un21,r& . ~15!

Note that its action on the vacuum state of the box gives
zero. For each box r, the definition of Â leads to the exact
relations

ÂÂ†
5I , Â†Â5I2u0&^0u, and @ Â ,Â†#5u0&^0u,

~16!

where I is the identity operator and u0& is the zero-particle
state or vacuum state in the box of center r. We find that the
operator Â is almost unitary, i.e., it is effectively unitary for
a physical state of the system with a negligible probability of
having an empty box. In what follows, we assume that this
condition is satisfied, so that the projector u0&^0u can be
neglected:

occupation probability of un50,r&!1. ~17!

In this case, we write the approximately unitary operator
Â as

Â~r!.e i û(r) with û†~r!. û~r!, ~18!

which amounts to writing the field operator as

ĉ~r!.e i û(r)Ar̂~r!. ~19!

This should be understood as a formal writing, allowing us,
for example, to recover the matrix elements of Â and there-
fore of the field operator ĉ from the commutation relation
~9!. We summarize below all the commutation relations of
our phase-density representation:

@ r̂~r!, û~r8!#.
idr,r8

lD
, @ r̂~r!, r̂~r8!#50,

@ û~r!, û~r8!#.0. ~20!

We come back to the constraint ~17! at the basis of the
construction of exp(iû). A sufficient condition to have a low
probability for zero particle occupation in a box is obtained
for a large mean number of particles in the box and with
small relative particle number fluctuations. This is the regime
that we wish to consider in this paper. We are therefore back
to the discussion of the previous subsection and to the con-
ditions ~6!,~7! for weak density fluctuations. In particular, the
construction of the operator exp(iû) becomes problematic in
the limit l→0, that is, in the continuous model.

C. How to choose the grid spacing l

Working on a grid can also be seen as performing a
coarse-grain average over all physical quantities on a scale l.
This averaging suppresses the short wavelength modes
~shorter than l) and thus introduces an energy cutoff:

Ecut.
\2

ml2
. ~21!

This cutoff is of no physical consequence if all characteristic
energies (m , kBT) are smaller, i.e., l is smaller than the
corresponding characteristic lengths. This leads, for instance,
to the following restrictions for l:
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l,j and l,l , ~22!

where

j5

\

Amm
~23!

is the healing length, and

l5A2p\2

mkBT
~24!

is the thermal de Broglie wavelength. These two restrictions,
combined with Eq. ~7!, impose

rlD
@1, ~25!

rjD
@1. ~26!

These are conditions of validity for our discrete model.
The first one, Eq. ~25!, is the quantum degeneracy regime

occurring at sufficiently low temperatures. The second re-
striction, Eq. ~26!, corresponds to the regime of weakly in-
teracting systems. Its dependence on the density varies ac-
cording to the dimension of space. In 1D and 3D, the mean
field prediction for the chemical potential is m.gr , where g
is a constant characterizing the interaction potential, the so-
called coupling constant. In 1D, Eq. ~26! is the high-density
limit where a mean field theory is valid; we recall that the
small density limit r j5\Ar/mg!1 corresponds to the
strongly interacting ~or strongly correlated! Tonks gas re-
gime. In 3D, the effective coupling constant g is related to
the s-wave scattering length a of the interaction potential, g
54p\2a/m , so that rj3}1/Ara3

@1: one recovers the
usual small gaseous parameter Ara3. In 2D, the chemical
potential scales as \2r/@m ln(1/ra2)# where a is the scatter-
ing length of the 2D interaction potential, so that the condi-
tion rj2

@1 results in a low-density condition, ln(1/ra2)
@1.

II. PERTURBATIVE TREATMENT
OF A MODEL HAMILTONIAN

A. Model Hamiltonian

In our lattice model, we represent the binary interaction
potential among the particles by a discrete d potential:

V~r12r2!5

g0

lD
dr1 ,r2

, ~27!

where g0 is the bare coupling constant. Note that g0 in gen-
eral differs from the effective coupling constant g, and we
shall come back to this point in Sec. IV A. With this model
potential, the grand canonical Hamiltonian is

H5(
r

lDF2

\2

2m
ĉ†~r!Dĉ~r!1@U~r!2m#ĉ†~r!ĉ~r!

1

g0

2
ĉ†~r!ĉ†~r!ĉ~r!ĉ~r!G , ~28!

where U(r) is an external trapping potential and where the
Laplacian is a symmetric operator coupling the different
neighboring boxes:

D f ~r!5(
j

f ~r1lej!1 f ~r2lej!22 f ~r!

l2
. ~29!

The ej are the unitary vectors and j the different orthogonal
space directions ~for example, j5x ,y ,z in 3D!. As usual we
take periodic boundary conditions inside a rectangular box
with lengths integer multiples of l.

We now rewrite the Hamiltonian in the density-phase rep-
resentation, that is, in term of the operators r̂ and û giving
the density and the phase as defined in the previous section.
The contributions of the trapping potential and of the inter-
action potential to the Hamiltonian are local in real space and
therefore include the operator r̂ only:

Hpot5(
r

lDr̂~r!FU~r!2m1

g0

2 S r̂~r!2

1

lDD G , ~30!

where we have used the bosonic commutation relation ~4! to
exchange one of the ĉ† with ĉ in the interaction term. The
kinetic energy term involves the phase operator explicitly:

Hkin52

\2

2ml2 (
r

lD(
j

Ar̂~e i( û
1 j2 û)Ar̂1 j

1e i( û
2 j2 û)Ar̂2 j22Ar̂ !, ~31!

where we have introduced the notation û6 j5 û(r6lej) and
r̂6 j5 r̂(r6lej). A remarkable property of this formulation,
to be used below, is that it involves only the difference of
two phase operators between two neighboring points of the
lattice.

B. Hamiltonian quadratization and cubization

We now expand the Hamiltonian to third order in powers
of two small parameters. As already discussed in Sec. I A the
regime of quasicondensates that we are interested in corre-
sponds to small relative fluctuations dr̂ of the density. In the
zeroth order approach totally neglecting the density fluctua-
tions, the density is set to a deterministic value r0, as we
shall see. The second order expansion allows us to describe
the density fluctuations:

r̂~r!5r0~r!1dr̂~r!. ~32!

The third order expansion allows us to calculate the mean
value of dr̂(r).

C. MORA AND Y. CASTIN PHYSICAL REVIEW A 67, 053615 ~2003!

053615-4



� � � � �-� �E� � � 	��n� ���������E� � ��� � ������� � �-�<� � �0���!� ��� ���� Z�������E������":�����������!�
The first small parameter of the systematic expansion

used in this paper is therefore given by

e15

udr̂u

r0
!1, ~33!

where udr̂u is the typical value of the operator dr̂ in the
physical state of the system. Mathematically, this allows us

to expand Ar̂ as

r̂1/2
5r0

1/2
1

1

2

dr̂

r0
1/2

2

1

8

dr̂2

r0
3/2

1

1

16

dr̂3

r0
5/2

••• . ~34!

The second small parameter of the expansion is given by

e25ul“ ûu!1. ~35!

Here “ represents the gradient on the lattice:

“ f ~r!5(
j

f ~r1lej!2 f ~r2lej!

2l
ej , ~36!

where f is an arbitrary function. Physically, the existence of
the small parameter e2 is reasonable: it is at the basis of our

hypothesis that the continuous quantum field problem can be
well approximated by a discrete lattice model, provided that
l is small enough ~see Sec. I C!. Mathematically, this second
small parameter allows us to expand the exponentials of the
phase differences in Eq. ~31!:

e i( û
1 j2 û)

511i~ û1 j2 û !2

1

2
~ û1 j2 û !2••• . ~37!

From the fact that the discretization length l is on the
order of the smaller of the two macroscopic length scales j
and l @see Eq. ~22!#, it will be checked later that the param-
eters e1 and e2, though of apparently different physical ori-
gin, can be chosen to be of the same order of magnitude,

e1;e2;
1

Ar0lD
, ~38!

and can therefore be treated mathematically as infinitesimals
of the same order. The mathematical details of the expansion

H5H01H11H21H31••• ~39!

are given in Appendix A; we present here only the results:

H05(
r

lDF2

\2

2m
Ar0DAr01

g0

2
r0

2
1@U~r!2m#r0G ,

H15(
r

lDF2

\2

2mAr0

DAr01U~r!2m1g0r0Gdr̂ ,

H25E2@r0#1(
r

lDF2

\2

2m

dr̂

2Ar0

DS dr̂

2Ar0
D 1

\2dr̂2

8mr0
3/2

DAr01

g0

2
dr̂2

1

\2

2m (
j

Ar0~r!r0~r1lej!
@ û~r1lej!2 û~r!#2

l2 G ,

H352

g0

2 (
r

dr̂1

\2

4ml2 (
r, j

lD~ û1 j2 û !S r0,1 j
1/2

r0
1/2

dr̂1

r0
1/2

r0,1 j
1/2

dr̂1 jD ~ û1 j2 û !1

\2

8m (
r

dr̂

r0
~r0

21/2Dr0
1/2

2r0
1/2Dr0

21/2!

2

\2

16m (
r

lDF dr̂3

r0
5/2

DAr02

dr̂2

r0
3/2

DS dr̂

Ar0
D G . ~40!

The quantity E2 in H2 is a c-number functional of the den-
sity r0, given in Appendix A, which therefore has no contri-
bution to the dynamics of the quantum field.

C. Iterative solution for the quadratic Hamiltonian

We now solve perturbatively, order by order, the Hamil-
tonian problems defined by H0 , H01H1, and H01H1
1H2. To zeroth order in e1,2 , the Hamiltonian is a c number.

As the chemical potential is fixed in our approach, H0 is
minimized for a density profile r0(r) such that Ar0 solves
the discrete version of the Gross-Pitaevskii equation:

F2

\2

2m
D1U~r!2m1g0r0GAr050. ~41!

This density profile constitutes the zeroth order approxima-
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tion to the density r . It contains a number of particles that
we call N0:

N0[(
r

lDr0~r!. ~42!

Note that N0 coincides with the mean total number of par-
ticles N only to lowest order in the theory. Equation ~41!
defines r0 and therefore N0 as functions of the chemical
potential m . It will, however, turn out to be more convenient
to parametrize the theory in terms of N0 rather than in terms
of m . We will therefore consider m and r0 as functions of
N0:

m5m0~N0!, ~43!

r0~r!5r0~r;N0!. ~44!

m0 is therefore the Gross-Pitaevskii prediction for the chemi-
cal potential of a gas of N0 particles.

For the choice of density profile ~41!, the first order cor-
rection H1 to the Hamiltonian vanishes. We therefore now
have to solve the Hamiltonian problem defined by H2, in
order to determine the lowest-order approximation to the
density fluctuation dr̂ and the phase û . It is instructive to
write the corresponding Heisenberg equations of motion,
which are linear ~and therefore trivially solvable! since H2 is
quadratic. As û and dr̂ are two canonically conjugate vari-
ables, the equations of motion are

\] tû.2

1

lD

]H2

]dr̂~r!
5

\2

2mAr0
FDS dr̂

2Ar0
D 2dr̂

DAr0

2r0
G

2g0dr̂ ,

\] tdr̂~r!.
1

lD

]H2

]û~r!
52

\2

m
Ar0@D~ ûAr0!2 ûDAr0# .

~45!

An important difference of these equations from the so-
called quantum hydrodynamics equations for dr̂ and û is
that our formalism keeps the so-called quantum pressure
term for ] tû , whereas it is usually neglected in the literature
@23#. This allows our treatment to have a cutoff energy larger
than m , whereas the usual treatment is restricted to energy
modes much below m .

Furthermore, one can simplify these equations using the
Gross-Pitaevskii equation ~41! to eliminate DAr0:

\] tû52

1

2Ar0
F2

\2

2m
D1U13g0r02mG S dr̂

Ar0
D ,

~46!

\] tdr̂~r!52Ar0F2

\2

2m
D1U1g0r02mG~ ûAr0!.

~47!

This gives the idea of a very simple canonical transformation
which, remarkably, maps our equations for a quasiconden-
sate ~46!,~47! into the equations for the Bogoliubov modes of
a condensate: the field

B̂5

dr̂

2Ar0

1iAr0û ~48!

has bosonic commutation relations

@ B̂~r!,B̂†~r8!#5

dr,r8

lD
~49!

and it obeys the standard Bogoliubov equations

i\] tS B̂

B̂†D 5LGPS B̂

B̂†D [S 2

\2

2m
D1U2m12g0r0 g0r0

2g0r0 2S 2

\2

2m
D1U2m12g0r0D D S B̂

B̂†D . ~50!

This mapping can be readily extended to the Hamiltonian
H2, which is expected to be canonically equivalent to the
Bogoliubov Hamiltonian:

H25lD(
r

B̂†S 2

\2

2m
D1U1g0r02m D B̂

1g0r0F B̂†B̂1

1

2
~ B̂2

1B̂†2!G . ~51!

We have checked that the identity ~51! indeed holds by re-

placing B̂ by its expression ~48! in terms of dr̂ and û , and by
using the value of the commutators ~20! and the fact that Ar0
solves the Gross-Pitaevskii equation. Remarkably, the energy
functional E2@r0# is exactly compensated by the contribution
of the commutators.

This mapping therefore allows us to reuse the standard
diagonalization of the Bogoliubov Hamiltonian. We recall
here briefly the procedure described in @15,27#. One intro-
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duces the normal eigenmodes (us ,vs) of the Bogoliubov op-
erator LGP with an energy es , normalizable as

(
r

lD@ uus~r!u2
2uvs~r!u2#51. ~52!

Then (vs* ,us*) is an eigenmode of LGP with the energy
2es . To form a complete family of vectors one has to fur-
ther introduce the zero-energy mode of LGP , given by
(f0 ,2f0), and the anomalous mode (fa ,fa) with

f05Ar0 /N0 and fa5AN0]N0
Ar0. ~53!

The corresponding normalization of the anomalous mode is
such that the scalar product of f0 and fa is 1/2. With these
definitions, one introduces the components of (B̂ ,B̂†) on the
zero-energy mode, on the anomalous mode and on the regu-
lar (us ,vs) modes:

S B̂

B̂†D 52iAN0Q̂S f0

2f0
D 1

P̂

AN0
S fa

fa
D

1(
s

b̂sS us

vs
D 1 b̂s

†S vs*

us*
D . ~54!

Q̂ is a collective coordinate representing the quantum phase
of the field and P̂ is its conjugate momentum

@ P̂ ,Q̂#52i . ~55!

Physically P̂ corresponds to fluctuations in the total number
of particles, as expected, and as shown in more detail later
@see Eq. ~67!#. The operators b̂s are bosonic annihilation op-
erators with the usual commutation relations @ b̂s , b̂s8#

5ds ,s8 . They commute with P̂ and Q̂ . The inverse formulas
giving b̂s , Q̂ , and P̂ in terms of B̂ can be found, for ex-
ample, in @15#. Equation ~54! results in the following modal
expansion for the density fluctuations and the phase opera-
tors:

û~r!5(
s

us~r!b̂s1us*~r!b̂s
†
2Q̂ ,

dr̂~r!5(
s

drs~r!b̂s1drs*~r!b̂s
†
1 P̂]N0

r0 ,

~56!

where

us~r!5

us~r!2vs~r!

2iAr0~r!
,

drs~r!5Ar0~r!@us~r!1vs~r!# . ~57!

By construction, this modal expansion, when inserted into
the quadratic Hamiltonian H2, results in

H5(
s

esb̂s
†b̂s1

1

2
P̂2m081Ẽ2@r0# , ~58!

where m085dm0 /dN0. This is the sum of uncoupled har-
monic oscillators, plus a massive free degree of freedom cor-
responding to the unbound phase variable Q̂ . The effective
mass of the phase variable is given by 1/m08 . The energy

functional Ẽ2@r0# will be calculated in Sec. III B, where it
will be shown that it leads to exactly the same ground state
energy as the number conserving Bogoliubov theory. This
shows that the Bogoliubov theory can be used to calculate
the ground state energy even for, e.g., 1D quasicondensates,
a fact commonly used in the literature @28,29# but which
looks rather heuristic in the absence of justification.

D. Effect of cubic Hamiltonian corrections on the density

The physics contained in the cubic term H3 of the Hamil-
tonian is very rich. It includes interaction effects between the
Bogoliubov modes of the previous section, allowing a gen-
eralization to quasicondensates of the theory of energy shifts
and Beliaev-Landau damping usually put forward for Bose-
Einstein condensates @30–32#.

We are more modest here. Our motivation to include the
cubic corrections is that the quadratic Hamiltonian H2 brings
actually no correction to the zeroth order approximation r0

to the mean density, since the mean value of dr̂ vanishes at
the level of the second order theory. This is highly nonsatis-
factory as it brings some inconsistency into the calculation of
an observable like g1, the first order correlation function of
the field: to get a nontrivial prediction for g1 one has to
include terms quadratic in the phase operator, which are sec-
ond order in e2, which forces us to also include second order
corrections to the mean density, as will become very explicit
in Sec. III.

We therefore calculate the first order correction to the
equations of motion of dr̂ and û due to the cubic Hamil-
tonian term H3, and we take the average over the quantum
state corresponding to the density operator at thermal equi-
librium for the Hamiltonian H2. This gives source terms to
add to the equations for the mean density and phase derived
from H2. We leave the details of the calculations to Appen-
dix B and give the result directly:

\] t^dr̂&35r0
1/2F2

\2

2m
D1U1g0r02mG~2r0

1/2^ û&3!,

~59!

22\Ar0] t^û&35F2

\2

2m
D1U13g0r02mG

3S ^dr̂&32^B̂†B̂&2

r0
1/2 D

1g0r0
1/2^4B̂†B̂1B̂2

1B†2&2

22^ P̂2&2m08]N0
Ar0, ~60!
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where the thermal average ^•••&2 is taken with the unper-
turbed Hamiltonian H2 and ^•••&3 is taken with the per-
turbed Hamiltonian H21H3 to first order in H3. The expec-
tation value of the ‘‘kinetic energy’’ of the unbound phase
variable in Eq. ~58! is equal to kBT/2 according to the equi-
partition theorem so that

^ P̂2&25

kBT

m08
. ~61!

At equilibrium the expectation values of ] tdr̂ and ] tû

vanish. This fact is obvious for ] tdr̂; it is less obvious for
] tû because of the presence of the unbound variable Q̂; we
therefore produce a proof of that in Appendix C. We there-
fore have to solve Eqs. ~59! and ~60! with the left-hand side
set to zero. The first equation ~59! imposes the condition that
the mean value of û is position independent, a trivial result.
In the second equation, the operator acting on ^dr̂&3 is
strictly positive so that it is invertible, and Eq. ~60! deter-
mines the correction to the mean density in a unique way.

We now go through a sequence of transformations allow-
ing us to get a physical understanding of the value of ^dr̂&3.
The first step is to pull out the contribution of the ‘‘anoma-
lous’’ terms P̂ , Q̂ in the modal expansion ~54!:

B̂~r![2iAN0Q̂f0~r!1

1

AN0

P̂fa~r!1B̂n . ~62!

We calculate the expectation values of Eq. ~60! involving the
operator B̂ , using the fact that all the crossed terms between
the anomalous part and the operators bs have a vanishing
expectation value:

^B̂†B̂&25

fa
2

N0
^ P̂2&21N0f0

2^Q̂2&21^B̂n
†B̂n&22faf0 ,

~63!

^B̂2&21^B̂†2&252
fa

2

N0
^ P̂2&222N0f0

2^Q̂2&2

1^B̂n
2&21^B̂n

†2&2 . ~64!

The term f0fa in Eq. ~63! comes from the noncommutation
of P̂ and Q̂ @see Eq. ~55!#. The contributions of ^Q̂2&2 in
Eqs. ~63! and ~64!, when inserted into Eq. ~60!, are shown to
compensate exactly when one uses the fact that f0 solves the
Gross-Pitaevskii equation. This was expected from the U~1!
symmetry of the Hamiltonian: only differences of the phase
operator at two points appear in the Hamiltonian, so that H

does not depend on Q̂ and the mean density does not depend
on ^Q̂2&2.

We therefore get an equation for ^dr̂&3 involving the ex-
pectation value of P̂2 as a source term, and which looks
rather involved:

05F2

\2

2m
D1U13g0r02mG

3S ^dr̂&32fa
2N0

21^ P̂2&22~^B̂n
†B̂n&22f0fa!

r0
1/2 D

1g0r0
1/2^4~ B̂n

†B̂n2f0fa!1B̂n
2
1Bn

†2&2

1^ P̂2&2@6g0r0
1/2]N0

Ar022m08#]N0
Ar0. ~65!

Fortunately the underlying physics is very simple and allows
us to predict the effect of this source term on the mean den-
sity. One first identifies the physical meaning of P̂ in Eq.
~56!. Using the well-known fact that the eigenmodes of LGP
are orthogonal for the modified scalar product of signature
(1,21), one has @15#

^f0uus&1^f0uvs&[(
r

lDf0~r!@us~r!1vs~r!#50,

~66!

so that the sum of drs over all spatial nodes vanishes. As a
consequence, the operator N̂ giving the total number of par-
ticles in the gas is simply

N̂[(
r

lDr̂~r!5N01 P̂ , ~67!

where we have used the identity

(
r

lD]N0
r0~r!5

d

dN0
(

r
lDr0~r!5

dN0

dN0
51. ~68!

The source terms involving P̂ therefore correspond to fluc-
tuations in the total number of particles in the gas, due to the
fact that we consider the grand canonical ensemble. The ef-
fect of these grand canonical fluctuations can be considered
for the case of a pure quasicondensate at the order of the
present calculation so it is easy to calculate it directly. In the
grand canonical ensemble the probability that the quasicon-
densate has n particles is

Pn}exp@2b„E0~n !2mn…# , ~69!

where E0(n) is the Gross-Pitaevskii energy for the density
profile r0(r;n):

E0~n !5(
r

lDF2

\2

2m
Ar0~r;n !DAr0~r;n !1U~r!r0~r;n !

1

g0

2
r0

2~r;n !G . ~70!

The corresponding mean grand canonical density is

rGC~r!5E dn Pnr0~r;n !, ~71!
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where we treat n as a continuous variable. The zeroth order
approximation n5N0 for the number of particles in the qua-
sicondensate is such that E0(n)2mn has a minimum:

d

dn
@E0~n !2mn#5m0~n !2m50 for n5N0 ~72!

as shown in Eq. ~43!. The corresponding density profile is
r0(r;N0). The next order correction to that is obtained by
expanding the n dependent density profile to second order in
n2N0 and by averaging over n:

drGC~r!5^~n2N0!&]N0
r0~r;N0!

1

1

2
^~n2N0!2&]N0

2 r0~r;N0!. ~73!

The second moment of n2N0 is calculated to lowest nonva-
nishing order by a Gaussian approximation to Pn :

E0~n !2mn.E0~N0!2mN01

1

2

d2E0

dN0
2 ~n2N0!2

5const1
1

2
m08~n2N0!2. ~74!

This leads to

^~n2N0!2&Gauss5
kBT

m08
5^ P̂2&2 . ~75!

More care has to be taken in the calculation of the mean of
n2N0: the Gaussian approximation to Pn gives a vanishing
contribution, so that the cubic distortion to it has to be in-
cluded:

E0~n !2mn.E0~N0!2mN01

1

2
m08~n2N0!2

1

1

6
m09~n2N0!3, ~76!

Pn}expF2

1

2
bm08~n2N0!2GF12

1

6
bm09~n2N0!3G .

~77!

We then get a nonvanishing mean value for n2N0:

^~n2N0!&distor52

1

6
bm09^~n2N0!4&Gauss

52

1

2
bm09~^ P̂2&2!2. ~78!

We have therefore predicted in a very simple way the cor-
rection to the mean density due to grand canonical fluctua-
tions:

drGC~r!5

1

2
^ P̂2&2F ]N0

2 r0~r;N0!2

m09

m08
]N0

r0~r;N0!G .

~79!

How does this compare to the general formalism ~65!? We
need to obtain a partial differential equation for drGC . We
just take the second order derivative of the Gross-Pitaevskii
equation ~41! with respect to N0 and we replace r0 by Ar0

2

in the resulting equation and in Eq. ~79!. This leads to the
remarkable identity

F2

\2

2m
D1U13g0r02mGS drGC2N0

21fa
2^ P̂2&2

r0
1/2 D

52^ P̂2&2@6g0r0
1/2]N0

Ar022m08#]N0
Ar0. ~80!

The right-hand side of this identity coincides with the source
term of Eq. ~65! involving P̂ . We have therefore successfully
identified drGC as a piece of ^dr̂&3 and we are left with the
simpler equation

05F2

\2

2m
D1U13g0r02mG

3S ^dr̂&32drGC2~^B̂n
†B̂n&22f0fa!

r0
1/2 D

1g0r0
1/2^4~ B̂n

†B̂n2f0fa!1B̂n
2
1Bn

†2&2 . ~81!

We are not totally satisfied yet since the operator B̂n does
not obey bosonic commutation relations when the system is
not spatially homogeneous; in particular, the field B̂n does
not commute with itself when taken at two different points:

@ B̂n~r!,B̂n~r8!#5fa~r!f0~r8!2fa~r8!f0~r!, ~82!

@ B̂n~r!,B̂n
†~r8!#5

1

lD
dr,r82f0~r!fa~r8!

2f0~r8!fa~r!. ~83!

To circumvent this difficulty we split the field B̂n into its
component along the quasicondensate mode f0 and its or-
thogonal component:

B̂n~r!5âf0~r!1L̂~r!. ~84!

The Bogoliubov functions us(r) and vs(r) can be chosen
here to be real. The operator â can then be written as

â5(
s

^f0uus&~ b̂s2 b̂s
†!, ~85!

where we have used the property ~66!. This clearly shows
that the operator â is anti-Hermitian:

â†
52â . ~86!
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The field L̂ has the following expansion on b̂s :

L̂~r!5(
s

us'~r!b̂s1vs'~r!b̂s
† , ~87!

where the index ' indicates projection orthogonally to f0.
This field now has the desired bosonic commutation relations

@L̂~r!,L̂~r8!#50, ~88!

@L̂~r!,L̂†~r8!#5

1

lD
dr,r82f0~r!f0~r8!. ~89!

Note that â does not commute with L̂:

@ â ,L̂~r!#5

1

2
f0~r!2fa~r!. ~90!

We insert the splitting of B̂n in Eq. ~81!. The terms qua-
dratic in â cancel exactly, in the same way the terms in Q̂2

canceled. The terms linear in â can all be expressed in terms
of the expectation value of an anticommutator ^$â ,L̂%&2 us-
ing the commutation relation ~90! and the fact that ^âL̂&2 is
a real quantity. Furthermore, using the techniques of Appen-
dix E of @26#, as shown here in Appendix D, one obtains a
simple partial differential equation for the anticommutator:

F2

\2

2m
D1U1g0r02mG^$â ,L̂~r!%&2

52(
r8

lDg0r0~r8!f0~r8!^$L̂~r8!1L̂†~r8!,L̂~r!%&2 .

~91!

Remarkably, this allows us to eliminate completely the op-
erator â in Eq. ~81!. We finally get an equation for the cor-
rection to the mean density involving the operator L̂ only:

05F2

\2

2m
D1U13g0r02mG S ^dr̂&32drGC2^L̂†L̂&2

f0
D

1S~r!, ~92!

where we have introduced the source term

S~r![g0N0f0~r!^4L̂†~r!L̂~r!1L̂2~r!1L̂†2~r!2f0
2~r!&2

2(
r8

lDg0r0~r8!f0~r8!^$L̂~r8!1L̂†~r8!,L̂~r!%&2 .

~93!

It will be convenient to introduce the function x(r) de-
fined in a unique way by

05F2

\2

2m
D1U13g0r02mGx~r!1

1

2
S~r!. ~94!

We then obtain the following final expression for the correc-
tion to the mean density due to the cubic Hamiltonian terms
H3:

^dr̂&3~r!5drGC~r!12f0~r!x~r!1^L̂†~r!L̂~r!&2 .
~95!

In the particular case where the gas is Bose condensed,
our general theory for quasicondensates also applies, of
course. One then expects that the result ~95! has already been
obtained for the condensate and can be given a clear physical
interpretation. This expectation is totally justified: as shown
in Appendix E, the component of x(r)/N0 orthogonal to f0
is the correction given in @15# to the Gross-Pitaevskii con-
densate wave function f0 due to the interaction with the
noncondensed particles; the component of x along f0 de-
scribes the condensate depletion, and ^L̂†L̂&2 is the mean
density of noncondensed particles.

III. APPLICATIONS OF THE FORMALISM:
GENERAL FORMULAS

A. Equation of state

What is referred to as the equation of state of the gas is
the expression of the chemical potential as a function of the
mean total number of particles N and the temperature T. It is
useful in particular to predict properties of an inhomoge-
neous gas within the local density approximation.

We therefore now have to calculate m for the quasicon-
densate. This is equivalent to a calculation of N0 as m and
N0 are by definition related through Eq. ~43!. To lowest order
of the theory one assumes a pure quasicondensate with a
density profile r(r)5r0(r), where Ar0 solves the Gross-
Pitaevskii equation ~41!. One therefore gets N5N0 so that
m5m0(N).

The first nonvanishing correction to the density profile is
given by Eq. ~95!. By integrating Eq. ~95! over space we get
the corresponding correction for the mean total number of
particles:

N[N01dN , ~96!

dN.dNGC1lD(
r

2f0~r!x~r!1lD(
r

^L̂†~r!L̂~r!&2 .

~97!

The contribution to dN due to our use of the grand canonical
ensemble can be calculated exactly from a spatial integration
of Eq. ~79!, using the same technique as in Eq. ~68!:

dNGC52kBT
m09

2m08
2

. ~98!

The contribution of the term involving x can also be made
explicit by multiplication of Eq. ~94! by fa(r) defined in Eq.
~53! and by spatial integration. The function fa(r) is indeed
known @27# to solve the partial differential equation

C. MORA AND Y. CASTIN PHYSICAL REVIEW A 67, 053615 ~2003!

053615-10



� �"Y � �-� �E� � � 	��n� ���������E� � ��� � ������� � �-�<� � �0���!� ��� ���� Z�������E������":�����������!�

F2

\2

2m
D1U13g0r02mGfa5N0m08f0~r!, ~99!

which can be checked easily, just by taking the derivative of
Eq. ~41! with respect to N0. This leads to

lD(
r

2f0~r!x~r!52

1

N0m08
(

r
lDfa~r!S~r!, ~100!

where the source term S is known explicitly @see Eq. ~93!#.
We now just have to replace N0 by N2dN in Eq. ~43! and
expand to first order in dN:

m5m0~N2dN !.m0~N !2dNm08~N0!. ~101!

We obtain the following expression for m:

m.m0~N !1kBT
m09

2m08
2m08~N0!(

r
lD^L̂†~r!L̂~r!&2

1

1

N0
(

r
lDfa~r!S~r!. ~102!

Equivalently, we can replace the source term by its explicit
expression to get

m.m0~N !1kBT
m09

2m08
2m08~N0!S 1

2
1(

r
lD^L̂†~r!L̂~r!&2D

1(
r

lDg0@]N0
r0~r!#~2^L̂†L̂&21Re^L̂2&2!

2(
r

lDg0f0
3~r!^$L̂~r!1L̂†~r!,ĝ%&2 , ~103!

where we have introduced the operator

ĝ5(
r

lDfa~r!L̂~r!, ~104!

and we have used the identity

m085(
r

lDg0f0
2~r!]N0

r0~r;N0! ~105!

obtained by performing the scalar product of both sides of
Eq. ~99! with f0. The application to spatially homogeneous
systems will be given in Sec. IV; in this case both the opera-
tor ĝ and m09 vanish.

B. Ground state energy

We now show that the ground state energy of a quasicon-
densate can be calculated with exactly the same Bogoliubov
formula as for the ground state energy of a condensate.

We have to determine the ground state energy of H2. We
write it as the expectation value of Eq. ~51! at zero tempera-
ture, that is here in the vacuum of the b̂s and of P̂:

Eground~H2!5lD(
r

K B̂†S 2

\2

2m
D1U1g0r02m D B̂ L

2

1g0r0K F B̂†B̂1

1

2
~ B̂2

1B̂†2!G L
2

. ~106!

We reproduce the transformation of Sec. II D. We split B̂ into
an anomalous part involving P̂ ,Q̂ , plus the contributions of
the anti-Hermitian operator â and of L̂ , the orthogonal com-
ponent of the normal part. In the first expectation value of
the right-hand side of Eq. ~106! the operators Q̂ and â dis-
appear as they come with the factor f0(r) in B̂ , and f0
solves the Gross-Pitaevskii equation ~41!. The expectation
value of P̂2 in the ground state of H2 also vanishes, so that

K B̂†S 2

\2

2m
D1U1g0r02m D B̂ L

2

5 K L̂†S 2

\2

2m
D1U1g0r02m D L̂ L

2

. ~107!

The same transformation is applied to the last expectation
value in Eq. ~106!. Remarkably, the terms involving â ex-
actly cancel when one uses the relations ~63!, ~64!, ~90!, and
~D5!. This leads to

K F B̂†B̂1

1

2
~ B̂2

1B̂†2!G L
2

52

1

2
f0

2
1 K F L̂†L̂1

1

2
~L̂2

1L̂†2!G L
2

.

~108!

The expectation values involving L̂ are readily calculated
from the modal expansion ~87!:

Eground~H2!52

1

2 (
r

lDg0r0f0
2

1(
s

^vs'uF S 2

\2

2m
D1U12g0r02m D uvs'&

1g0r0uus'&G . ~109!

As (us ,vs) is an eigenvector of LGP ,(us' ,vs') is an eigen-
vector of the operator L defined in @15# and this expression
can be further simplified to

Eground~H2!52

1

2 (
r

lDg0r0f0
2
2(

s
es^vs'uvs'&.

~110!
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The last step is to include the contribution of H0 and to

remove the 2mN̂ term from the grand canonical Hamil-
tonian. The ground state energy of the canonical Hamiltonian
for N particles is therefore

Eground~N !.mN1E0~N0!2mN01Eground~H2!, ~111!

where E0 is the Gross-Pitaevskii energy ~70!. As we did in
Sec. III A we replace N0 by N2dN , where dN is calculated
from H3, and we expand E0(N2dN) to first order in dN:

mN1E0~N0!2mN0.E0~N !2dN„m0~N !2m….E0~N !.
~112!

We recall that by definition m5m0(N0). The first term in the
right-hand side of Eq. ~110! amounts to performing a small
change in the Gross-Pitaevskii energy functional, expressing
the fact that a given particle interacts in the gas with N21
particles so that the mean field term should be proportional
to N21 rather than to N. The final expression for the ground
state energy is

Eground~N !.N(
r

lDF2

\2

2m
f0~r;N !Df0~r;N !

1U~r!f0
2~r;N !1

1

2
g0~N21 !f0

4~r;N !G
2(

s
es^vs'uvs'& . ~113!

This exactly coincides with the Bogoliubov result; see, e.g.,
Eq. ~71! of @15#.

C. Second order correlation function

The second order correlation function of the atomic field
is defined as

g2~r![^ĉ†~r!ĉ†~0!ĉ~0!ĉ~r!&, ~114!

where we have taken for simplicity one of the two points as
the origin of the coordinates. To calculate g2 with the for-
malism of this paper we have to express g2 in terms of the
operator r̂ giving the density. This is achieved using the
commutation relation ~4! of the bosonic field ĉ:

g2~r!5^r̂~r!r̂~0!&2

dr,0

lD
^r̂~0!&. ~115!

We then insert the splitting ~32! of r̂ in terms of the quasi-
condensate density r0 and the fluctuations dr̂:

g2~r!5r0~r!r0~0!1r0~0!^dr̂~r!&1r0~r!^dr̂~0!&

1^dr̂~r!dr̂~0!&2

dr,0

lD
@r0~0!1^dr̂~0!&# .

~116!

This expression for g2 is still exact. We now perform
approximations consistent with an expansion of g2 up to sec-
ond order in the small parameters e1,2 . The expectation
value of the term quadratic in dr̂ is calculated within the
thermal equilibrium for the quadratic Hamiltonian H2. The
expectation value of dr̂ is evaluated in Sec. II D by inclusion
of the cubic perturbation H3. The contribution of dr̂ in the
last term of Eq. ~116! is negligible as it is e1

4 times smaller
than the leading term in g2. We therefore obtain the explicit
expression

g2~r!.r0~r!r0~0!1r0~0!^dr̂~r!&31r0~r!^dr̂~0!&3

1^dr̂~r!dr̂~0!&22

dr,0

lD
r0~0!. ~117!

This formulation, however, is not the optimal one as the
last term in 1/lD gives the wrong impression that g2(0)
strongly depends on the discretization length l in the continu-
ous limit l→0. In fact, this strong dependence exactly com-
pensates a term in 1/lD in the density fluctuations ^dr̂2(0)&
coming from the fact that dr̂2(0) is a product of field opera-
tors not in normal order. To reveal this fact we express dr̂ in
terms of the operator L̂ of Eq. ~87!:

dr̂~r!5Ar0~r!@L̂~r!1L̂†~r!#1 P̂]N0
r0~r;N0!,

~118!

and we put the resulting expression in normal order with
respect to the field L̂ using the bosonic commutation relation
~89!:

dr̂~r!dr̂~0!5:dr̂~r!dr̂~0!:1
dr,0

lD
r0~0!2N0f0

2~r!f0
2~0!,

~119!

where : : is the standard notation to represent normal order.
The spurious term in 1/lD is then exactly canceled:

g2~r!5N0~N021 !f0
2~r!f0

2~0!1r0~0!^dr̂~r!&3

1r0~r!^dr̂~0!&31^:dr̂~r!dr̂~0!:&2 . ~120!

This expression allows a proof of the equivalence with the
prediction for g2 in the Bogoliubov theory. We do not
present the calculations here, as they are a straightforward
application of Appendix E. Finally, we give a last alternative
expression for g2 equivalent to Eq. ~120! at the present or-
der:

g2~r!5~121/N !r~0!r~r!1^:dr̂~r!dr̂~0!:&2 , ~121!

where N is the mean total number of particles and r is the
mean total density:

r~r!5r0~r!1^dr̂~r!&3 . ~122!
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D. First order correlation function

The first order correlation function of the field is defined
as

g1~r![^ĉ†~r!ĉ~0!&5^Ar̂~r!e i[ û(0)2 û(r )]Ar̂~0!&.

~123!

As previously done we perform the calculation up to second

order in the small parameters e1,2 . We therefore expand Ar̂

up to second order in dr̂ using Eq. ~34!. Note that we do not
expand the exponential in û(0)2 û(r), contrary to what we
did in the Hamiltonian: as r and 0 are not neighboring points
of the lattice anymore, the phase difference of the field can
be arbitrarily large. The expansion in dr̂ gives rise to six
terms:

g1~r!5r0
1/2~r!r0

1/2~0!F ^e iDu&1

1

2
^dr̃~r!e iDu

1e iDudr̃~0!&

2

1

8
^dr̃2~r!e iDu

1e iDudr̃2~0!

22dr̃~r!e iDudr̃~0!&G , ~124!

where we have introduced the following notation to simplify
the writing:

Du[û~0!2 û~r! ~125!

dr̃~r![
dr̂~r!

r0~r!
. ~126!

We calculate the expectation values in this expression in two
steps, first using the thermal equilibrium distribution for H2,
and then including the corrections due to H3.

The thermal expectation values corresponding to the qua-
dratic Hamiltonian H2 are evaluated using Wick’s theorem.
One first expands the exponential in powers of Du , one cal-
culates the expectation value of each term, and then one
performs an exact resummation of the resulting series. This
leads to the simple identities

^e iDu&25e2^(Du)2&2/2, ~127!

^dr̃~r!e iDu&25e2^(Du)2&2/2^dr̃~r!iDu&2 , ~128!

^dr̃2~r!e iDu&25e2^(Du)2&2/2

3@^dr̃2~r!&21„^dr̃~r!iDu&2…2# ,

~129!

^dr̃~r!e iDudr̃~0!&25e2^(Du)2&2/2@^dr̃~r!dr̃~0!&2

1^dr̃~r!iDu&2^iDudr̃~0!&2# .

~130!

The expectation value of a product of the density fluctuation
dr̂ and of the phase variation iDu is particularly simple. In
classical field theory this expectation value would obviously
vanish, as there is no crossed term in H2 between the density
fluctuations and the phase. In the present quantum field
theory this is not exactly the case as r̂ and û do not com-
mute. To show that, we use the fact that the Bogoliubov
mode functions us(r) and vs(r) can be chosen to be real, so
that dr̂ and iDu are linear combinations of b̂s , b̂s

† , P̂ with
real coefficients. As a consequence,

^dr̃~r!iDu&25^dr̃~r!iDu&2*52^iDudr̃~r!&. ~131!

This leads to

^dr̃~r!iDu&25

i

2
^@dr̃~r!,Du#&25

12dr,0

2r0~r!lD
. ~132!

The same reasoning can be applied for the other expectation
value:

^iDudr̃~0!&25

12dr,0

2r0~0!lD
. ~133!

These expressions are second order in e1,2 . An important
consequence is that the product of such crossed phase-
density expectation values in Eqs. ~129! and ~130! is actually
negligible at the present order of the calculation. The result-
ing form for g1, at the level of H2, is quite simple:

g1~r!uH2
5r0

1/2~r!r0
1/2~0!e2^(Du)2&2/2F12

1

8
^~Ddr̃ !2&2

1

1

4
Escoria~r!G . ~134!

The notation Ddr̃ is similar to the one for the phase:

Ddr̃[dr̃~0!2dr̃~r! ~135!

and Escoria comes from the crossed expectation value of Du

and dr̃:

Escoria~r![~12dr,0!S 1

r0~r!lD
1

1

r0~0!lDD . ~136!

At this point we face the same apparent problem as in the
calculation of g2: Escoria scales as 1/lD and gives the wrong
impression that our expression for g1 will depend dramati-
cally on l in the continuous limit l→0. As in the case of g2,
we solve this problem by expressing dr̂ and û in terms of the
field L̂ and putting the operators L̂ and L̂† in normal order.
We use Eq. ~118! for the expression for dr̂ . For the differ-
ence of two phase operators, Q̂ and the anti-Hermitian op-
erator â cancel so that
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Du5

1

2i
~DL̃2DL̃†!, ~137!

where we have introduced the notation

L̃~r![
L̂~r!

r0
1/2~r!

, ~138!

DL̃[L̃~0!2L̃~r!. ~139!

After some calculations we arrive at

^~Ddr̃ !2&25^:~Ddr̃ !2:&21Escoria~r!, ~140!

^~Du !2&25^:~Du !2:&21

1

4
Escoria~r!. ~141!

As Escoria is second order in e1,2 , its exponential function can
be expanded to first order. We then find as expected that all
the 1/lD terms exactly cancel:

g1~r!uH2
5r0

1/2~r!r0
1/2~0!e2^:(Du)2:&2/2F12

1

8
^:~Ddr̃ !2:&2G .

~142!

The last step is to include the first order correction to g1
coming from the cubic Hamiltonian H3. One then has to
calculate expectation values with the thermal equilibrium
density operator exp@2b(H21H3)# to first order in H3. This
thermal density operator can be viewed as the evolution op-
erator during the imaginary time 2i\b so that one can use
first order time dependent perturbation theory to get

^Ô&3.^Ô&22E
0

b

dt^etH2H3e2tH2Ô&2 , ~143!

where Ô is an arbitrary operator of the gas and where we
have used the fact that H3 has a vanishing expectation value
in the thermal equilibrium state for H2. One is back to the
calculation of expectation values of some operators in the
thermal state corresponding to H2. Wick’s theorem can be
applied. The resulting calculations are very similar to the
ones leading to Eq. ~142!, but more involved, and are de-
tailed in Appendix F. The same phenomenon occurs, that
terms of a higher order than the present calculation can be
neglected. One then gets

^e iDu&3.e2^(Du)2&2/2@11^iDu&3# , ~144!

^dr̃~r!e iDu&3.e2^(Du)2&2/2@^dr̃~r!iDu&21^dr̃~r!&3# .
~145!

The first terms in the right-hand sides of Eqs. ~144! and
~145! already appeared at the level of H2, and the second
terms are corrections due to H3 that we now take into ac-
count. There is no need to include H3 corrections to the other
terms of Eq. ~124! since they are quadratic in dr̂ and are
therefore already of second order. The expectation values of

the phase û and of the density fluctuations dr̂ have been
calculated in Sec. II D. It was found that the expectation
value of the phase operator is space independent so that
^Du&3 vanishes. The expectation value of the density fluc-
tuations including the effect of H3 was given in Eq. ~95! and
is in general different from zero. Remarkably, the whole ef-
fect on the correlation function g1 of the first order correc-
tion in H3 is to replace r0(r) by the total mean density r(r)
defined in Eq. ~122!.

We write our final expression for the first order correlation
function of the field, calculated consistently up to e1,2

2 :

g1~r!5Ar~r!r~0!expF2

1

2
^:~Du !2:&22

1

8
^:~Ddr̃ !2:&2G .

~146!

Note that we have inserted the contribution of the density
fluctuations inside the exponential factor, which is allowed at
the order of the present calculation since this contribution is
of order e1,2

2 .
What happens in the regime where a true condensate is

present? Both phase and density fluctuations are small, so
that the exponential function in Eq. ~146! can be expanded to
first order. We then express Du and Dr̃ in terms of the op-
erator L̂ and the operator P̂ . Since the Bogoliubov theory is
usually considered in the canonical ensemble we remove the
terms corresponding to the grand canonical fluctuations of
the particle number. We then recover exactly the Bogoliubov
prediction:

g1
Bog~r!5Cc~r!Cc~0!1^L̂†~r!L̂~0!&, ~147!

where Cc(r)5AN0f0(r)1x(r)/AN0 is the condensate
field. Amazingly, the general formula ~146! for quasiconden-
sates can be related to the Bogoliubov formula in the follow-
ing very simple way:

g1~r!5Ar~r!r~0!expF g1
Bog~r!

Ar~r!r~0!
21G . ~148!

IV. EXPLICIT RESULTS FOR THE SPATIALLY
HOMOGENEOUS CASE

In this section we apply our approach to a spatially ho-
mogeneous Bose gas. The quasicondensate density is then
uniform:

r0~r!5

N0

LD
5

m

g0
. ~149!

The Bogoliubov equations ~50! can then be exactly solved
for any dimension of space and lead to uk(r)5 ūke ikr/LD/2

and vk(r)5 v̄ke ikr/LD/2 with

ūk2 v̄k5F\2k2/2m12m

\2k2/2m
G 1/4
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and

ūk1 v̄k5F \2k2/2m

\2k2/2m12m
G 1/4

. ~150!

The corresponding eigenenergies are given by

ek5F\2k2

2m S \2k2

2m
12m D G1/2

. ~151!

A. Equation of state

From the general expression ~103! for the chemical poten-
tial of the gas we arrive in the thermodynamic limit at

m5rg01g0E
D

dk

~2p !D
@~ ūk1 v̄k!2nk1 v̄k~ ūk1 v̄k!# ,

~152!

where nk51/@exp(bek)21# is the mean occupation number
of the Bogoliubov mode k. D5@2p/l ,p/l#D is the square
domain of integration in the k space. The integral over the
wave vector k does not contain any infrared divergence for
any dimension of space. However, the long wave vector be-
havior given by

v̄k~ ūk1 v̄k!.2

mm

\2k2
~153!

gives rise to an integral convergent in 1D and divergent in
2D and 3D in the l→0 limit. This gives the impression that
the result depends strongly on l. The solution of this paradox
comes from the link between the bare coupling constant g0
of the model potential in the discretized space and the low-
energy two-body scattering properties of the exact potential
in the continuous space. This gives to g0 in two and three
dimensions a dependence in l so that our expression for m
does not depend on l anymore in the l→0 limit. In one
dimension, the bare coupling g0 is simply equal to the actual
coupling strength g for l→0 and there is no divergence. At
T50, Eq. ~152! leads to

m5grS 12

1

prj
D , ~154!

where j is the healing length defined in Eq. ~23!. This agrees
with the result of Lieb and Liniger in the weak interaction
limit @28#. In three dimensions, we refer to the Appendix of
@26# where the calculation has been done. One finds

g05

g

12gE
D

@dk/~2p !3#~m/\2k2!

. ~155!

g is the usual 3D coupling strength given by

g5

4p\2a

m
, ~156!

where a is the exact potential scattering length. A more ex-
plicit form of Eq. ~155! is

g05

g

12Ka/l
, ~157!

where K52.442 . . . . It has to be noted that the difference
between g0 and g is still small in the validity domain of our
approach since it is a second order correction in e1,2 : taking
l;j one finds a/l;1/rl3. Replacing the first factor g0 in
Eq. ~152! with the formula ~155! expanded up to second
order in e1,2 gives

m5rg1g0E
D

dk

~2p !3 S ~ ūk1 v̄k!2nk1 v̄k~ ūk1 v̄k!1

mm

\2k2D .

~158!

One can then safely take the l→0 limit. At T50, the inte-
gration gives:

m5grS 11

32Ap

3
Ara3D ~159!

which is the same result as Lee and Yang’s @33#. In two
dimensions, the low-energy two-body scattering of a general
short range potential is described by a single length a also
named the scattering length. In a continuous space, the T
matrix can be calculated in the low-energy limit:

^kuT~E1ih !uk8&.2

2p\2

m@ ln~ak0/2!1C2ip/2#
,

~160!

where C50.57721 . . . is the Euler constant, a is the scatter-
ing length, E5\2k0

2/m , and h→01. We can also calculate
the T matrix for the discrete d potential defined by Eq. ~27!,
which can also be expressed as

V5

g0

l2
ur50&^r50u. ~161!

The general scattering theory gives the relations between the
T matrix, the propagator G, and the free propagator G0:

T5V1VGV , ~162!

G5G01G0VG . ~163!

Using these relations and Eq. ~161! for the potential, we find

^kuTgrid~E1ih !uk8&5

g0

12g0^r50uG0~E1ih !ur50&
.

~164!

The only term we need to calculate is the free propagator
taken at the origin, which is conveniently performed with a
Fourier transform:
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^r50uG0~E1ih !ur50&5E
D

dk

~2p !2

1

E1ih2\2k2/m
.

~165!

We split the square D into a disk of radius p/l and the
complementary domain. Integration over the complementary
domain gives simply a constant term in the low-energy limit
E!\2/ml2:

J[
2p\2

m E
D2disk

dk

~2p !2

1

E1ih2\2k2/m

.2

1

2p
E

D2disk

dk

k2
5

2G

p
2ln~2 !, ~166!

where G50.91596 . . . is the Catalan constant. The disk in-
tegration is straightforward and leads to the following ex-
pression for the T matrix:

^kuTgrid~E1ih !uk8&

5

1

1/g02~m/2p\2!ln~ lk0 /p !1im/4\2
2~m/2p\2!J

.

~167!

We now take Tgrid5T , where T is approximated by Eq.
~160!, in order to reproduce the low-energy scattering prop-
erties of the exact potential. This leads to

1

g0
5

m

2p\2 F lnS l

pa D2C1

2G

p G . ~168!

Note that the condition ~26! has to be satisfied in our ap-
proach. In two dimensions, this gives \2/mg0@1, or using
Eq. ~168!

1

2p
lnS l

a D@1. ~169!

We now show that the logarithmic dependence on l appear-
ing in g0, Eq. ~168!, exactly cancels the one appearing in the
equation of state. Equation ~152! can be rewritten as

r5

m

g0
2E

D

dk

~2p !2
@~ ūk1 v̄k!2nk1 v̄k~ ūk1 v̄k!# .

~170!

In the thermal part, one can immediately take the l→0 limit.
In order to calculate the integral corresponding to the T50
case, we use the same technique as for the calculation of g0:
the integration is done on a disk domain of radius p/l and
we keep as a correction the integration over the complemen-
tary domain. The complementary domain integration is done
by using the high-wave-vector behavior of v̄k( ūk1 v̄k), Eq.
~153!. This leads to

2E
D

dk

~2p !2
v̄k~ ūk1 v̄k!5

mm

4p\2 F lnS p2\2

ml2m
D 2122JG .

~171!

Using Eqs. ~168! and ~171! in Eq. ~170!, we arrive at an
implicit equation of state:

r5

mm

4p\2
lnS 4\2

a2mme2C11D 2E dk

~2p !2
~ ūk1 v̄k!2nk .

~172!

Remarkably, this is identical to the result ~20.45! obtained by
the functional integral method in @7#. At T50, one can show
from the condition rj2

@1 @see Eq. ~26!# that the validity
condition of our approach is ln(1/ra2)@4p. If one approxi-
mately inverts Eq. ~172!, neglecting constant terms and
ln@ln(1/ra2)# with respect to ln(1/ra2), one recovers Schick’s
formula @34#.

B. Are density and gradient-of-phase fluctuations small?

As mentioned in Sec. II B, our approach relies in particu-
lar on two assumptions: the assumption that the relative den-
sity fluctuation e1 is small, and the assumption that the phase
variation e2 between two neighboring points of the grid is
small.

Let us consider first the relative density fluctuations. Be-
cause of Eq. ~119!, their mean square value can be separated
into two parts:

e1
2
5

^dr̂2~0!&2

r0
2

5

1

r0lD
1

^:dr̂2~0!:&2

r0
2

, ~173!

where we have neglected 1/LD with respect to 1/lD in the
thermodynamic limit. The second term in Eq. ~173!, involv-
ing the normal order, is expressed in terms of the ūk , v̄k in
the thermodynamic limit as

^:dr̂2~0!:&2

r0
2

5

2

r0
E

D

dk

~2p !D
@~ ūk1 v̄k!2nk1 v̄k~ ūk1 v̄k!# ,

~174!

where the integration domain is D5@2p/l ,p/l#D. At zero
temperature one introduces the change of variable q5kj in
the integral: one finds that Eq. ~174! is of the order of 1/r0j
in 1D, of the order of ln(j/l)/r0j

2 in 2D, and of the order of
1/r0j2l in 3D. Since l,j the second term in Eq. ~173! is
dominated by the first term, and one has indeed

e1
2.

1

r0lD
. ~175!

At finite temperature we have to calculate the thermal con-
tribution to Eq. ~174! involving the occupation number nk .

At a temperature kBT,m we use the low-momentum ex-
pansion of ūk1 v̄k , and ek and we find that the thermal con-
tribution is (kBT/m)D11(l/j)D times smaller than 1/r0lD.
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At a temperature kBT.m , that is, l,j , the treatment

depends on the dimension of space. In 1D the main contri-
bution to the integral comes from the domain ek;m , over
which one can approximate the Bose formula by its low-
energy limit kBT/ek . This leads to a normal ordered fluctua-
tion ~174! of the order of kBT/(mr0j). This is larger than
1/r0l so that the condition l,l then no longer implies that
the first term 1/r0l in Eq. ~173! is the dominant one. For
convenience, one can however adjust l to a value such that

1

r0l
;

kBT

m

1

r0j
. ~176!

The condition for weak density fluctuations then becomes

e1
2;

kBT

m

1

r0j
!1. ~177!

Using r0.r and m.gr we recover the condition already
obtained in @5# with a pure classical field approach. Note that
this condition can be rewritten as j!lc where the coherence
length of the field will be defined in Eq. ~187!. In 2D both
the low-energy domain ek,kBT and the high-energy domain
ek.kBT have important contributions. In the low-energy do-
main we approximate the Bose law by its low-energy limit.
In the high-energy domain we keep the full Bose law but, ek

being then larger than m , we approximate ūk1 v̄k by unity
and ek by \2k2/2m . This leads to a normal ordered fluctua-
tion ~174! of the order of ln(kBT/m)kBT/(mr0j

2), a quantity
that is larger than 1/r0l2. As in 1D we therefore adjust l so
that

e1
2;

1

r0l2
;

kBT

m
lnS kBT

m D 1

r0j2
. ~178!

In 3D the high-energy domain ek.kBT gives the dominant
contribution so that the normal ordered expectation value
~174! scales as 1/r0l3. This is dominated by the first term in
Eq. ~173! so that the estimate ~175! applies as soon as l
,l ,j .

Let us consider now the condition that the mean squared
phase change over a grid cell,

e2
2
5^~ l¹û !2&25

l2

2r0
E

D

dk

~2p !D
k2~ ūk2 v̄k!2~nk11/2!,

~179!

is much smaller than unity. The presence of the factor k2

inside the integral, coming from the action of “ , has the
consequence that the contribution to the integral is domi-
nated by the high energy domain. At zero temperature one
can replace ūk2 v̄k by unity since the integral is dominated
by wave vectors k;1/l.1/j . This leads to

e2
2;

1

r0lD
~180!

whatever the dimension D.

At a temperature kBT,m we estimate the thermal contri-
bution by replacing ūk2 v̄k and ek by their low-momentum
approximations: the thermal contribution is then
(l/l)21D(j/l)D times smaller than the zero-temperature re-
sult ~180! and is therefore negligible since l,j,l .

At a temperature kBT.m we use the high-energy ap-
proximation, replacing ūk2 v̄k by unity and ek by \2k2/2m .
Note that this works even in 1D because of the presence of
the k2 factor in the integral ~179!. This leads to a thermal
contribution which is (l/l)21D times smaller than the zero-
temperature contribution ~180!, and which is negligible since
l,l .

We conclude that the small parameter e2 of the theory,
ensuring that there is a weak phase variation over a grid cell,
is always given by Eq. ~180! provided that the conditions
~22!, ~25!, and ~26! are satisfied.

One may wonder if the corrections of the mean density
due to the interaction H3 between the Bogoliubov modes
lead to an extra validity condition of our treatment. For the
considered case of a spatially homogeneous gas it turns out
that the answer to this question is no. One has indeed the
remarkable identity in the thermodynamic limit

1

r0
^dr̂~r!&352

1

2r0
2 ^:dr̂~r!2:&2 . ~181!

If the relative density fluctuations are weak, the relative cor-
rection to the density will also be weak.

To end this subsection we discuss briefly the second order
correlation function of the field g2(r). Restricting the gen-
eral formula ~121! to the spatially homogeneous case in the
thermodynamic limit, we obtain

g2~r!5r2
12rE

D

dk

~2p !D
@~ ūk1 v̄k!2nk

1 v̄k~ ūk1 v̄k!#cos~k•r!. ~182!

Limiting cases of this general formula can be compared to
existing results in the literature. At zero temperature for a 1D
Bose gas one gets for r50,

g2~0 !5r2S 12

2

prj
D . ~183!

This formula can be checked from @28#: the mean interaction
energy per particle v is equal to g2(0) multiplied by g/2r ,
and v can be calculated in the weakly interacting regime by
combining ~3.29! of @28# ~relating v to the derivative of the
ground state energy with respect to g) and ~4.2! of @28#
~giving the ground state energy in the Bogoliubov approxi-
mation!. This exactly leads to Eq. ~183!. This prediction for
g2(0) also appears in @35#.
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C. First order correlation function

Because of the general formula ~148! the first order cor-
relation function of the field for the quasicondensate is im-
mediately related to that of the Bogoliubov theory, here in
the thermodynamic limit

ln@g1~r!/r#5

g1
Bog~r!

r
21

52

1

r
E dDk

~2p !D
@~ ūk

2
1 v̄k

2!nk1 v̄k
2#

3~12cos k•r!. ~184!

We have also taken here the continuous limit l→0, which
does not lead to any divergence.

We concentrate our analysis on the 1D case and we make
the link with existing results in the literature. These existing
results deal with the asymptotic behavior of g1 for large r,
where r is the absolute value of the spatial coordinate. At
zero temperature, we find for r@j:

g1~r !.rS r1

r D 1/2prj

, ~185!

with r15e22Cj/4.1.037j where C50.577 21 . . . is Eul-
er’s constant @36#. This reproduces a result obtained in a
nonexplicit way in @37#. At a finite temperature, g1 /r is the
exponential of an integral of the form

E
0

1`A~k !

k2
@12cos~kr !# , ~186!

where the function A(k) is a regular and even function of k,
therefore behaving quadratically with k around k50 @38#.
Writing A(k) as @A(k)2A(0)#1A(0) and splitting the inte-
gral, accordingly one obtains for r much larger than both j
and l ,

ln@g1~r !/r#5

r

lc
1K1o~1/rn!, ~187!

where the coherence length lc5rl2/p coincides with the
one of @39# and the constant K is given by

K5E
0

1` A~k !2A~0 !

k2
. ~188!

Since A(k) is even one can show by repeated integration by
parts that the remainder in Eq. ~187! tends to 0 faster than
any power law, contrary to what is stated in @39#.

Of course our formula gives access to g1 for any value of
the distance. This is illustrated in Fig. 1 where we have plot-
ted the logarithm of g1 as function of r/j for various tem-
peratures.

As a consequence, we can, for example, calculate the mo-
mentum distribution of the atoms:

P~p !52E
0

1`

drg1~r !cos~pr/\ ! ~189!

normalized here as *dpP(p)52p\r so that P(p) is di-
mensionless. This is illustrated in Fig. 2 where we have plot-
ted the momentum distribution for various temperatures and
for rj510. Using integration by parts we can show that the
behavior of P for large p is related to the fact that the third
order derivative of g1 in r501 does not vanish:

P~p !;
2\4g1

(3)~01!

p4
with g1

(3)~01!5m2m2/~2\4!.

~190!

FIG. 1. First order correlation function of the field g1(z) for a
repulsive 1D Bose gas in the thermodynamic limit. The different
curves correspond to various ratios of the temperature to the chemi-
cal potential: kBT/m50 ~solid line!, 1/15 ~dot-dashed line!, 1/8
~dashed line!, 1/4 ~dotted line!. We plot the logarithm of g1(z)
multiplied by the parameter rj , where r is the 1D spatial density
and j5\/Amm is the healing length, so that we obtain a quantity
depending only on z/j and kBT/m in the weakly interacting limit.

FIG. 2. Momentum distribution of a repulsive 1D Bose gas in
the thermodynamic limit. P(p) is normalized as *dpP(p)
52p\r where r is the 1D spatial density so that P(p) is dimen-
sionless. We plot P(p) as a function of pj/\ for various ratios of
the temperature to the chemical potential: kBT/m51/3 ~dot-dashed
lines!, 1 ~dashed lines!, 10/7 ~dotted lines!. We have taken rj

510@1 where j5\/Amm is the healing length. The solid line is
the large p limit: (\/pj)4. The inset is a magnification.
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This prediction, valid at zero or finite temperature, agrees
with the weak interaction limit of a recently obtained exact
result based on the Bethe ansatz @40#. At zero temperature we
find that the momentum distribution diverges at p50 as

P~p !;
\rpn

p
~r1p/\ !n, ~191!

where n51/(2prj)!1.

CONCLUSION

We have studied the thermal equilibrium of weakly inter-
acting degenerate Bose gases in the regime of weak density
fluctuations, the so-called quasicondensate regime. The
method can be considered as a Bogoliubov method in the
density-phase representation of the field operator.

In the first step one discretizes the real space in cells of
size l: l is small enough that the macroscopic properties of
the gas are not affected by the discretization, and l large
enough that each cell contains on the average a large number
of particles. The macroscopic occupation of each cell allows
one to give a precise definition of the phase operator, follow-
ing the method of Girardeau and Arnowitt @18#.

In a second step one performs a systematic expansion of
the full Hamiltonian in terms of two small parameters, the
relative density fluctuations inside a cell and the phase
change over a grid cell. This procedure leads to an exact
expansion of the observables of the gas in the regime of
weak interactions and low density fluctuations, in 1D, 2D,
and 3D. In particular, it is free of any ultraviolet or infrared
divergences and exactly matches the usual Bogoliubov pre-
dictions when the gas contains a true Bose-Einstein conden-
sate.

As a first application of the general formalism, we have
given in this paper formulas for the equation of state of the
gas, the ground state energy, and the first order and second
order correlation functions of the field. We have applied
these formulas to the spatially homogeneous case in 1D, 2D,
and 3D, recovering in this way known results, but obtaining
also other results, like the full position dependence of the
first order correlation function of the field.
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APPENDIX A: EXPANSION OF THE HAMILTONIAN

As explained in Sec. II B we expand the Hamiltonian ~28!
up to third order in powers of the small parameters e1 and e2
defined in Eqs. ~33! and ~35!. This will produce terms
H (n1 ,n2) of order e1

n1e2
n2 with n11n2<3. The expansion of

the potential energy part Hpot defined in Eq. ~30! is very
simple as it involves only the operator giving the density.

The only point is to realize that the term 1/lD is e1
2 times

smaller than the zeroth order density r0. This leads to

Hpot
(0,0)

5(
r

lDr0FU~r!2m1

g0

2
r0G , ~A1!

Hpot
(1,0)

5(
r

lDdr̂@U~r!2m1g0r0# , ~A2!

Hpot
(2,0)

5(
r

lD
g0

2 Fdr̂2
2

r0

lDG , ~A3!

Hpot
(3,0)

52(
r

g0

2
dr̂ . ~A4!

The expansion of the kinetic energy part ~31! is more
complicated as it involves also the phase operator û , which,
furthermore, does not commute with dr̂ . An expression
slightly more convenient than Eq. ~31! can be given for the
kinetic energy. Because of the periodic boundary conditions
one can freely shift the summation variable in the term of
Eq. ~31! involving r̂2 j , so that

Hkin52

\2

2ml2 (
r, j

lD $@Ar̂e i( û
1 j2 û)Ar̂1 j1H.c.#22 r̂%.

~A5!

The calculation to zeroth order in e2 can be done first easily:
using the expansion ~37! to zeroth order, we get from Eq.
~31! to all orders in e1,

Hkin
(<1` ,0)

52

\2

2m (
r

lD Ar̂DAr̂ . ~A6!

This involves a function of r̂ only that it is easily expanded
in powers of e1 using Eq. ~34!. A simplification occurs after
summation over the lattice, as the matrix D is symmetric for
the considered periodic boundary conditions:

(
r

uDv5(
r

~Du !v , ~A7!

where u and v are arbitrary functions on the lattice. This
leads to

Hkin
(0,0)

52

\2

2m
lD(

r
Ar0DAr0, ~A8!

Hkin
(1,0)

52

\2

2m
lD(

r

dr̂

Ar0

DAr0, ~A9!

Hkin
(2,0)

52

\2

2m
lD(

r
F dr̂

4Ar0

D
dr̂

Ar0

2

dr̂2

4r0
3/2

DAr0G ,

~A10!
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Hkin
(3,0)

52

\2

2m
lD(

r
F 1

8

dr̂3

r0
5/2

DAr02

1

8

dr̂2

r0
3/2

D
dr̂

r0
1/2G .

~A11!

The second order term of vanishing order in e1 is also im-
mediately obtained:

Hkin
(0,2)

5

\2

2ml2
lD(

r, j
Ar0r0,1 j~ û1 j2 û !2. ~A12!

The last second order quantity to calculate is Hkin
(1,1) , which is

first order in e1 and first order in e2. There are four terms,
two involving û1 j and two being their Hermitian conjugates.
One can then collect the terms to form commutators:

Hkin
(1,1)

52

\2

2ml2
lD(

r, j

i

2 S r0

r0,1 j
D 1/2

@ û1 j2 û ,dr̂1 j#

2

i

2 S r0,1 j

r0
D 1/2

@ û1 j2 û ,dr̂# . ~A13!

52

\2

4ml2 (
r, j

F S r0,1 j

r0
D 1/2

1S r0

r0,1 j
D 1/2G ,

~A14!

where we have used the commutation relation of r̂ and û
@see Eq. ~20!#.

We collect all the second order c-number contributions to
the Hamiltonian H in a single energy functional of the den-
sity profile of the quasicondensate,

E2@r0#52

g0

2 (
r

r02

\2

4ml2 (
r, j

F S r0,1 j

r0
D 1/2

1S r0

r0,1 j
D 1/2G .

~A15!

The technique used to calculate Hkin
(1,1) can be extended to

the calculation of Hkin
(2,1) . There are now three terms and their

Hermitian conjugates. Two of these terms, when combined
with their Hermitian conjugates, form a commutator that is
calculated according to Eq. ~20!. The third term and its Her-
mitian conjugate involve the expression

dr̂~ û12 û !dr̂12dr̂1~ û12 û !dr̂

5dr̂@ û1 ,dr̂1#2@dr̂ , û#dr̂1 , ~A16!

which is a sum of two commutators, easy to evaluate. This
leads to

Hkin
(2,1)

5

\2

8m (
r

dr̂

r0
~r0

21/2Dr0
1/2

2r0
1/2Dr0

21/2!. ~A17!

To calculate Hkin
(1,2) we first evaluate

Hkin
(<1` ,2)

5

\2

4ml2 (
r, j

lD@Ar̂~ û1 j2 û !2Ar̂1 j1H.c.#

~A18!

and we expand to first order in dr̂ , which leads to a sum of
terms that are not individually Hermitian. We then use the
commutation relation ~20! to produce Hermitian terms, e.g.,

dr̂~ û1 j2 û !2
5~ û1 j2 û !dr̂~ û1 j2 û !2

i

lD
~ û1 j2 û !.

~A19!

The last term of the right-hand side of this expression is
anti-Hermitian and does not contribute to the final result

Hkin
(1,2)

5

\2

4ml2 (
r, j

lD~ û1 j2 û !S r0,1 j
1/2

r0
1/2

dr̂1

r0
1/2

r0,1 j
1/2

dr̂1 jD
3~ û1 j2 û !. ~A20!

Finally, Hkin
(0,1) and Hkin

(0,3) vanish as the odd order expan-

sion of exp@i(û1j2û)# is anti-Hermitian.

APPENDIX B: CORRECTIONS TO THE EQUATIONS
OF MOTION DUE TO H3

The Hamiltonian H3 gives rise to quadratic corrections to
the equations of motion for dr̂ and û . In this appendix, these
corrections are calculated explicitly and the thermal average
is taken over the equations of motion with the Hamiltonian
H21H3 for the linear part and the Hamiltonian H2 for the
quadratic corrections. This allows us to calculate the first
correction to the mean density due to H3.

The corrections to the equation of motion for the density
fluctuations are given by

\] tdr̂uH3
5

\2

4ml2 (
j

F H û2 û1 j ,S r0,1 j

r0
D 1/2

dr̂

1S r0

r0,1 j
D 1/2

dr̂1 jJ 1~1 j↔2 j !G , ~B1!

where $A ,B% stands for the anticommutator AB1BA of two
operators. When we take the average with the Hamiltonian
H2, we use the explicit modal expansion of dr̂ and û given
by Eq. ~56!. The operator Q̂ disappears since Eq. ~B1! in-
volves only differences of û . Terms with P̂ also disappear
since ^ P̂&250. The expectation value of the product
û(r)dr̂(r8), where û is written without Q̂ and dr̂ is written
without P̂ , is actually purely imaginary: as us and vs can be
chosen to be real, us*52us @see Eq. ~57!#. Since ] t^dr̂& is
real, all imaginary contributions to it have to cancel so that
the corrections to the motion of ^dr̂& due to H3 finally van-
ish when we take the thermal average:

\] t^dr̂&uH3
50. ~B2!

The corrections to the equation of motion for û are more
involved:
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\] tûuH3
5

1

2Ar0
F2

\2

4mr0
dr̂DS dr̂

Ar0
D 1

3\2

8mr0
2
dr̂2D~Ar0!

2

\2

8m
DS dr̂2

r0
3/2D 2

\2

2ml2

3(
j

@Ar0,1 j~ û1 j2 û !2

1Ar0,2 j~ û2 j2 û !2#1

g0Ar0

lD

2

\2

4mlDAr0

~r0
21/2Dr0

1/2
2r0

1/2Dr0
21/2!G . ~B3!

Fortunately, we can use the linear equations of motion
~46!,~47! to significantly simplify the above equation of mo-
tion. We rewrite the first term in square brackets of Eq. ~B3!
as

2

\2

4mr0
dr̂DS dr̂

Ar0
D

52

dr̂

2r0
F ~U2m13g0r0!S dr̂

Ar0
D 12Ar0\] tûG .

~B4!

The second term in square brackets of Eq. ~B3! gives, as Ar0
solves the Gross-Pitaevskii equation,

3\2

8mr0
2
dr̂2D~Ar0!5

3dr̂2

4r0
3/2 ~U2m1g0r0!. ~B5!

The sum of Eqs. ~B4! and ~B5! and the third term in square
brackets of Eq. ~B3! leads to

1

4 S 2

\2D

2m
1U2m1g0r0D S dr̂2

r0
3/2D 2g0

dr̂2

Ar0

2\~] tû !
dr̂

Ar0

.

~B6!

To rewrite the fourth term in square brackets of Eq. ~B3!, it is
convenient to use the following identity:

(
j

Ar0,1 j~ û1 j2 û !2
1Ar0,2 j~ û2 j2 û !2

12 û@Ar0,1 j~ û1 j2 û !1Ar0,2 j~ û2 j2 û !#

5(
j

Ar0,1 j~ û
1 j
2

2 û2!1Ar0,2 j~ û
2 j
2

2 û2!

5l2@D~Ar0û2!2 û2D~Ar0!# , ~B7!

leading to

(
j

Ar0,1 j~ û1 j2 û !2
1Ar0,2 j~ û2 j2 û !2

5l2@ û2DAr022 ûD~Ar0û !1D~Ar0û2!# . ~B8!

Using this equality, the Gross-Pitaevskii equation ~41!, and
the equation of motion ~47!, the fourth term in square brack-
ets of Eq. ~B3! can be written as

2

\2

2ml2 (
j

@Ar0,1 j~ û1 j2 û !2
1Ar0,2 j~ û2 j2 û !2#

5S 2

\2

2m
D1U2m1g0r0D ~Ar0û2!2\û

] tdr̂

Ar0

.

~B9!

The sixth ~and last! term in square brackets of Eq. ~B3! can
also be transformed using the Gross-Pitaevskii equation ~41!:

2

\2

4mlDAr0

~r0
21/2Dr0

1/2
2r0

1/2Dr0
21/2!

52S 2

\2

2m
D1U2m1g0r0D S 1

2lDAr0
D . ~B10!

This leads finally to a rewriting of the thermal average of Eq.
~B3! as

2Ar0\^] tû&uH3
5S 2

\2

2m
D1U2m1g0r0D

3S ^dr̂2&2

4r0
3/2

1Ar0^û
2&22

1

2lDAr0
D

2g0

^dr̂2&22r0 /lD

Ar0

2

\] t^ ûdr̂&2

Ar0

.

~B11!

The last term of this expression can be calculated using Eq.
~56!. The harmonic modes do not contribute since the expec-
tation value of products of b̂s and b̂s

† is time independent. We
are left with

] t^Q̂ P̂&25] tK Q̂~0 !P̂1t
m08

\
P̂2L

2

5

m08

\
^ P̂2&2 , ~B12!

which gives

2

\] t^ûdr̂&2

Ar0

52m08^ P̂2&2]N0
Ar0. ~B13!

As a conclusion, the quadratic correction to the first equation
of motion can be written as in Eq. ~60! if one uses the iden-
tities

B̂†B̂5

dr̂2

4r0
1r0û2

2

1

2lD
,
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dr̂2

Ar0

5Ar0~ B̂1B̂†!2

5Ar0S 2B̂†B̂1B̂2
1B̂†2

1

1

lDD . ~B14!

APPENDIX C: THE MEAN VALUE OF  tû VANISHES
AT EQUILIBRIUM

As the field degree of freedom Q̂ , that is, the global phase
of the field, is not subject to a restoring force in H2, it is not
totally obvious that the perturbation H3 cannot set it into
permanent motion. We therefore check this point explicitly
here.

The first step is to calculate the mean value of P̂ to first
order in H3. We approximate the unnormalized density op-
erator of the gas at thermal equilibrium to first order in H3
using perturbation theory:

s5e2b(H21H3)
5e2bH22E

0

b

dte2(b2t)H2H3e2tH21••• .

~C1!

P̂ commutes with H2 and has a vanishing mean value in the
thermal state corresponding to H2 so that, to first order in
H3,

^ P̂&352^b P̂H3&2 . ~C2!

The Hamiltonian H3 is a polynomial of degree 3 in P̂:

H35A01A1P̂1A2P̂2
1A3P̂3, ~C3!

where the A i are still operators with respect to the harmonic
oscillator variables bs . This leads to

^ P̂&352b@^A1&2^ P̂2&21^A3&2^ P̂4&2# . ~C4!

From Wick’s theorem, ^ P̂4&253^ P̂2&2
2.

In the second step we calculate ^dQ̂/dt& to first order in
H3:

^dQ̂/dt&.^] P̂~H21H3!&3.m08^ P̂&31^A1&2

13^A3&2^ P̂2&2 , ~C5!

where the terms coming from ] P̂H3 are calculated in the
thermal state for H2 since they are already first order in the
perturbation. From the value of ^ P̂&3 obtained from Eq. ~C4!
and from Eq. ~61! we obtain the desired result:

^dQ̂/dt&350 ~C6!

to first order in H3.

APPENDIX D: AN EQUATION FOR ˆâ ,L̂‰

In this appendix, we derive the partial differential equa-
tion ~91!. We first note that B̂n , being a sum of eigenmodes
of the operator LGP , obeys the differential equation for the
evolution governed by H2:

i\] tS B̂n

B̂n
†D 5LGPS B̂n

B̂n
†D . ~D1!

We project this equation orthogonally to f0 and along f0, so
that we get the quantum analog of Eqs. ~E9! and ~E10! of
@26#, with the simplification that f0(r) is real:

i\] tS L̂

L̂†D 5S Q 0

0 Q
DLGPS L̂

L̂†D 1~ â1â†!S Qg0r0f0

2Qg0r0f0
D ,

~D2!

i\
dâ

dt
5lD(

r
g0r0f0~ B̂n1B̂n

†!

5lD(
r

g0r0f0~L̂1L̂†!. ~D3!

We have introduced the projection matrix

^ruQur8&5dr,r82lDf0~r!f0~r8!. ~D4!

As â is anti-Hermitian, the source term in Eq. ~D2! vanishes
and one can replace B̂n by L̂ in Eq. ~D3!.

We use these two equations of motion to calculate the first
order time derivative of A(r)[^$â ,L̂(r)%&2. We do not give
the intermediate result. As A is real here, we have the prop-
erty

^$â ,L̂†~r!%&252^$â ,L̂~r!%&2 . ~D5!

As L̂ is orthogonal to f0 one has

QA5A . ~D6!

All this leads to Eq. ~91!.

APPENDIX E: INTERPRETATION OF x IN THE NUMBER
CONSERVING BOGOLIUBOV APPROACH

We assume here that the gas is a quasipure condensate so
that f0 is now the condensate wave function in the Gross-
Pitaevskii approximation. We then show that x(r)/N0, where
x is defined in Eq. ~94!, essentially coincides with the lowest
order deviation of the exact condensate wave function from
the Gross-Pitaevskii prediction f0. This deviation was cal-
culated in @15#.

We split x into a component orthogonal to f0 and a com-
ponent collinear to f0:

x~r!5gf0~r!1x'~r!. ~E1!
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The component g has a simple physical interpretation: we
sum Eq. ~95! over r after multiplication by lD. If we omit the
grand canonical term ~absent in the canonical treatment of
@15#! we obtain

N5N012g1dN , ~E2!

where

dN[lD(
r

^L̂†L̂&2 ~E3!

exactly coincides with the mean number of noncondensed
particles predicted in @15#. The physical interpretation of 2g
is then simple:

dN0[2g ~E4!

is the correction to apply to the pure condensate prediction
for the number of condensate particles in order to recover the
correct Bogoliubov prediction. Applying to Eq. ~94! the ma-
trix Q ~D4! projecting orthogonally to f0 we obtain

F2

\2

2m
D1U1g0r02mGx'12Qg0r0x'

1QS 2g0r0gf01

1

2
S D

50. ~E5!

We modify slightly the form of the source term S, eliminat-
ing the anticommutator:

$L̂†~r8!,L̂~r!%52L̂†~r8!L̂~r!1

1

lD
^ruQur8&. ~E6!

This leads to the system

S Q 0

0 Q
DLGPS x'

x'

D 1S QSeff

2QSeff
D 50 ~E7!

with the effective source term

Seff~r!5g0r0~r!f0~r!~dN021 !1g0N0f0~r!

3@2^L̂†~r!L̂~r!&21^L̂2~r!&2#

2lD(
r8

g0r0~r8!f0~r8!^@L̂~r8!1L̂†~r8!#L̂~r!&2 ,

~E8!

where we used the fact that here ^L̂2&25^L̂†2&2 since the
condensate wave function is real. Equation ~E7! is the steady
version of Eq. ~95! of @15#, which gives N times the correc-
tion to the condensate wave function, and the source term
~E8! exactly coincides with the one of Eq. ~96! of @15# if one
realizes that N5N0, so that dN052dN , in the systematic
expansion used in @15#.

APPENDIX F: CORRECTIONS TO g1 DUE
TO THE CUBIC HAMILTONIAN

We calculate the corrections to the first order correlation
function due to H3 using the perturbative formula ~143!. A
first remark is that

H3~t ![etH2H3e2tH2 ~F1!

is still cubic in the operators b̂s , since one has

etH2b̂se
2tH25e2tesb̂s , ~F2!

etH2b̂s
†e2tH25etesb̂s

† , ~F3!

where es is the energy of the Bogoliubov mode s. The second
step is to use Wick’s theorem to calculate the expectation
values in the thermal state corresponding to the Hamiltonian
H2. One can derive the general formulas

^A1A2A3e iDu&25@^A1A2A3iDu&2

1^A1iDu&2^A2iDu&2^A3iDu&2#

3e2^(Du)2&2/2, ~F4!

^A1A2A3A4e iDu&25H ^A1A2A3A4&2F11

1

2
^~Du !2&2G

2

1

2
^A1A2A3A4~Du !2&2

1^A1iDu&2^A2iDu&2^A3iDu&2

3^A4iDu&2J e2^(Du)2&2/2, ~F5!

where the A i are linear in dr̂ and û and have a vanishing
mean value. A last point is to realize that some of the terms
obtained contain a larger number of factors equal to Du than
other ones. Since Du scales as 1/Ar0 @see, e.g., the expres-
sion of û in terms of the mode functions us ,vs in Eq. ~57!#,
the terms with an excess of Du factors are higher order in the
expansion and are therefore negligible. Note that, strictly
speaking, this argument is correct provided that each factor
^A iDu&2 remains bounded whatever the distance from 0 to r.
This can be checked to be indeed the case: from the form of
H3 one sees that A i is either dr̂ or the phase difference
between two neighboring points of the grid. One can there-
fore use the approximate identities

^A1A2A3e iDu&2.^A1A2A3iDu&2e2^(Du)2&2/2, ~F6!

^A1A2A3A4e iDu&2.^A1A2A3A4&2e2^(Du)2&2/2.
~F7!

This immediately leads to the identities ~144! and ~145!.
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