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A B S T R A C T

We study the process of magnetic reversals in the presence of a stably-stratified layer below the core-
mantle boundary using direct numerical simulations of the incompressible magnetohydrodynamics
equations under the Boussinesq approximation in a spherical shell. We show that the dipolar-
multipolar transition shifts to larger Rayleigh numbers in the presence of a stably-stratified layer,
and that the dipolar strength of the magnetic field at the core-mantle boundary increases due to the
skin effect. By imposing an heterogeneous heat flux at the outer boundary, we break the equatorial
symmetry of the flow, and show that different heat flux patterns can trigger different dynamo solutions,
such as hemispheric dynamos and polarity reversals. Using kinematic dynamo simulations, we show
that the stably-stratified layer leads to similar growth rates of the dipole and quadrupole components
of the magnetic field, playing the role of a conducting boundary layer, favouring magnetic reversals,
and a dynamics predicted by low-dimensional models.

1. Introduction
Planetary magnetic fields are generated and maintained

through the geodynamo process, mechanism through which
kinetic energy is converted into magnetic energy, being thus
able to sustain a large scale magnetic field (Moffatt, 1978;
Landeau et al., 2022; Jones, 2011). This mechanism takes
place in the core of planets, where the turbulent motion of an
electrically conducting fluid is mostly driven by convection
and strongly affected by rotation. In the solar system, most
planets produce a self-sustained magnetic field, such as the
Earth, Mercury and the gaseous giants. Due to differences
in the internal composition of these planets, the properties
of their magnetic fields vary, including their intensity, tilt
angle relative to the rotation axis, degree of axial symmetry,
and north-south symmetry, among others. The Earth has a
magnetic field with a strong dipolar component with tilting
angle of about 11◦ and an intensity at its surface that varies
between 0.25 and 0.65 G.

One of the most interesting phenomena of the geomag-
netic field is its ability to reverse its polarity in an irregular
and chaotic manner (Lowrie and Kent, 2013). Over the past
80 million years, Earth’s magnetic field has reversed on
average with a frequency of approximately 4 Myr−1, with
individual reversal events typically lasting around 20, 000
years. However, both the frequency and duration of re-
versals vary significantly: some intervals, known as su-
perchrons, can span tens of millions of years without any
reversals, while others show more frequent and irregular
polarity changes. Understanding this process has been one of
the main objectives of direct numerical simulations (DNS)
of the geodynamo model (Braginsky and Roberts, 1995;
Glatzmaier and Roberts, 1995; Christensen et al., 2001;
Kutzner and Christensen, 2002; Li et al., 2002; Wicht and
Olson, 2004; Takahashi et al., 2005; Driscoll and Olson,
2009; Olson et al., 2009; Amit et al., 2010; Olson et al., 2011;

nicolas.muller@phys.ens.fr (N.P. Müller)
ORCID(s):

Olson and Amit, 2014; Sheyko et al., 2016; Menu et al.,
2020). Parametric studies on this problem suggested that
the transition from stable dynamos dominated by a strong
dipolar component to reversing solutions is controlled by
the turbulent strength of the flow (Kutzner and Christensen,
2002; Christensen and Aubert, 2006). As the flow becomes
more turbulent, the reversal frequency increases. More pre-
cisely, this transition has been proposed to be controlled by
the local Rossby number defined as Ro𝓁 = Ro𝓁u∕𝜋, with
Ro = 𝑈∕(𝐿Ω) the Rossby number, with 𝑈 the characteristic
velocity, 𝐿 the characteristic length scale, Ω the rotation
rate, and 𝓁u the characteristic spherical harmonic degree
of the flow. Numerical simulations first suggested that the
transition takes place around a critical value Ro𝓁 ≈ 0.1,
with smaller values of Ro𝓁 corresponding to stable dipolar
solutions. The reversals found for values Ro𝓁 > 0.1 are
typically non-dipolar, meaning that the dipole component is
relatively small with respect to the quadrupole and higher
order modes, which make these kind of reversals not Earth-
like. This regime is usually known as multipolar dynamo.
There has been since then an interest to find a regime of
parameters in which Earth-like magnetic reversals are ob-
served. In particular, simulations show that Earth-like mag-
netic field reversals occur only within a very narrow range
of local Rossby number around 0.1, a degree of fine-tuning
that seems unlikely to have been maintained over hundreds
of millions of years in Earth’s core. Furthermore, it was later
observed that the local Rossby number fails to describe the
dipolar-multipolar transition for some range of parameters,
and other control parameters have been proposed, such as
the ratio between kinetic and magnetic energies (Menu et al.,
2020; Tassin et al., 2021; Zaire et al., 2022; Frasson et al.,
2025).

The exact nature of convective motion in Earth’s outer
core remains uncertain. Standard models typically assume
that convection occurs throughout the entire region between
the inner-core boundary (ICB) and the outer-core boundary
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(CMB). However, recent seismic and geomagnetic mea-
surements have questioned this assumption, suggesting the
existence of a stably-stratified layer (SSL) below the CMB
(Helffrich and Kaneshima, 2010, 2013; Buffett et al., 2016;
Kaneshima, 2018). The origin of this layer may be either
thermal or compositional in nature, potentially resulting
from the accumulation of light elements below the CMB or
the high thermal conductivity of the liquid metal relative
to the heat flux at the CMB, leading to a sub-adiabatic
temperature gradient (Pozzo et al., 2012). The existence of
such layer in Earth’s core remains a subject of debate, with its
estimated size ranging from𝑠 = 0 km to𝑠 = 450 km, and
stratification strengths ranging from 𝑁 = 0 to 𝑁 = 50Ω,
where 𝑁 is the buoyancy frequency (Christensen, 2018;
Gastine et al., 2020). The presence of this layer has also
been predicted in other planetary systems, such as Mercury,
Saturn or Jupiter, often used to explain different large-scale
structures of the magnetic field (Christensen, 2006; Moore
et al., 2018; Takahashi et al., 2019; Yan and Stanley, 2021;
Guervilly, 2022). One of the main effects of a SSL below
the CMB is that high-order modes of the magnetic field are
smoothed out due to the skin effect, leading to a magnetic
field dominated by low-order modes.

In addition to the possible presence of a SSL below the
CMB, seismic measurements and laboratory experiments
suggest that the heat flux at the CMB is not uniform, but it
rather exhibits a complex spatial distribution (Su et al., 1994;
Sumita and Olson, 2002). DNS of the geodynamo problem
have shown that an heterogeneous heat flux at the CMB can
modify the morphology of the magnetic field, trigger polar-
ity reversals, and control their frequency (Glatzmaier et al.,
1999; Olson et al., 2010; Gissinger et al., 2012; Christensen,
2018; Frasson et al., 2024; Terra-Nova and Amit, 2024; Yan
et al., 2023). In particular, the non-axisymmetric structure
of the geomagnetic field at the CMB are often associated to
lateral heterogeneous heat flux.

In this work, we study the influence of a stably-stratified
layer below the CMB on the geodynamo process, and its
effects on polarity reversals. We characterise the dipolar-
multipolar transition for different stably-stratified layers, and
explore the effects of an axisymmetric heterogeneous heat
flux at the CMB that breaks the equatorial symmetry of
the flow. The goal is to understand how breaking equato-
rial symmetry influences the large-scale magnetic field and
promotes the emergence of Earth-like polarity reversals. We
finally use a low-dimensional model and kinematic dynamo
simulations to provide a better interpretation of our results.

2. Model
We model the dynamics of an electrically conduct-

ing fluid using the incompressible magnetohydrodynamics
(MHD) equations under the Boussinesq approximation in a
spherical shell of inner radius 𝑟𝑖 and outer radius 𝑟𝑜. The
aspect ratio is defined as 𝜒 = 𝑟𝑖∕𝑟𝑜 and is fixed to 0.35
as the case of Earth. We express the length in units of the
gap 𝐿 = 𝑟𝑜 − 𝑟𝑖, and the time in units of 𝐿2∕𝜈, with 𝜈
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Figure 1: Schematic picture of the static temperature gradient
used to reproduce a mixed system, with a convective region and
a stably-stratified layer described by (5).

the kinematic viscosity. The magnetic field 𝑩 is expressed
in units of

√

𝜌𝜇𝜂Ω, with 𝜌 the mean fluid density, 𝜇 the
magnetic permeability, 𝜂 the magnetic diffusivity and Ω the
rotation rate. The velocity field 𝒖 is expressed in units of 𝜈∕𝐿
and the temperature 𝑇 in units of 𝑞𝑜𝐿∕𝑘 with 𝑞𝑜 the mean
heat flux at the CMB and 𝑘 the thermal conductivity. These
units are used to obtained the dimensionless MHD equations
(Braginsky and Roberts, 1995)

𝜕𝑡𝒖 + 𝒖 ⋅ 𝛁𝒖 = −𝛁𝑝 + ∇2𝒖 − 2
E
𝑧̂ × 𝒖

+ Ra
E

𝑟
𝑟𝑜
𝜃𝑟̂ + 1

EPm
(𝛁 × 𝑩) × 𝑩, (1)

𝜕𝑡𝑩 = 𝛁 × (𝒖 × 𝑩) + 1
Pm

∇2𝑩, (2)

𝜕𝑡𝜃 + 𝒖 ⋅ 𝛁𝜃 = −𝑢𝑟
d𝑇𝑠
d𝑟

+ 1
Pr

∇2𝜃, (3)

𝛁 ⋅ 𝒖 = 𝛁 ⋅ 𝑩 = 0, (4)

where 𝑝 the total pressure, and 𝑇 = 𝑇𝑠 + 𝜃 the total
temperature with 𝑇𝑠 the static temperature profile and 𝜃
the temperature fluctuations. We define the dimensionless
numbers using the standard convention: the Ekman number
E = 𝜈∕(Ω𝐿2), the thermal Prandtl number Pr = 𝜈∕𝜅,
the magnetic Prandtl number Pm = 𝜈∕𝜂 and the Rayleigh
number Ra = 𝛼𝑔𝑜𝑞𝑜𝐿2∕(𝜈𝑘Ω) with 𝑞𝑜 the mean heat flux
at the CMB, 𝑘 the thermal conductivity, 𝛼 the thermal
expansion coefficient, and the gravity acceleration defined as
𝒈 = 𝑔𝑜𝑟∕𝑟𝑜𝑟̂ with 𝑔𝑜 the value at the outer core. We use no-
slip boundary conditions for the velocity field at both the ICB
and CMB, constant temperature at the ICB, fixed heat flux
𝑞𝑜 at the CMB, a conducting inner core, and an insulating
mantle.

We solve this system of equations using the PARODY-
JA code (Dormy et al., 1998; Aubert et al., 2008), that uses a
pseudo-spectral method in the poloidal and azimuthal direc-
tions, and a second-order finite-differences scheme for the
radial direction, with a refined number of collocation points
near the boundaries. The code implements a MPI paralleli-
sation in the radial direction, and it is coupled to the open-
source library SHTns (Schaeffer, 2013) that implements an
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Figure 2: (a) Time averaged dipolar strength 𝑓dip as a function
of the size of the stably-stratified layer 𝑠 for Pm = 10 and
E = 10−3 for different Ra. As the size of the layer 𝑠 increases,
the dipolar component of the magnetic field at the CMB
increases due to the skin effect. Error bars correspond to the
standard deviation. (Right panels) Visualisation for Ra = 15Ra𝑐
of the radial (left) velocity and (right) magnetic fields for (b)
a fully convective system 𝑠 = 0, and (c) 𝑠 = 0.24𝐿.

openMP parallelisation in the angular directions to improve
the performance of the spherical harmonic transforms. The
resolution in the angular directions is defined such that the
ratio between the maximum and minimum values of the
magnetic energy spectrum is larger than 50. The resolution
in the radial direction is chosen so that there are at least 10
points in the Ekman layer at the boundaries.

We introduce an SSL in our system of equations in an ad-
hoc manner by implementing a static temperature gradient
background given by a piecewise function. In the convective
region, this gradient is given by the solution of ∇2𝑇𝑠 = 0 for
𝑟𝑖 < 𝑟 < 𝑟𝑠, while we propose a simple linear profile for the
stably-stratified region 𝑟𝑠 < 𝑟 < 𝑟𝑜, leading to (Nakagawa,
2011, 2015; Couston et al., 2017; Christensen, 2018; Gastine
et al., 2020)

𝑑𝑇𝑠
𝑑𝑟

=

⎧

⎪

⎨

⎪

⎩

− 𝑟2𝑜
𝑟2 for 𝑟𝑖 < 𝑟 < 𝑟𝑠

Γ 𝑟−𝑟𝑠
𝑠

− 𝑟2𝑜
𝑟2𝑠

𝑟𝑜−𝑟
𝑠

for 𝑟𝑠 < 𝑟 < 𝑟𝑜
(5)

with 𝑠 = 𝑟𝑜 − 𝑟𝑠 the size of the SSL, and Γ an extra free
parameter that controls the maximum stratification strength
as 𝑁max∕Ω =

√

RaEΓ. We choose this value so that
the maximum stratification strength is between 5 and 15,
corresponding to a relatively strong stratification. We vary
the size of the layer from 𝑠 = 0 to 𝑠 = 0.24𝐿. The shape
of the static temperature gradient is shown schematically in
Fig. 1. Other choices of the static temperature gradient are
possible, such as a continuous profile given by an hyperbolic
tangent (Nakagawa, 2011, 2015; Takahashi et al., 2019). The
drawback of these choices is that they introduce an extra
parameter that determines the size of the transition between
the convective and stably-stratified regions. This layer can
also be modelled using double-diffusive convection, consid-
ering both thermal and compositional buoyancies, that leads
to different regimes such as classical or finger convection
(Monville et al., 2019; Guervilly, 2022). In this work, we
restrict ourselves to a linear profile for the SSL below the
CMB.

On top of the SSL, we explore the effects of an hetero-
geneous heat flux at the CMB. For this purpose, we impose
𝑞CMB(𝜃, 𝜙) = 𝑞𝑜 + 𝐹 (𝜃, 𝜙) with 𝐹 (𝜃, 𝜙) a function propor-
tional to the spherical harmonics 𝑌 𝑚

𝑙 of degree 𝑙 and order
𝑚. In particular, we study the effects of the axisymmetric
patterns 𝑌 0

1 or 𝑌 0
3 , and a linear combination of them, such

that 𝐹 (𝜃, 𝜙) = 𝐹 (𝜃). We control the amplitude of this heat
flux as

𝛿𝑞 =
𝑞max − 𝑞min

2𝑞𝑜
. (6)

3. Outputs
The code PARODY-JA solves the incompressible MHD

Eqs. (1)-(4) using the poloidal-toroidal decomposition, where
the total magnetic field 𝑩 is expressed in terms of two scalar
potentials 𝐵pol and 𝐵tor such that 𝑩 = 𝛁 × 𝛁 × (𝐵pol𝒓) +
𝛁×(𝐵tor𝒓). The total magnetic field 𝑩 can be described as a
linear combination of spherical harmonics 𝑌 𝑚

𝑙 . In particular,
we can extract the axisymmetric dipole and quadrupole
components of the total magnetic field from the poloidal and
toroidal decomposition as

𝐷 = 𝐵pol(𝑙 = 1, 𝑚 = 0) + 𝐵tor(𝑙 = 2, 𝑚 = 0),

𝑄 = 𝐵pol(𝑙 = 2, 𝑚 = 0) + 𝐵tor(𝑙 = 1, 𝑚 = 0).
(7)

The code is expressed in units of the viscous time 𝑡𝜈 =
𝐿2∕𝜈, which is related to the magnetic diffusion time 𝑡𝜂 =
𝐿2∕𝜂 = Pm𝑡𝜈 . To study magnetic field reversals, it is
more appropriate to express the time in terms of the dipole
diffusion time

𝑡dip =
𝑟2𝑜
𝜋2𝜂

= Pm
𝜋2(1 − 𝜒)2

𝑡𝜈 , (8)

with 𝜒 = 0.35. The dipole diffusion time is typically 𝑡dip ∼
38.000 years for Earth’s core.
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Figure 3: Dipolar-multipolar transition for different sizes 𝑠
of the stably-stratified layer as a function of (a) the Rayleigh
number and (b) the local Rossby number for E = 10−3, Pr = 1,
and Pm = 10.

We define the total dimensionless kinetic and magnetic
energies as

𝐸kin =
1
2𝑉 ∫𝑉

𝒖2d𝑉 , (9)

𝐸mag =
1
2𝑉 ∫𝑉

(

𝑩
√

EPm

)2

d𝑉 , (10)

with 𝑉 the volume of the spherical shell. The amplitudes
of the velocity and magnetic fields are quantified by the
magnetic Reynolds number Rm = 𝑈𝐿∕𝜂 and the Elsasser
numberΛ = 𝐵2∕(𝜌𝜇𝜂Ω)with𝑈 and𝐵 the volume-averaged
RMS amplitudes of the velocity and magnetic fields, respec-
tively. For the adimensionalisation used in our simulations,
these numbers are computed as

Rm = Pm
√

2𝐸kin, (11)
Λ = 2PmE𝐸mag. (12)

To characterize the dipolar-multipolar transition, we de-
fine the relative dipole field strength at the outer boundary

as

𝑓dip =
𝐸CMB
mag (𝑙 = 1)

∑12
𝑙=1 𝐸CMB

mag (𝑙)
(13)

with 𝐸CMB
mag (𝑙) =

∑

𝑚 𝐸CMB
mag (𝑙, 𝑚) the magnetic energy spec-

trum evaluated at the CMB. The denominator is truncated at
𝑙 = 12 to compare with geomagnetic observations, that lead
to a typical value for the Earth 𝑓dip = 0.68 (Christensen and
Aubert, 2006; Menu et al., 2020). The transition is typically
controlled by the local Rossby number

Ro𝓁 =
𝓁uRo
𝜋

, (14)

with 𝓁u =
∑

𝑙 𝑙𝐸kin(𝑙)∕
∑

𝑙 𝐸kin(𝑙) the characteristic spheri-
cal harmonic degree of the flow, and Ro = ReE the Rossby
number with Re =

√

2𝐸kin the Reynolds number.
We also measure the equatorial symmetry of the mag-

netic field using the mean hemisphericity at the CMB

𝐻CMB =
⟨𝐵𝑁

𝑟 ⟩

2 − ⟨𝐵𝑆
𝑟 ⟩

2

⟨𝐵𝑁
𝑟 ⟩

2 + ⟨𝐵𝑆
𝑟 ⟩

2
, (15)

with 𝐵𝑁
𝑟 and 𝐵𝑆

𝑟 the radial magnetic field evaluated at the
CMB in the northern and southern hemispheres, respec-
tively. For an equatorially symmetric system, the mean hemi-
sphericity is zero, while if the magnetic field is concentrated
in one hemisphere, it is ±1.

4. Results
We perform a parametric study of the geodynamo fixing

Pr = 1, E = 10−3, Pm = 10, the aspect ratio of the
system 𝜒 = 0.35, and varying Ra, and the size of the SSL
𝑠 = 𝑟𝑜 − 𝑟𝑠 keeping the stratification strength between
𝑁max∕Ω ∈ (5, 15). Some simulations are started with a fluid
at rest, imposing a small temperature and magnetic perturba-
tions, while some others are restarted from a simulation with
similar parameters.

The effects of the SSL in the magnetic field morphology
are shown in Fig. 2. The dipolar strength of the magnetic
field at the CMB 𝑓dip defined in Eq. (13) increases with
the size of the SSL for a fixed value of Ra∕Ra𝑐 , where Ra𝑐
is the numerically determined critical Rayleigh number for
the onset of convection. This is a consequence of the skin
effect, which attenuates the contribution of fast modes of the
magnetic field. The visualisation of the radial velocity and
magnetic fields in Fig. (b)-(c) show how they are attenuated
in the presence of the SSL.

Stable dipolar dynamos are typically characterised by a
dipolar strength 𝑓dip > 0.5, whereas lower values corre-
spond to multipolar solutions, in which the dipole compo-
nent is no longer dominant. The transition between these
two dynamo solutions remains a major unresolved issue in
our understanding of the geodynamo. Figure 3 (a) shows the
dipolar-multipolar transition as a function of the Rayleigh
number. In the case of a fully convective system (𝑠 = 0),
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Figure 4: (a) Evolution of the magnetic field in the D-Q phase
space for different amplitudes of the heterogeneous heat flux
𝛿𝑞 for the simplest pattern 𝑌 0

1 . The points correspond to a
portion of the time series (50𝜏𝜈) taken from the statistically
steady state of the dynamo solution. (b) Time averaged
hemisphericity, defined as in Eq. (15), as a function of 𝛿𝑞.
All simulations correspond to E = 10−3, Pr = 1, and Pm = 10.
Error bars indicate the standard deviation.

the transition takes place at around Ra∕Ra𝑐 = 15. The
introduction of the SSL shifts this transition to larger values,
around Ra∕Ra𝑐 = 27.5 for 𝑠 = 0.24𝐿, and makes
the dipolar-multipolar transition more abrupt. Figure 3 (b)
shows the same transition as a function of the local Rossby
number defined in Eq. (14). The critical value of Ro𝓁 for the
transition depends on the size of the layer.

Having established the influence of the SSL on the
dipolar-multipolar transition, we now turn to exploring the
effects of an imposed axisymmetric heterogeneous heat flux
at the CMB. We choose the case with a large SSL with
𝑠 = 0.24𝐿 and a value of Ra∕Ra𝑐 = 25 such that it
is close to the transition with a stable dipolar solution. We
start by imposing the 𝑌 0

1 pattern at the CMB, and vary the
amplitude of the symmetry breaking 𝛿𝑞. We verified that
imposing a heat flux at the CMB lower than 10%, the equa-
torial symmetry of the flow does not change significantly.
Figure 4 shows the phase diagram of the axial dipole 𝐷 and
quadrupole 𝑄 components of the magnetic field at the CMB,
defined in Eq. (7), for different values of 𝛿𝑞 in the presence of
an SSL. In the case of no symmetry breaking (black curve),
the magnetic field fluctuates around a stable state with a
strong dipole component, and a quadrupole that fluctuates
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D
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(b) D
Q

Figure 5: (a) Evolution of the magnetic field in the D-Q phase
space for different amplitudes of the heterogeneous heat flux
𝛿𝑞 for the pattern 𝑌 0

3 . Arrows indicate the orientation of the
typical trajectories of reversals. (b) Time series of 𝐷 and 𝑄 for
the case 𝛿𝑞 = 5.3%. All simulations correspond to E = 10−3,
Pr = 1, and Pm = 10.

around zero. As the amplitude of the heterogeneous heat
flux increases (red curve), the quadrupole is enhanced, and
the magnetic field fluctuates around a mixed state, and
does not display reversals. Moreover, when the amplitude
of the heterogeneous heat flux is negative (blue curve), the
quadrupole also changes its sign. This enhancement of the
quadrupole component is associated with an increase in the
hemisphericity of the magnetic field, defined in Eq. (15) and
shown in Fig. 4-(b). It is remarkable that breaking the heat
flux symmetry by only a few percent - leading to a minimal
modification of the velocity field (𝐸asym

kin ∕𝐸tot
kin < 20%) - can

result in a strongly hemispherical magnetic field.
We also investigate the effects of a more complex hetero-

geneous heat flux pattern at the CMB given by the spherical
harmonic 𝑌 0

3 . From a geophysical perspective, this choice is
motivated by seismic and mantle convection studies suggest-
ing that large-scale, non-uniform heat flux anomalies exist
at the CMB driven by localised and asymmetric features.
Therefore, exploring the role of a 𝑌 0

3 pattern offers insight
into how more realistic CMB heat flux distributions might
influence the geodynamo. The results of the simulations are
shown in Fig. 5. As the amplitude of the heterogeneous
heat flux increases, the system eventually reaches a regime
in which there are magnetic reversals, switching from a
𝑩 → −𝑩 solution, where both the dipole and quadrupole
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Figure 6: Polarity reversals as a function of dipolar diffusion
time for a symmetry breaking 𝑌 0

3 with an amplitude 𝛿𝑞 = 5.3%,
E = 10−3, Pm = 10, Pr = 1 and Ra = 25Ra𝑐 in the presence of
a stably-stratified layer.

components change sign (red curve). Arrows indicate the
typical trajectories of reversals. The time series of the dipole
and quadrupole for 𝛿𝑞 = 5.3% is shown in Fig. 5 (b).
It is found systematically that during the reversal process,
the dipole reverses first, and the quadrupole follows slightly
later. Reversals follow the opposite trajectory when the
amplitude of the heterogeneous heat flux is negative (blue
curve). A long evolution of the dipolar angle and the dipolar
strength 𝑓dip for 𝛿𝑞 = 5.3% is shown in Fig. 6. In the
period of 120 dipole diffusion times, we observe several
non-periodic chaotic reversals of the magnetic field. During
the reversal, the dipolar strength decreases from 𝑓dip ≈ 0.9
to a value 𝑓dip < 0.5, consistent with the reduction of the
dipole component during this event shown in Fig. 5(b). The
high value of 𝑓dip between reversals can be attributed to the
presence of the SSL, allowing for a strong dipolar magnetic
field that reverses, in contrast with the magnetic reversals
observed in the absence of a layer in the multipolar regime,
dominated by high order modes.

We can also consider a linear combination of the two
patterns 𝑌 0

1 and 𝑌 0
3 as a heterogeneous heat flux at the

CMB. Figure 7 shows the evolution of the magnetic field
in the D-Q phase space for a linear combination of these

6 4 2 0 2 4 6
D

15

10

5

0

5

10

15

Q

(a)

50 0 50
D

25
0

25

Q

0 20 40 60 80 100
t/ dip

15

10

5

0

5

10

15

D
,Q

(b)

D
Q

Figure 7: Evolution of the dipole and quadrupole magnetic
field for a linear combination of the heterogeneous heat flux
patterns 𝑌 0

1 + 𝑌 0
3 with an amplitude 𝛿𝑞 = 1.75%. The arrows

indicate the orientation of reversals. The inset shows a typical
simulation with reversals in a fully convective domain. All
simulations correspond to E = 10−3, Pr = 1, and Pm = 10.

two patterns, both with the same amplitude and a total flux
variation 𝛿𝑞 = 1.75%. This heterogeneous heat flux leads
to polarity reversals of the magnetic field, with a trajectory
that is qualitatively similar to the one described by 𝑌 0

3 , but
here the time delay between the reversal of the dipole and
quadrupole is larger, and the trajectories deviate significantly
from the origin. The arrows in the figure show the direction
of the reversal. The phenomenology observed here differs
from the one described in the absence of a SSL, where both
the dipole and quadrupole components fluctuate around the
origin, as shown in the inset of Fig. 7(a).

5. Discussion
The phenomenology presented in the previous section,

involving the emergence of hemispheric dynamos and po-
larity reversals due to an equatorial symmetry breaking, can
be interpreted using low-dimensional models. These models
consider that the axial dipole 𝐷 and axial quadrupole 𝑄 are
the two dominant components of the magnetic field, which
interact in a non-linear manner coupled by the hydrodynamic
properties of the system. Taking into account the 𝑩 → −𝑩
invariance of the MHD equations, this model is written as
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Figure 8: Kinematic dynamo simulations for different sizes of
the stably-stratified layer 𝑠 and different Rayleigh numbers,
for fixed E = 10−3, Pr = 1, and Pm = 10. Time-averaged (a)
relative antisymmetric kinetic energy and (b) relative growth
rate difference between the dipole and quadrupole. Error bars
represent the standard deviation.

(Pétrélis and Fauve, 2008; Pétrélis et al., 2009)

𝐷̇ = 𝜎𝐷𝐷 + 𝛼𝑄 + 𝐶11𝐷
3 + 𝐶12𝐷

2𝑄 + 𝐶13𝐷𝑄2 + 𝐶14𝑄
3

𝑄̇ = 𝜎𝑄𝑄 + 𝛽𝐷 + 𝐶21𝐷
3 + 𝐶22𝐷

2𝑄 + 𝐶23𝐷𝑄2 + 𝐶24𝑄
3

(16)

where all the parameters𝐶𝑖𝑗 , 𝛼, 𝛽 and 𝜎𝐷,𝑄 are real numbers.
In particular, the coefficients 𝜎𝐷 and 𝜎𝑄 determine the dipole
and quadrupole growth rates in the limit in which these
two modes are decoupled and the non-linear interactions
are negligible. When 𝜎𝐷 and 𝜎𝑄 are similar, an equatorial
symmetry breaking will result either in periodic polarity
reversals or in hemispheric dynamos (Gallet and Pétrélis,
2009). In the full model, stochastic noise is introduced to
account for the effects of turbulence (Pétrélis and Fauve,
2008). Alternatively, Eqs (16) can be coupled to a third mode
modelling the asymmetric velocity mode generated by the
heterogeneous heat flux, resulting in a deterministic model
for chaotic inversions (Gissinger, 2012).

It has been shown that such low-dimensional models
based on dipole-quadrupole interactions can reproduce fairly
well the magnetic field reversals observed on Earth (Pétrélis
et al., 2009, 2011) and in experimental dynamos (Berhanu
et al., 2007; Gissinger, 2010). However, this behaviour has
never been observed, so far, in numerical modelling of the
geodynamo, even in the presence of a heterogeneous heat

flux (Gissinger et al., 2012). Interestingly, it is therefore the
presence of an SSL in the present simulations that gives
rise to this long-anticipated phenomenology. This could be a
consequence of the attenuation of fast modes of the magnetic
field due to the skin effect in the SSL. A more appealing
interpretation involves the relative growth rates of the dipole
and quadrupole components and their non-linear interaction.
To understand the behaviour of these quantities, we perform
DNS of the kinematic dynamo model, which corresponds to
the same system of equations (1)-(4) eliminating the Lorentz
force from Eq. (1). We first focus on the hydrodynamic
properties of the system, in particular on the equatorial
symmetry of the flow as a function of the Rayleigh number.
Figure 8(a) shows the relative antisymmetric kinetic energy
for different values of the size of the SSL. For low values
of Ra∕Ra𝑐 , this quantity is zero indicating that the flow is
symmetric with respect to the equator. In this regime, the
dipole and quadrupole components are independent as they
are decoupled. At around Ra = 10Ra𝑐 , the antisymmetric
kinetic energy undergoes a transition and the equatorial
symmetry of the flow is broken. When this happens,𝐷 and𝑄
are coupled, and the growth rate of these two components are
the same, favouring for magnetic reversals. It is interesting
to note that this transition is consistent with the dipolar-
multipolar transition in the fully convective system, and
explains why magnetic reversals are obtained in this regime.

More interestingly, we now focus on the effect of the SSL
on the kinematic growth rates of the dipole and quadrupole
modes below the symmetry breaking threshold, in the
regime where the two linear growth rates remain decoupled.
Figure 8(b) shows the dipole and quadrupole growth rates
for Ra = 7Ra𝑐 for different values of 𝑠. When the
size of the SSL increases, the relative difference between
the kinematic growth rates of the dipolar and quadrupolar
modes decreases. This behaviour can be understood with
the prediction by Proctor (1977), who showed that in 𝛼2-
dynamos surrounded by a perfectly conducting, motionless
outer layer, a degeneracy arises between the growth rates of
the dipole and quadrupole components. In this context, the
SSL beneath the core-mantle boundary can be interpreted as
an effective conducting boundary, leading to a similar degen-
eracy as its thickness increases (Favier and Proctor, 2013).
These conditions strongly favour the emergence of the low-
dimensional dynamics described above: as the dipole and
quadrupole growth rates 𝜎𝐷 and 𝜎𝑄 approach one another,
even a weak symmetry breaking induces a spectacularly
strong coupling between the two modes, enhancing the
dynamics predicted by low-dimensional models - including
both chaotic reversals and the development of hemispherical
magnetic fields.

6. Conclusions
In this work, we studied the effects of a stably-stratified

layer (SSL) below the core-mantle boundary (CMB) on the
morphology of the magnetic field, with particular focus on
polarity reversals. Using direct numerical simulations of the
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incompressible magnetohydrodynamics (MHD) equations
in a rotating spherical shell driven by convection, we showed
that the SSL enhances the dipolar strength of the magnetic
field at the CMB due to the skin effect, that attenuates rapidly
fluctuating fields. As a result, the transition from dipolar to
multipolar dynamos occurs at higher values of the Rayleigh
number when the SSL is present, and the transition becomes
more abrupt.

By imposing both an SSL and a heterogeneous heat
flux at the CMB to break the equatorial symmetry of the
flow, we observed a variety of dynamo regimes, including
hemispheric dynamos and polarity reversals. Hemispheric
dynamos arise from an increase in the quadrupolar compo-
nent of the magnetic field, which is driven by the amplitude
of the imposed heterogeneous heat flux and results in a
weak equatorial symmetry breaking of the flow. For the
parameters studied in this work, we found that the simplest
heat flux pattern, described by the spherical harmonic 𝑌 0

1 ,
controls the hemisphericity of the magnetic field. In contrast,
a more complex pattern 𝑌 0

3 is responsible for triggering
polarity reversals. When a linear combination of these two
patterns is imposed, reversals follow a clear trajectory in
the dipole-quadrupole (𝐷 −𝑄) phase space, with the dipole
reversing systematically before the quadrupole. This reversal
behaviour differs from that observed in fully convective
systems within the multipolar regime, where both the dipole
and quadrupole components fluctuate without following a
well-defined trajectory in the 𝐷 −𝑄 plane.

We interpret these results and the role of the SSL by
means of kinematic dynamo simulations. In fully convec-
tive dynamos, we associate the dipolar-multipolar transi-
tion with a hydrodynamical instability - controlled by the
Rayleigh number - that breaks the equatorial symmetry of
the flow. When the flow remains symmetric with respect
to the equatorial plane, the dipole and the quadrupole be-
come decoupled, and the growth rates of the dipole 𝜎𝐷 and
the quadrupole 𝜎𝑄 approach each other as the thickness
of the SSL increases. This behaviour is consistent with
the prediction by Proctor (1977), who showed that in 𝛼2-
dynamos surrounded by a perfect conductor, a degeneracy
arises between the dipolar and quadrupolar growth rates.

This interpretation of the SSL, and its critical role in
reducing the difference between dipolar and quadrupolar
growth rates (𝜎𝐷 − 𝜎𝑄), provides an elegant resolution to a
long-standing question regarding the robustness of magnetic
field reversals. Indeed, despite considerable variability in
core conditions - such as inner-core growth, fluctuations in
the heat flux, and other long-term evolutionary processes -
the presence of a substantial SSL acts as a stabilizing factor.
By maintaining the near-degeneracy of 𝜎𝐷 and 𝜎𝑄, it ensures
that the low-dimensional dynamics driven by the dipole-
quadrupole interaction remain robust, even in the presence
of other complex small scale modes. Consequently, even
small symmetry breaking effects become sufficient to sustain
the observed reversal behaviour over geological timescales,
making Earth’s dynamo remarkably resilient to changes in
its internal properties. The results shown in this work were

obtained for a relatively high value of the Ekman number
of E = 10−3, which is quite far from realistic values for the
Earth of E = 10−15. For a future study, we will consider how
is the dependence of this phenomenology with the Ekman
number and also the magnetic Prandtl number.
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