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The Growth Rate of 3He Crystals 
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We have measured the relaxation of  the shape of  3He crystals under the effect 
o f  gravity and surface tension, close to the minimum in their melting curve at 
Train = 0.32 K. A growth rate is deduced, which is found to be at a maximum 
at Train when the latent heat is zero. We interpret this maximum value (k = 
0.18~O.04 sec/m) as the intrinsic mobility o f  the liquid-solid interface and 
compare it with existing theories. We also consider on which side the latent 
heat is released during growth, and how it may cross the liquid-solid interface. 

We report the first direct measurement of  k, the intrinsic growth rate 
of  3He crystals or intrinsic mobility of  the interface between liquid and 
solid 3He. When the temperature is homogeneous in the whole system, and 
if the surface is rough 1'2, k is the ratio of  the growth velocity v to the 
difference in chemical potential A/z = /xL- -~s  between the liquid and the 
solid (/x is taken per unit mass). In ordinary systems, it is generally difficult 
to have access to this quantity. Indeed, when a pure crystal is grown from 
its melt, the growth velocity is mainly limited by the slow diffusion of the 
latent heat in the bulk phases on each side of  the moving interface. However, 
the growth resistance associated with this diffusion may vanish if the heat 
conductivity is very large and the latent heat very small. This is the case in 
4He below 1 K, where the growth rate of  rough surfaces was shown to be 
very large by several experiments4: the mobility of  these 4He surfaces is 
only limited 5 by collisions with thermal excitations (phonons and rotons). 
In the case of  3He, the latent heat vanishes 3 at Train = 0.32 K; Andreev and 
Parshin 5 suggested ten years ago that the growth rate k should be about 
m/pF, the 3He mass divided by the Fermi momentum of quasiparticles in 
the liquid.6't More recently, Puech, Bonfait, and Castaing 7 obtained a lower 
bound for k which was much larger than m/pF. They explained this 

*Laboratoire associ6 au CNRS et h l'Universit6 P. et M. Curie. 
tSimilar problems are encountered for the transmission of spin waves (Heft et al.) and for 
the mobility of the superfluid 3He A-B interface (Buchanan et al.); see Ref. 6. 
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discrepancy by supposing that the liquid quasiparticles interact with the 
crystal lattice more than the interface; their theoretical estimate is 

k = (3 t /4)(rn/pv)(pspL/(ps  - pL) 2) (1) 

where PL, PS are the respective densities of  liquid and solid 3He and t is 
the sticking probability of  quasiparticles colliding with the crystal. 

By looking at the shape of a pure single crystal of  3He, relaxing in 
some thirty seconds towards its equilibrium shape, we have measured the 
effective growth rate in a small temperature domain (+0.02 K) around 
Tmin = 0.32 K. We observed that the growth is a linear function of the applied 
force. As expected, we found that the growth velocity (or the inverse 
relaxation time) goes through a maximum at T = Train when the latent heat 
is zero. At this temperature, we interpret the ratio v/Atx = 0.18 + 0.04 sec /m 
as the intrinsic growth rate k. We compare it with existing theories and with 
the experiment by Puech et aft. We also present a tentative interpretation 
of the measured increase in relaxation time on both sides of  Tmin, when a 
nonzero latent heat L appears. 

The experimental cell, where 3He crystals are grown, is immersed in a 
superfluid 4He bath which acts as a thermostat (Fig. 1). It is made of  two 
parts. The lower one, where crystals are observed through sapphire windows, 
is a small cube (3.5 x 3.5 x 5 mm 3) where sintered copper  was added for 
better thermalization. The upper  part is a BeCu double membrane,  which 
allows us to change the cell volume by changing the outside 4He pressure. 
This cell was originally built to measure the roughening temperature and 
surface tension of 3He crystals. It is described in more detail in another 
article. 2 For our present purpose, it is only important to note that we use 
purified 3He which contains only 5 ppm 4He and that this residual 4He is 
presumably adsorbed as a small fraction of a monolayer  on the sintered 
copper. Thus, differences in chemical potential due to concentration 
gradients may be neglected. (In previous experiments, where impure 3He 
with 200 ppm 4He was used, our crystals behaved very differently1). At the 
equilibrium, the temperature is homogeneous within less than 1/x K in our 
cell. 2 Finally, crystal shapes (or values of  chemical potentials) depend on 
surface tension, on the local pressure which itself depends on gravity, and 
on slight temperature differences which may occur during growth. Gravity 
g induces a hydrostatic equilibrium in the liquid; the surface tension 3/ 
relates the local difference in pressure Ap = PL--Ps to the local curvature 
of  the liquid-solid interface through the usual Laplace equation A p =  
y(1/Ra + l /R2).  We have assumed 2 that the surface stiffness y is isotropic, 
and therefore equal to the surface tension or free energy per unit area. 
Careful measurements 2 of  equilibrium crystal shapes gave us the value 
y = 0.060 + 0.011 erg/cm 2. 
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Fig. 1. The experimental cell, in which 3He crystals were grown and 
observed, is immersed in a 4He bath which acts as a thermostat.  The inner 
distance between the cell windows is 5 mm; the section of the cell, parallel 
to them, is a square (3.5 by 3.5 mm). The sintered copper pieces allow a 
good thermalization, but  also adsorb all the residual 4He impurities in the 
cell. Thanks to the Be-Cu double membrane,  when the outside 4He pressure 
is changed,  the cell volume may vary by about  5%. By measuring the 3He 
pressure, we checked the calibration of our carbon thermometer,  which is 
located in the 4He bath. The heat radiation through the windows was 
minimized by using infrared filters at 4 K. We could force a crystal to grow 
first in the upper  part of  the cell and then fall down, through the 1 mm 
tube, onto the floor in the lower part. The conjunction of gravity and surface 
tension finally forced a relaxation towards an equilibrium shape. From the 
study of  this phenomenon,  we extracted the growth rate of  our 3He crystals. 

The principle of  our experiment is to make a slightly deformed crystal 
and look at its relaxation towards an equilibrium shape. This can be done 
in the following way. We start with a small crystal at rest in the lower part  
of  the cell at 0 . 1 - T - 0 . 2  K. We then fix the temperature regulation at the 
desired temperature,  close to 0.32 K. Since the upper  part  is thinner, its 
typical warming time is smaller (a few seconds typically) than that of  the 
lower part  (about one minute). As a first result, the crystal mets in the lower 
part and a new crystal grows in the upper  one (remember that, below Tmi,, 
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the latent heat is negative and 3He crystallizes on hot spots). However, one 
or two minutes later, the temperature equalizes in the two parts and gravity 
again becomes relevant: the crystal tends to fall down through the tube 
( ~  = 1 mm). It was surprising to us that this actually occurs, provided T is 
not more than about 30 mK away from Tmi~. Since the crystal "flow" results 
from local melting and recrystallization, a liquid channel must remain open 
in the tube for the necessary mass transfer. Whatever exactly happens during 
this stage, a nice symmetrical 3He crystal drips from the tube orifice, 5 to 
10 minutes after having fixed the temperature to its new regulation point, 
and gently lands on the bottom of the lower part of the cell. It is usually 
elongated in the vertical direction and relaxes to a flatter shape under the 
effect of gravity and surface tension. This is the typical event which we 
have analyzed. However, let us make a few further remarks. 

When T is really close to Train, the crystal drips as one single drop. 
When T is 10 to 20mK away from Train, the crystal drips in 4 or 5 steps; 
each new drop perfectly wets the previous fallen one, since it generally has 
the same crystalline orientation. Each landing of  a new drop is analyzed 
with a video camera, recorder, and image analyzer. Note here that the 
thermal conductivity in the solid 7 ( K s  ~- 20 W/KIn) is much larger than in 
the liquid 11 (KL-----4.5 x 10 -3 W / K m ) .  This simple fact makes different crys- 
tals evolve independently when the latent heat L is not strictly zero. Indeed, 
any mass transfer from, say, a crystal already fallen to another one still in 
the upper part would need a slow heat transfer. In contrast, during the 
shape relaxation of a given crystal, mass is easily transferred from the 
melting top to the growing sides since the corresponding latent heat is easily 
conducted through the solid. The fascinating result is that, during most of 
these relaxations, solid 3He appeared to be a dripping viscous liquid rather 
than a high quality, single crystalline solid. In a few cases, however, the 
last little drop fell down with a crystal orientation different from the previous 
crystal drops. Instead of wetting and relaxing, it then rolled before shrinking. 
We did not analyze the latter events, but used all the others, We saw no 
systematic difference between the mobility found for the first drop and those 
found for the following ones. 

Let us now come to the quantitative measurements. From usual ther- 
modynamics, d/x = d P / p  - S d T .  A simple way to analyze the shape relaxa- 
tion would be to suppose that the liquid pressure PL is constant in time 
and that the curvature and temperature effects are small. The height z of 
the crystal top would then simply obey the equation 

v = d z / d t  = - k e ~ ( p s  - p r ) g ( z  - z o o ) / p s  (2) 

where zoo is the final height at the end of the relaxation; kerr is an effective 
mobility. W e  first plotted log(z-Zoo) versus time, obtained rather well 
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defined straight lines and relaxation times, and got rough estimates of  ke~ 
which appeared to be about twice as large as those we obtained from the 
following, more rigorous, analysis. We redefine the effective growth rate by 

1/keg = - [  (Ps - PL)g( z -- Zo) + 3/C]/ ps v (3) 

where C is the interface curvature (C = 1/R,  + 1/R2) and Zo is the equili- 
brium height of  a flat interface. This inverse effective growth rate is the 
total growth resistance, which is the sum of the intrinsic growth resistance 
1/k  and a thermal resistance that is mainly associated with the evacuation 
of the latent heat. It may also be seen as the ratio of  the applied departure 
from equilibrium, or mechanical part of  the difference in chemical potential 
A/zm, to the growth velocity. Since Zo may be time dependent,  because PL 
may vary during the relaxation, we proceeded by taking the difference 
between two different points Zl and z2 on the crystal. In practice, we often 
took zl as the top and z2 as an intermediate height with negligible velocity. 
We thus used the relation 

"V, --  V 2 = - k e f f [ (  P s  - P L ) g ( z 1  --  Z2) q- "~( C1 - C 2 ) ] / P s  ( 4 )  

The velocities vl and v2 were obtained from finite differences. Our main 
difficulty was that only one of the two curvature radii could be seen on the 
video recordings. We assumed a revolution symmetry for small crystals 
which did not touch the side walls (the first drops). For bigger crystals, we 
kept the revolution symmetry only for the top (R~ = Ra) and assumed that 
the curvature in the plane perpendicular to the visible profile, near the line 
of  contact with the copper  walls, was nearly constant during the relaxation. 
Since the cell depth is 5 ram, which is large compared to the capillary length 
(Y /g (Ps  - P L ) ) I / 2  1 mm, this particular curvature has no drastic effect on 
our estimate of  ken. It is simply evaluated from the equilibrium condition 
at the end of the relaxation. The uncertainty in our measurement mainly 
arises from this unknown curvature and the uncertainty in y itself. 

Figure 2 shows a typical graph obtained at T = 0.33 K. The relation 
between v and the departure from equilibrium A/z,, is linear, and the slope 
gives us ke~. Note that 10 -3 J / k g =  10 cm z sec 2 corresponds to a height 
difference of about 2 mm, which is a very small departure from the equili- 
brium pressure (rSP/P.-~ 10-6). Figure 3 shows the variation of 1~ken, the 
effective growth resistance, as a function of T -  Tmin. The drawn parabola  
is 

1/kerr = 5.5 + 3.9 x 104( T -  Trnin) 2 (5) 

in MKS units. As expected, the growth rate goes through a maximum value 
at T = 0.32 K. 
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Fig. 2. The growth velocity is proportional to the applied departure 
from equilibrium (z~/z m is the mechanical part of the difference in 
chemical potential &/z =/~L --/ZS between the liquid and the solid). 
The ratio kee r = v/AIz,, is the effective growth rate of the crystal, 
which is equal to the intrinsic mobility of the liquid-solid interface 
when the latent heat is zero, but also accounts for the thermal 
resistance which controls the transport of this latent heat when it is 
nonzero. 

F ina l ly ,  let us try to in te rpre t  our  exper imen ta l  results.  The mass  current  
J = psV and  total  hea t  cur rent  Je = Jo + TSJ t h rough  the in terface  are 
re la ted  9 to the  differences A T and  A/z by  

A T  = R ( J z  - )t J )  (6) 

J =  k ( A / z + A - ~ )  (7) 

• Here,  R is the thermal  impedance ,  or  Kap i t za  resis tance,  o f  the  interface;  
k is the i so thermal  growth  rate or  intr insic  mobi l i ty ,  and  h is the  coefficient 
which de te rmines  how much  hea t  is l ibera ted  or  abso rbed  on each side o f  
the interface.  The effective growth  resis tance in our  exper iment  is given by  

1 1 F p s [ R Z L ( T S L - A ) 2 + R Z s ( T S s - h ) 2 + Z L Z s L 2 ]  
k , .  - k T ~  .] (8) 

where  Z t  and  Zs  are  the the rmal  impedances  o f  the  l iquid  and  sol id  phases ,  
respect ively,  and  L is the la tent  heat.  
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Fig. 3. The effective growth resistance 1/ke~ as a function of tem- 
perature ( Tmi . = 0.32 K). This resistance is minimum when the latent 
heat is zero. The parabola drawn through the points is 1~kerr = 
5.5+3.9x 10 -4 (T-Tml,) 2 in mks units. 

There  are var ious  poss ib le  in te rpre ta t ions  for  our  results.  The la tent  
heat  may  be l ibe ra ted  in the l iquid  (Z = TSs) or in the sol id  (h = TSL) or  
shared  be tween  bo th  sides (the example  o f  4He at  zero t empe ra tu r e  corre-  
sponds  to R = oo and  A = 0, which  means  tha t  the  in ter face  is i m p e r m e a b l e  
to heat) .  Accord ing  to Bowley,  Edwards ,  and  Nozi~res,  1° all  the la tent  hea t  
is l ibe ra ted  in the l iquid.  It then  has to go th rough  the in ter face  and  be  
conduc t ed  th rough  the solid.  Indeed ,  values  o f  Zs  and  ZL can be f o u n d  
using Z =  d / K  with d be ing  a typica l  l ength  scale and  K the the rmal  
conduct iv i ty .  Using  values  o f  Ks f rom Ref. 7 and  KL f rom Ref. 11, one 
finds Zs = 0.5 c m  2 K / W  and  ZL = 2200 cm 2 K~ W. Therefore  Zs << ZL. With  
this scenar io ,  we ob ta in  

1/ke~ = 1/k  + (R + Zs)L2/ T (9) 

Since L = 900( T -  Tmi.)J/kg,  our  results  are well  in te rp re ted  by  this f o rmu la  
i f  

R = 1 c m  2 K / W  

The m i n i m u m  shown on Fig. 3 gives the  va lue  o f  the in t r ins ic  g rowth  rate  

k = 0.18 + 0.04 s e c / m  
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which is compatible with Puech's formula 7 if the sticking probability t is 
about 0.1 (we have used 8 PF =9.25X 10 -25 kgm/sec). Our value for the 
Kapitza resistance is close to the result of a calculation from acoustic 
mismatch theory. ~2 Now, it is also much smaller than the value R---- 
24.4 cm 2 K / W  which can be extrapolated from Puech's data. However, their 
experimental results seem questionable: the growth rate is not large enough 
to significantly change the prediction from the acoustic mismatch theory 
(contrary to the 4He case). Let us also note that the hypothesis A = TSL 

would lead to a temperature variation of 1/ke~ about three times smaller 
than what we observed. In any case, at 0.32 K where SL = Ss  = S, we have 
p s R ( T S - A ) 2 / T  < - 1 /ke~,  so that A cannot be very different from T S  

I1-A/TSI<-2x 10 -2 

Finally, Puech et  al. 7 also gave the experimental lower bound k--- 
0.7 sec/m; however, without seeing, they could not be sure that their solid 
was one single crystal with a single liquid-solid interface of known area 
(their "level" measurement was only an average density measurement); we 
thus consider their lower bound only as an order of magnitude. 

In summary, we have measured the growth rate of 3He crystals close 
to T =  0.32 K. Our results are well interpreted by supposing that, during 
growth or melting, the latent heat is released on the liquid side of the moving 
interface. We obtain an isothermal growth rate k=0.18=t=0.04 secm for 
helium 3 crystals, in good agreement with a recent theory by Puech et al., 7 

who suppose that the mobility of the 3He liquid-solid interface is controlled 
by the collisions of quasiparticles with the solid. Within this theory, our 
result indicates that the sticking probability of the quasiparticles to the solid 
is about 0.1. We also obtain a value R = 1 cm 2 K / W  for the Kapitza 
resistance of  the liquid-solid interface, which seems close to a prediction 
from the acoustic mismatch theory. 12 
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