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Abstract

The solution /4 to the Fisher—KPP equation with a steep enough initial condition
develops into a front moving at velocity 2, with logarithmic corrections to its
position. In this paper we investigate the value h(ct,7) of the solution ahead of
the front, at time ¢ and position ct, with ¢ > 2. That value goes to zero expo-
nentially fast with time, with a well-known rate, but the prefactor depends in a
non-trivial way of c, the initial condition and the nonlinearity in the equation.
We compute an asymptotic expansion of that prefactor for velocities ¢ close to
2. The expansion is surprisingly explicit and irregular. The main tool of this
paper is the so-called ‘magical expression’ which relates the position of the
front, the initial condition, and the quantity we investigate.
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1. Introduction

The study of fronts interpolating from a stable solution to an unstable solution is an important
problem in mathematics, physics and biology; see for instance [AW75, McK75, DS88, Mur02,
Saa03, Munl5]. The archetypal model is the Fisher—KPP equation [Fis37, KPP37]

Oh = 9*h+h— F(h), )]

where, throughout the paper, the nonlinearity F(h) is assumed to satisfy the so-called
‘Bramson’s conditions’ [Bra78, Bra83]:

FecC'l0,1], F(0)=0, F(1)=1, F'(h)>0, F(h)<hforhe (0,1),
F'(h) = O(h?) for some p > 0 as h\,0. (2)
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(The choice F(h) = h? is often made.) One checks with these conditions that A=0 is an
unstable solution and 2 =1 is a stable solution. We always assume implicitly that the initial
condition Ay satisfies /o € [0, 1] and that &o(x) is not identically equal to 0 or to 1 for almost
all x; this implies, by comparison, that 0 < h(x,f) < 1 for all x and all # > 0. We also always
assume for simplicity that &ip(x) — 1 as x — —oo, but this could be significantly relaxed.

A famous result due to Bramson [Bra78, Bra83] (see also [HNRR13, Rob13]) states that,

3
h <2t— =~logr+z, t) —w(z—a) iff/dxho(x)xe" < 00, 3)
2 =00

where w(z), called the critical travelling wave, is a decreasing function interpolating from

w(—00) =1 to w(+00) = 0, and where the shift a depends on the initial condition. In words,

if hy decays ‘fast enough’ at infinity, then the stable solution 2 =1 on the left invades the

unstable solution = 0 on the right, and the position of the invasion front is 2¢ — %logt—k a.
The critical travelling wave w is the unique solution to

w'+2w'+w—Fw)=0, w(—o0) =1, w(0) = = w(+00) =0, “4)

and there exists & > 0 and B € R (depending on the choice of the nonlinearity F (%)) such that
w(z) = (az+ f)e* + O(e~ 1197 as z — 0o, where ¢ is any number in (0,p). We prefer to
write the equivalent statement:

w(z—a) = (az+ B~ + 0 T97) as 7 oo, ®)

where oo >0 and § now depend also on the initial condition Ay through a and are given by
o =de’ and 5 = (3 — ad)e”.

Let 1, be the position where the front at time ¢ has value 1/2 (or the largest such position
if there are more than one):

1
hpest) = 3. ©6)

Bramson’s result (3) implies that 11, = 2t — 3 log7 4+ a + o(1) for large times if [ dx /g (x)xe® <
oo. Recent results indicate that a more precise estimate of y, can be given: if hy decays to zero
‘fast enough’ as x — oo, the position i, of the front is believed to satisfy:

\/E
v

where we recall that a depends on the initial condition and on the choice of F(h). The 1/+/t
correction is known as the Ebert—van Saarloos correction, from a non-rigorous physics paper
[ES00]. This result was proved [NRR19] for F(h) = h* and hy a compact perturbation of
the step function (i.e. ho differs from the step function 1o} on a compact set); see also
[BBHR16]. The (log?)/t correction was conjectured in [BBD17, BBD18] using universality
argument and a implicit solution of a related model; it was proved in [Gral9] for F(h) = h?
and hg a compact perturbation of the step function. Arguments given in [BBD17] suggest that
the Ebert—van Saarloos term holds iff | dxh(x)x*e® < oo and that the (logt)/# terms holds iff
[ dxho(x)x*e* < oo, for any choice of F(h) satisfying (2).

Another quantity of interest is the value of h(ct,) for ¢ >2 and large ¢. For instance,
recalling [McK75] that h(x, 1), for F(h) = h* and hy = 1 {,}. is the probability that the right-
most position at time ¢ in a branching Brownian motion is located on the right of x, then A (ct, )
would be the probability of a large deviation where this rightmost position sustains a velocity
¢ >?2 some time ?.

1 1
+%[5—610g2} Ogt+0(t>, )

3
uf:2t—§10gt+a— T
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For a step initial condition, it is known [CR88, BH14, BH15, DMS16, BBCM?22] that
1
Vart

for some continuous function ¢ — ®(c). This result holds for an arbitrary nonlinearity F(h)
[CR88]. (Note: the function ®(c) in (8) is defined as in [DMS16]. The function C(cre) in
[BH15] and C(p) in [BBCM?22] are identical and related to ®(c) by ﬁ@(e) =2C(%5))

We show in proposition 3 below that (8) actually holds for any initial condition Ay and any
¢>2 such that [ dxho(x)e2* < oo, with a function ®(c) depending of course on /g and on
F(h).

The time dependence in (8) is not surprising: the solution Ay, to the linearised Fisher—KPP
equation, i.e. (1) with F(h) = 0, and with a step initial condition /i(x) = 11,0} satisfies (8)
with a prefactor @y, (c) = 2/c. However, the dependence in ¢ of the prefactor ®(c) for the
(nonlinear) Fisher-KPP equation is much more complicated. For /o (x) = 1,0y, it has been
proved [BH15, BBCM22] that

ﬁ

el=F) as 1 — 0o, forc > 2, (8)

hict,t) ~ ®(c)

2
d(2) =0, O(c)~ = as ¢c— oc. )
c
It is argued in [DMS16] that, for /(x) = 1 (<o} and F(h) = h?,
2 8 6.818...
D(2+€)~2y/mae as e\,0, @(c)zf—g—l—cis—i—--- as ¢ — 0o, (10)
C

where « is the coefficient defined in (5).
The main result of this paper is an asymptotic expansion of the function ® for c close to 2:

Theorem 1. For the Fisher—KPP equation (1) with F(h) = h? and an initial condition hg which
is a compact perturbation of the step function, one has

9
D(2+e)= ﬁ(a - §e> |:26+3€210g6—3 (1 - %) e+ ZESInge

+i(375—610g2—1)6310ge] +0() (1)

where ~yg is Euler’s constant, and where o and (3 are the coefficients defined in (5).

Theorem 2. The expansion (11) actually holds for any choice of F(h) and of hy such that

1. [dxhg(x)e™ < oo for some r> 1, (otherwise, ®(c) would not be defined for c > 2 and the
expansion (11) would be meaningless)

2. The position (i, of the front satisfies the expansion (7),

3. There exists C > 0, ty > 0 and a neighbourhood U of 1 such that

‘/dz (Flh(p +z,1)] — Flw(z)]) e™| < % fort>andre . (12)

As will be apparent in the proofs, the expansion (11) for ®(2 + ¢) is closely related to the
expansion (7) for the position /,; in some sense, the €*loge and €>loge? terms in (11) are
connected to the 1/1/f term in (7), and the €*loge to the (log?) /¢ term.

We will also see in the proof that (7) cannot hold unless [ dx/g(x)x’e* < co. As already
mentioned, we expect the converse to be true.

The technical condition (12) should not be surprising: the quantity 6(z,¢) := h(p, + z,t) —
w(z) goes to zero as t — co. Moreover, it satisfies 9,0 = 926 + 1,0,6 + 6 — F(w + 6) + F(w) +
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({1, — 2)w’. For large times, one can expect from (7) that ji, — 2 ~ —% and 0,0 ~ 020 + 20,6 +
§ — F'(w)é — 2w’. Then, it seems likely that 6(z, 1) ~ 11)(z) with ¢ a solution to 1" 4 2¢)” +
Y—F'(w)y = %w’. (This is actually a result of [Gral9] in the case F(h) = h%.) This leads to,
Flh(pe + 2,0)] — Flw(2)] ~ 0(z,1)F'[w(z)] ~ 14(2)F'[w(z)], of order 1/t. Furthermore, (ignor-
ing polynomial prefactors), ¢)(z) decreases as e~ for large z and F'[w(z)] should roughly
decrease as e 7%, see (2), so that the integral in (12) should converge quickly for r around 1
for z — 00, and give a result of order 1/z.
In terms of the function C(p) defined in [BBCM22], our result can be written as

C(1+€) = (o — Be) [2e + 6€’ loge + (3vp + 6log2 — 4)e* + 9€’ log” e
+3(37E + 1)e’ loge] + O(€). (13)
Note that the authors write C(p) ~ a(p — 1) as p \, 1 (bottom of p 2095), but their « is twice

ours.
Theorem 1 is the direct consequence of theorem 2 and of the following result:

Proposition 1 (mostly Cole Graham 2019 [Gra19]). For the Fisher—KPP equation (1) with
F(h) = h* and an initial condition hy which is a compact perturbation of the step function, (7)
and (12) hold.

The fact that (7) holds under the hypotheses of proposition 1 is the main result of [Gral9].
The proofs of [Gral9] contain the hard parts in showing that (12) also holds.

The main tool used in this paper is the so-called magical relation, which gives a relation
between the initial condition, the position i, of the front, and the nonlinear part of the equation.
Introduce

v = sup{r>0;/dxho(x)erx<oo}, (14)
and
ple) = / dzFlh(p +2,0]e" 9% () = / dzFlw(g))e!"t9: (15)

(With these quantities, the condition (12) can be written |p(e,t) — @(e)| < C/t for all t > £y
and all € in some neighbourhood of 0.) Then

Proposition 2 (magical relation). For any € € (—1,~ — 1) the following relation holds
oo
/ dtSO(E,t)e_€2t+(l+6)(ut_2t) — /dXhO(X)e(H_e)x—]]_{6>0}(I)(2—|—26), (16)
0
Furthermore, if v > 1 and (12) holds, one has

@(e) / dre= I+ (=20 / dxig(x)e! T — 111 ®(2+2€) + Ple) + O(*)  (17)
0

where P(€) is some polynomial in e.

The second form (17) gives a relation between p, and iy which does not involve the front
h(x,t) at any finite time. Notice also that the nonlinear term F(/) only appears in ¢(€).

The magical relation was introduced in [BD15, BBD17, BBD18], but only for € <0. It
allowed (non-rigorously) to compute the asymptotic expansion of the position of the front for
an arbitrary initial condition, and in particular to obtain (7). The basic idea is the following: for
€ <0, the whole right hand side of (17) can be written as P () + O(e*) for some polynomial
P(e) if hy goes to zero fast enough. (Specifically, it can be shown that the necessary and
sufficient condition is [ dxhg (x)x’e* < 00.) However, the left hand side produces very easily
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some singular terms of € in a small e expansion; it turns out that i, should satisfy (7) in order
to avoid all the singular terms up to order €.

In this paper, by considering both sides € <0 and € >0, we can eliminate the unknown
polynomial P(e) in (17) and obtain (11).

The rest of the paper is organised as follow; in section 2, we show that the function ®(c)
is well defined, and we give a useful representation. In section 3, we prove the first part of
proposition 2, i.e. (16). We state and prove some technical lemmas in section 4, which allow
us to finish the proof of proposition 2 and to prove theorem 2 in section 5. In section 6, we
prove proposition 1. Finally, a technical lemma is proved in the appendix.

2. The function ®(c)

Proposition 3. For a given initial condition hy such that [ dxho(x)e* < oo, let h(x,t) be the
solution to (1). For ¢ > 2, the following (finite or infinite) limits exist and are equal:

t—00 t—o0

2 2 .

®(c) := lim \/47rth(ct,t)e(7_l)t — lim &~(+%) /dxh(x,t)ef" € [0,00]. (18)
Furthermore, ®(2) =0, ®(c) > 0 for ¢ > 2 and

Plc) <0 = /dxho(x)e%" < 0. (19)

The function ¢ — ®(c) is continuous in the domain where it is finite.

Remark. The condition f dxho(x)e* < co implies, in particular, that the front has a
velocity 2.

Before doing a rigorous proof, here is a quick and dirty argument to show that the second
limit in (18) is equal to the first: starting from the integral in that limit, make the change of
variable x = vt (with v being the new variable) and boldly replace h(vt,r) under the integral
sign using the equivalent implied by the first limit to obtain

/dXh(x’t)eﬁx:t/th(W’t)eiw2 /dvd)(v)e(l—frﬂ)t

_ ey Vi / o)
=e'' T2 dv®(v)e 4 . 20)
Var ) (

At

(The fact that the substitution only makes sense for v > 2 is not a problem since, clearly, the part
of the integral for v < 2 does not contribute significantly.) The remaining integral is dominated
by v close to ¢ in the large time limit. Replacing ®(v) by ®(c) and computing the remaining
Gaussian integral gives the second limit.

We will need in the proof a bound on how h(x,t) decreases for large x: for r>0,
introduce

g(r,1) ::/dxh(x,t)e’x. (2D
Lemma 1. Forall x, all t> 0, and all r > 0 such that g(r,0) = [ dxho(x)e™ < oo,
e(1-1-12)r 2
h(x,t) < g(r,0)e™"™, g(r,1) <e g (r,0). (22)

j

Art
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Proof. Using the comparison principle, one obtains that a(x,#) < hyn(x, ), where Ay (x,7) is
the solution to O,hy;, = a)%hlin + hyip, with initial condition Ag. Solving for Ay, we get

t

dyho(y)e™ 7, (23)

and then,

e (=»? C(I—HJ)Z ) (x—y—2m)?
h(x,1)e™ < Vi /dyho(y)ery x &)= = Ner dyho(y)e” xe”
& T

Both inequalities in (22) are obtained from that last relation, respectively by writing that the
Gaussian term is smaller than 1, or by integrating over x.

(24)

O

Proof of proposition 3. We write the nonlinearity in (1) as F(h) =h x G(h). From (2),
the function G, defined on [0,1], is continuous, satisfies 0 < G(h) < 1, G(h) = O(h?) for
some p>0as h— 0 and G(1) = 1. To avoid parentheses, we will write G(h(x,7)) as Go
h(x,t) using the composition operator o. We write the solution A(x,7) of (1) using the
Feynman—Kac representation (see [Fri75, theorem 5.3 p 148] or, for a short proof, [BBP19,
proposition 3.1]):

h(x,1) = e'E, [ho (By)e JodsGoh(® “"H)} ; (25)
where under E,, B is a Brownian with diffusivity /2 started from x. (SothatE, (Btz) =x>4+2t)
In (25), we condition the Brownian to end at B, = y and we integrate over y:
o <x—4y)2
dy——nh
Y Vart 0
where, under E.,_,,, B is a Brownian bridge going from x to y in a time ¢, with a diffusivity
/2. We reverse time and remove the linear part from the bridge:

h(x,t) —¢! (y)Et:x—>y |:Ci IN dsGoh(B.\.,tfs)} (26)

_—»?

€ 1
hix,1) =¢' / dy=— o (3)Ery [ asGontas] 27)
-t : :
= dyWho ()Er0-0 [e_ Jy ds Goh(Bs+(x—y) 3 ‘H”s)] . (28)

Then, at x = ct,
e(l_%)t

Vart

We move the prefactors to the left hand side and write the Brownian bridge as a time-changed
Brownian path

. ‘.2 . » 5 .
h(ct, t) — dye%y_?ho(y)Et:OHO |:e_f() dsGOh(Bs+cs—y;+)75):| . (29)

— [YdsGoh| =B s—y? X
S R

2 o P
VartelsVih(ct,r) = / dye ™% hy(y)Eo {e
For any y, any ¢ > 2, and almost all Brownian path B, one has

t {— )
/dsGOh(TSBi +cs—y§+y,s> —>/ dsGoh(Bs+cs+y,s) as r—o00. (31)
0 0
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Indeed, first consider the case ¢ > 2, pick ¢ € (2,¢) and fy such that ¢ — y/fy > ¢. Recall that,
for almost all path B, there exists a constant A (depending on B) such that |B,| < A(1 +u3!)
for all u; this implies that =* ’B% | <A(1+4 %) forall 7 and all s < £. Then

t—s

—TB£+wy1€+y>&+c+y1mmn>mmmmsem@, (32)

where C is some constant depending on B. (Indeed, the function s > cs — ys/t — ¢s — As%3! is
uniformly bounded from below for ¢ > #;.) Using (22) for r = 1, we obtain that

t— C = ,
h (tsBz +cs fy; +y,s> < 767(672)37} forall t > 1y and all s € (0,7), (33)
t—s S

with C another constant depending on B. As G(h) = O(h”) for some p >0 as h— 0 and
G(1) = 1, there exists a constant C such that G(h) < Ch™"(1P) Then, we see by dominated
convergence that (31) holds for ¢ > 2, and furthermore we see that the right hand side is smaller
than Ce—™"(I2) for some constant C depending on B.

For ¢ =2, the right hand side of (31) is +-o0. Indeed, B, + c¢s + y is infinitely often smaller
than 2s — /s, where the front / is close to 1. Then, noticing that (31) with the upper limits of
both integrals replaced by some 7 > 0 clearly holds by dominated convergence, and that, by
choosing T large enough, the right hand side is arbitrarily large, we see that the left hand side
of (31) must diverge as t — oo.

From (31), we immediately obtain by dominated convergence

71"dsGoh<'_—‘TBL +cs7yi+y,s> _ foo )
Eole R S e IR (34)

where the right hand side is 0 if ¢ =2 and positive if ¢ > 2. (As we have shown, the integral in
the exponential is almost surely infinite if ¢ = 2, and almost surely finite if ¢ > 2.) Furthermore,
for ¢ > 2, the right hand side converges to 1 as y — oo. (Recall that, for ¢ > 2, the integral in
the exponential is smaller than Ce™™n(1.P)y )

If [ ho(y)e® /2dy < oo, then a last application of dominated convergence in (30) shows that
the first limit defining ®(c) in (18) does exist and is given by:

®(c) = ZEIEO \/Re(éfl)’h(ct, f) = /dye%yho(y)]Eo {e* s dsGoh(BJ+cx+y,s)} < o0, (35)
and furthermore ®(2) =0 and ®(c) > 0 for ¢ >2. Note that [BBCM22] gives a similar
expression.

We now assume that [ /g (v)e®/?dy = oo and show that the limit of (30) diverges. Notice
that we must be in the ¢ > 2 case since we also assumed that [ o (y)e”dy < oco. Cutting the
integral in (30) at some arbitrary value A and then sending t — oo gives

t—o0

A
liminf\/éﬁm(é_l)th(ct, 1> / dye>'hy(y)Eo [e_-fooo dSGOh(BSJF”Jr”)} . (36)
As the expectation appearing in the integral goes to 1 as y— oo, the hypothesis
[ ho (v)e®/2dy = oo implies that the right hand side diverges as A to oo, and then that ®(c)
exists and is infinite.

Using the same methods, one can show from (35) that ®(c) is a continuous function
(in the range of ¢ where ® is finite) by first showing that fooo dsGoh(Bs+cas+y,s) —
fooo dsGoh(Bs+cs+y,s) if ¢, — ¢, by dominated convergence, using the same bounds as
above (specifically that the integrands are uniformly bounded by an exponentially decreasing
function of s if ¢ > 2 and that the result is infinity if c =2.)
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To show that the second expression in (18) is equal to the first, start again from (27):

h(x’t) = et dy hO(y)Et:y—>x [e* fOIdSGOh(B“S):|

—¢ / dyho(y)E, [e* JydsGon(Bys) 5B, — x)} .
Then
,,(H&) . _&y — [1dsGoh(By,s) 5B
e : /dxh(x,t)e2 =e 4 /dyhO(Y)Ey[e o vrer r}

_ /dye%yho(y)IEy [e—jgdsGoh(B:—&-cs,s)} (37)

where the last transform is through Girsanov’s theorem (or a change of probability of the
Brownian). Taking the limit # — oo is immediate and gives back the expression of ®(c) written
in (35).

O

3. Magical relation

Proposition 2 (the magical relation) can be split into two lemmas:

Lemma 2. Forany e € (—1,7v — 1) the following relation holds
/ drp(e, f)eC HIH (=20 / dxig(x)e! T — 1y ®(2+2€). (38)
0
Lemma 3. Furthermore, if v> 1 and (12) holds, one has

@(e) / dre= (4o (=20 _ / dxig(x)e! T — 1y @(2+2¢) + P(e) + O(e*), (39)
0

where P(€) is some polynomial in .

In this section, we prove lemma 2. The proof of lemma 3 is delayed to section 5 because it
requires some technical lemmas stated in section 4.

Proof of lemma 2. (Many of the arguments in this proof were already in [BBD18] for the
case € <0.)
Recall the definitions (14) of v and (21) of g(r,1):

= sup{r;/dxho(x)e”‘ < oo}, g(r 1) = /dxh(x, re"™. (40)
According to lemma 1,
g(r,1) < e(l“z)’g(r,O) < o0 for r € (0,7) and 7 > 0. 41)

We wish to write an expression for 0,g(r,t), and the first step is to justify that we can
differentiate under the integral sign:

Oig(r,t) = /dx@,h(x,t)e”‘ = /dx [02h(x,1) + h(x,t) — F[h(x,0)]]e™  for0<r<~, (42)
and then (still assuming 0 < r < +y) that we can integrate twice by parts the 92/ term:

Da(r.1) = / e [(Ph(x,1) +hix ) — FlhGro]]e™ = (14 P)g(r, ) — / dxFlh(x, 0]e™. (43)
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Both steps (42) and (43) are justified by using bounding functions provided by the following
lemma with 8 chosen in (r,7):

Lemma 4. Let 3 € (0,7). For t > 0, the quantities h(x,t), |0,h(x,1)|, |02h(x,t)| and |0,h(x,1)]
are bounded by A(f) max(1,e=5%) for some locally bounded function A.

Lemma 4 follows from general results of parabolic regularity theory; however, for com-
pleteness, a proof is given in the appendix.
Recall the definition (15) of ¢:

ple) = [ @zl -+ 206 (44)
we have

/ dx Flh(x,1)]e™ = e/ / dzFlh(ju + 2,0)]e" = eMro(r — 1,1), 5)
and so, in (43),

g(r,t) = (1+r)g(r,t) —e™p(r—1,1). (46)

Integrating, we obtain
t
g(r, t)e_(l"”l)’ =g(r,0) —/ ds(r—1,s)e™s= 1+, 47)
0
We now send ¢ — oo in (47), distinguishing two cases

eIfy>1and 1 <r<~; notice that the left hand side is the expression appearing in the
second limit in (18) with ¢ = 2r. This implies that

®(2r) = g(r,0) —/ dso(r— l,s)e”“_(H"z)‘Y if 1 <r<n. (48)
0
e If0 <r<min(l,v); we claim that the left hand side of (47) goes to 0 as t — oo, and so:
0=g(r,0) —/ dsp(r— l,s)er’“_(H’Z)s if0 <r<min(l,v). (49)
0

Indeed, take 8 € (r,min(1,7)). Applying (22) with (3 instead of r, we have
e(1+8%)1
Vant 8

For ¢ given, let X be the point where both expressions inside the min are equal:

h(x,t) < min [1, (ﬂ,O)e_ﬁ"] . (50)

(1+8%)1
e
e = g(5,0). (51)
At
‘We obtain from (50)
o X A 0 e (81X
rt) = x,1)e” < — + ,
) = [ dehlene” < -+ (3.0
1 1 r(B7 +8)
- <+ )erxcer, (52)
r B-—r {28
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where C is some quantity depending on r and 3, but independent of time. As 8 > r and as the
function 3 — 37! + B3 is decreasing for 3 < 1, we obtain (3! + 3) < r(r~' +7r) = 1 + 2.
We conclude that, indeed, the left hand side of (47) goes to zero as r — oo.

Combining (48) and (49), we have shown that
/ dsp(r— l,s)e’“y_“*";)‘ =g(r,0) = 1gs 3 (2r) for r € (0,7). (53)
0

(Recall that ®(2) = 0, hence the right hand side is continuous at r=1.) Writing now that
rits — (1+72)s = r(py — 2s) — (1 —r)?s, and taking r = 1 + € and s =t in (53), we obtain

/ dt(p(e’t)e—ezﬁ-(l-‘re)(ltx—Zt) =g(14¢,0)— 1{6>0}q>(2+2€) foree (—1,7—1), (54)
0

which completes the proof of lemma 2, the first part of proposition 2. U
To prove lemma 3 (the second part of proposition 2), we need to show that, for some poly-
nomial P(e),

/ Car [p(e,1) — @le)]e < HI+=2) = p(e) - O(&), (55)
0

if }gp(e, ) — gb(e)’ < % for ¢ large enough and € in some real neighbourhood of 0 and if v > 1,
which implies that i, = 2 — % logt+ a+ o(1) (by Bramson’s result). To do so, we need several
technical lemmas. We thus take a pause in the proof of proposition 2 to state and prove these
lemmas, and we resume in section 5.

4. Some technical lemmas

We begin by recalling a classical result on the analyticity of functions defined by an integral:

Lemma 5. Let f(e,t) be a family of functions such that

e ¢ — fle,1) is analytic on some simply connected open domain U of C (independent of t) for
almost all t € R,
o |f(e,1)| < g(¢) for all € € U, where g is some integrable function: [ g()dt < co.

Then, € — F(e) := [ dif(e,t) is analytic on U.

Proof. On any closed path vy in U, one has with Fubini

7§ F(e)de = / dr §é def(e.1). (56)

This last integral is O since € — f{e, t) is analytic and U is simply connected. Then, by Morera’s
theorem, F is analytic. O

The next lemma states that some functions of € which are variations on the incomplete
gamma functions have small € expansions with only one or two singular terms.

Lemma 6. Let «, 3 be real numbers such that either o Z{1,2,3,...}, or B #0. There exist
Sfunctions € — Ay g(€) and € — A, g(€) which are analytic around ¢ = 0, such that for € real,
non-zero and |e| small enough,

La=1)
Be

*° 1
| a1 e + +Aap(e), 5T
1
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o0 2, logt
/1 dre= fta"fﬁe - |e|2a*2+2ﬁﬁ[—2log\e|r(1 —a-Be)+T'(1—a- ﬂe)}

Lia=1y
(Be)?
Remark. The condition o & {1,2,3,...} or 8 # 0 ensures that the gamma functions appearing

in the result are well defined for € # 0 small enough. For a =n € {1,2,3,...} and =0 one
would have

+ + Ao p(e). (58)

* —é*t 1 _ 2(_1)n 2n—2
/] e = 2 og e + Ay ),
but we do not need this result in the present paper, and we skip the proof. For convenience, we
give the results we actually use, writing simply .4(¢) for the analytic functions:

/OO dre=<1_ 1 _ |¢[1+3ep <—1 _ 36) +Ae)

| ftie 2 2 ’

/ Tare L jprier <_1 _ 36) +A(®e)
I Ptie 2 )

. logt . 3 3 3 3
/1 dre ’[%Jr7§6:|e|3+3 {210g|eF <226>+F/<22€>:|+A(6). (59)

Proof of lemma 6. Fix « and 3 such that either « ¢ {1,2,3,...} or 8 # 0. We restrict € to be
real, non-zero and |e| to be small enough so that o + Be & {1,2,3,...}. This ensures that the
T function and its derivative in (57) and (58) are defined, and we define A, s(€) and A, 5(¢)
by (respectively) (57) and (58). We now show that the functions thus defined can be extended
into analytic functions around € = 0.

We first consider o < 1. Note that by our restriction on the range of allowed €, one also has
a4+ Be < 1, and one can write

00 67621 00 efezt 1 efezl‘ 2o 2425
/1 dtm—/o dtita-‘r,@e /0 dttoz-‘rﬁe —|€| F(l [0 /86)
1 —&t
[}
- [ (60)

By identification with (57), one obtains

)

A = ld el f 1 61
a,ﬁ(ﬁ)—— o te m or v < I. ( )
Similarly,
~ b . logt
A ple) = —/0 dre ttthBE fora < 1. (62)

Let & € (o, 1), and let U a simply connected neighbourhood of 0 in C such that « + SRe(e) <

& and |e_€2’ | <2foralle € Uandt € [0, 1]. One can apply lemma 5 with the bounding function
g(t) =2(1 +|logt|)/t*1 1e(0,1)} to show that A, () and A, g(€) are analytic around 0.
To extend the result to o > 1, we integrate by parts the left hand side of (57)

> — 1 o 1 —& 2 > —&t 1
/1 dre Pl R [e +e /1 dre pre i (63)
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Then, rewriting the integrals in terms of the functions A, g as in (57),

Teo=
|e[>*72T2PD(1 — o — Be) + {,Bel} +Aa,p(e)
1 —& | [a—2+28 Moty 2
e |2 — o — fe) + 2= - - o
I—a—pe| © + e 2—a—pBe+ g R

With the property xI'(x) =T'(x+ 1), the terms with the I" functions cancel and one is left
with

La=13 ! e, Ya=2p >
o =— —e ¢ 4+ — o . 65
Ay, p(€) Be +170¢756 e " + 3 e+e Ag_1,8(€) (65)
For convenience let us also write the special case o = 1:
e —1
— €
Aip(e) = — = Aos(e). (66)

Be B
It is then clear from these equations that, except for (o = 1,8 = 0) or (a« = 2,3 = 0), one has
{e— A,_1 g(€) analytic around 0} = {e+— A, g(¢) analytic around 0}. (67)

As A, g is analytic around O for « < 1, this implies by induction that A,, 3 is analytic around
0forall aif 8 # 0, and for all ¢ {1,2,3,...} if 3=0.
We proceed in the same way for A, . Integrating by parts the integral in (58),

< e logr 1 » [, _2, logt RS T |
/1v dre ta+56 = 17a7ﬁ6 |:€ /1 dre m— | dre m . (68)
We replace all the integrals using (57) and (58) and notice, using xI'(x) = I'(x + 1) and I'(x) +
xI(x) =T(x+ 1), that all the terms involving T" functions cancel, i.e.:

[—2logle|T(1 —a— Be) + T (1 —a — Be)]

1 /
R p—y [—2logle[P2 —a—Be) + T2 —a—fe) = T'(1 —a —fe)]. (69)

Then, the remaining terms are

Lia=1y | 3 _ 1 Lfa=2y 55 Loy
(B2 + Aa,p(e) = o | 3 '€ Aa—1,5(€) Be Aasle)|  (70)
In particular, for a« =1,
. . A
Arple) = =5 Aoa(e) + 1’;6(6)- an

B
Notice from (66) that A; 3(0) = 0. Hence we have again, exceptif o € {1,2,3,...} and 5=0

{e= Aq-1,5(€) analytic around 0} = {e+ Aq,5(e) analytic around 0}, 72)

and the proof is finished in the same way as for A4, g.
O

. . . 2.
Lemma 6 gives asymptotic expansions of e ~¢  times exact power laws of 7. The next lemma
deals with the case of approximate power laws.
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Lemma 7. Let f(e,t) be a family of functions such that, for a certain neighbourhood U of
0inC,

e ¢ — fle,1) is analytic in U for all t > 0,
o There exists a C > 0 and two real constants o and 3 such that, for all e € UNR,

C
V(e’t”gm fort>1, Ifle,t)| <C fort< 1. (73)

Then there exists a polynomial P such that, for € real, non-zero, and |e| small enough,
S @ \e|2‘1_2 ifadg{l,2,3,...},
/ dre™"fle,1) = P(e) + ( ) as e—0. (74
0 O (le**logle|) ifae{1,2,3,...},

Proof. We first consider « < 1. In that case, the polynomial P(e) plays no role as it is asymp-
totically smaller than the O term. Thus, we simply need to bound the integral for e € UNR:

/OO dte="fle,1)
0

e |

The remaining integral is given by (57) except for the case a =1 and 5 =0:

(76)

/ood o 1 B |6|2a—2+265r(1 *05*56)+¢4a,/3(5) :O(|€|2a—2) ifa<l,
! ] PP (—Be) + 4 + Ad,s(€) = Olog e ifo=1,

where we used |€[*’¢ = 1+ O(elog|e|) and I'(—fB¢) = F(I_;Bfe) = —i + O(1). One checks
independently that the case =1 and 8 =0 gives also O(log|e]).
For o > 1, we proceed by induction. Pick & € (1, «), and make the neighbourhood U of 0

small enough that o + fe > & for e € UNR. Then

C C
|f(e,t)|<ta+66 St—d forallz>1andec UNR. )

Integrating by parts,

/ Oodte_sztf(e,t) = F(e,0) — €2 / Oodte_ez’F(e,t) with F(e, 1) = / Oodt’f(e,t’). (78)
0

0 t

Using lemma 5, the function € — F(e, ) is analytic in U for all ¢ > 0. Furthermore, for some C R

|F(e,0)| < fort>1,  F(et)|<C forr<1. (79)

fo— 1+ 8¢
Then, assuming that the lemma holds for o — 1, we can apply it to the integral with F in (78);
after Taylor-expanding the analytic function F(e,0), we see that the result holds for f.

O
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5. Expansionsin e

In section 3, we have shown the first part of proposition 2 (called lemma 2), which states that
foree (—1,y—1),

oo
/ dt¢(€7t)e—e'f+(l+6)(uf—2l) — /d)Cho(x)e(]+6)x—]1{5>0}Q)(2+25), (80)
0

In this section, we use the results of section 4 to make some small € expansions and prove
the second part of proposition 2 (called lemma 3) and our main result, theorem 2.
To prove lemma 3, it remains to show (55):

/ T [p(e,1) = ple)] eI+ — p(e) 4 O(), (81)
0

for some polynomial P (¢), under the hypotheses that v > 1 and (12) holds, i.e. that there exists
C >0, tp > 0 and a (real) neighbourhood U of 0 such that

o)
lo(e,r) — @(e)| < —  forr>pande€ U (82)

Proof of lemma 3. Recall from (2) that F(h) < Ch'** for some p >0 and some constant C.
Recall the definitions (15) of ¢ and ¢:

p(e) = / dzFlh(p+2,0)]e % ¢(e) = / dzFlw(z)]e!' 9% (83)

For each ¢ >0, these functions of e are analytic in the region V= {e € C; —1 < Ree < p}.
Indeed, lemma 1 with » = 1 and (2) give that 0 < F[h(u, + z,1)] < C,e~(1+P)2 for some function
of time C;. Using that bound for z > 0 and the bound 0 < F[A(p, +z,1)] < 1 for <0, we get
from lemma 5 that € — (e,7) is analytic in the domain {¢ € C; —1+a < Ree < p —a} for
any a > 0, and is therefore analytic on the domain V defined above. The same argument works
in the same way for ¢(e).

Then, as v > 1, Bramson’s result implies that u, = 27 — %logH—a +o(1). With (82), we
see that there is a constant C’ > 0 such that

C/

(e, 1) = @le) el T2 <

fort>tyand e € U. (84)
r2tae

Dl

Pick 8 € (1,7), and make the neighbourhood U smaller if needed sothate €« U = 0.5 < 1 +
€ < [3. Then, recalling the definition (21) of g, since F(h) < h, and since e(1+e)z < 0.5z 4 bz
for all z,

ole, et < 0(0.5,1) +g(8,1)  forr>0andee U, (85)

which remains bounded for ¢ € [0, )] according to lemma 1. Similarly, ¢(e) is bounded for
e € U and we see that the left hand side of (84) is uniformly bounded by some constant for
t<tgand € € U. Then, (81) is a direct application of lemma 7. This concludes the proof of
lemma 3, and of proposition 2.

O

We now turn to the proof of theorem 2.

Proof of theorem 2. We assume that the hypotheses of that theorem hold; they imply in par-
ticular that lemma 3, the second form of the magical relation, holds:

$(e) / dre =+ (n=20) / g (x)e1+T — 1oy B(2+2€) + P(e) + O(Y). (86)
0
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Furthermore, the hypothesis that [ dx/g(x)e™ < oo for some r> 1 (i.e. v > 1) implies (see
lemma 5) that f dxhg (x)e(”ré)x is an analytic function of € around 0, so that it can be absorbed
into the P(e) + O(€®) term. Finally, we write (86) as

@(e)I(€) = —L 0y P(2+2€) + Pe) + O(’)  with I(€) = / dre= <+ (m=20) (g7)
1

Notice that we defined /(€) as an integral from 1 to oo, not 0 to co. We are allowed to do this
because the remaining integral from O to 1 is an analytic function of ¢ around 0; multiplied by
¢(€) (another analytic function), it can be absorbed into P(e) + O(€?®) term.

The proof can be split into three steps; in step 1, we compute a small € expansion of I(e).
That expansion, valid for any sign of e, is highly irregular and involves logarithmic terms and
powers of both € and |e|. We show incidently how this expansion for € < 0 allows to recover
the numerical coefficients in (7). More importantly, this leads with (87) to a first expression of
(2 + 2¢) which still involves @(e). In step 2, we compute a small € expansion of @(e). Finally,
step 3 is some elementary but tedious algebra needed to obtain the final form of ®(2 + ).

Step 1 Using the lemmas proved in section 4, we now compute a small € expansion of I(¢). We
have assumed that the position p, has a large ¢ expansion given by (7); actually, let us simply
write

logt

u,_2t;10gt+a+\lk+ct+r(t) withr(t)—@(i), (88)

and we will recover the values of b and ¢ as given in (7). We have

1+€)a &) e(l4e
(1) (—2) _ uem} ) yeUalont | (14 o))

3.3
titie€
1 b(14+¢) c(1+4¢)logt
— a(l+€)a
e LH%G pors e +R(t,€) (89)
with
(+€)a [ pate) | cte)logr b(1 1 logt
R(n) = S et _ () bLEe) | dltgloeny| g
t3tiae Vi t
For |u| < 1, we have the bound |e* — (1 +u—v)| < |e* — (1 +u)| + |[v| < u? + |v|. Applying
this to u = L\;e) + w + (1 +¢)r(r) and v = (1 4 €)r(t), we see easily that there exists
a C >0 and a real neighbourhood U of 0 such that
|R(t,€)| < e forall>landalle € U. o1

As € — R(t,€) is analytic around O for all 7 > 0, a direct application of lemma 6, and in partic-
ular of (59), and of lemma 7 gives from (87), (89) and (91):

1 3 3
_ a(l+€)a 143e -2 2+43€ 12
Ie)=¢e {e| I‘( 3 26) +b(14¢€)le] F( 1 26)
343¢ 3.3 (33 3
+c(1+4¢€)le —2log|e|T —5 = 3¢ +T 373 +P(e) +O(€).

92)
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The three analytic functions from lemma 6 have been absorbed into the P(¢) + O(e?) term of
lemma 7. We expand all the Gamma functions; the expansion of the second one is irregular:

F<_1_36> _D(=39) _ T(=3¢9 _ 2 1+33e+0()
2 —1—3¢  —3e(-1-3¢) 3¢ 1+ 3¢

= 2+ 1+0(), (93)
where yg = —T'/(1) ~ 0.577 is Euler’s gamma constant. We obtain

-t (-3 2ol (o-3))

M( 2 lefloglel| + 20+ 0(e),

+0O(
el 30 (o (2o
+0O(

—2el (—;) \e|310g|e|} +P(e) + O(E). (94)

Notice how the expansion mixes terms such as € and |e|. For reference, we recall that

3

r (—i) =-2ym T’ (—é) = 2y7(2—yp—2log2), T (—2> =ZJr. (95

Before going further, we show how to recover the values of b and c¢. Notice in (87) that,
for € < 0 (and since ¢(€) is analytic around 0), we must have I(¢) = P(¢) + O(€?). In partic-
ular, there must remain no log|e| term in the expansion (94) for € < 0. There is a log|e| term
explicitly written in (94), and others in the expansion of the prefactor |e|*¢ = 1 + 3elog |e| +
2€*log’ |e[ + - --. Developing, we obtain a term (I'(—1)|e| + 2be) 3elog|el; that term must
cancel for € < 0, hence, with (95)

3 1
b=3T (—2> = 37 (96)

Then, ¢ must be chosen in order to prevent a term €’ log |¢| from appearing when € < 0. This

leads to
1 3, 1 3\
3<b (7 —3)+2F (—2)>+2cF (—2> =0. On

With (95) and (96), this leads to
= %(5 —6log?2). (98)

Using the values (96) and (98) of b and c in (88) gives back the expression (7) of the position
u: of the front. Let us make two remarks:

o If we try to add in (88) extra terms of the form C(log#)" /t*, we would obtain non-cancellable
singularities (terms containing log |e| or non integral powers of |¢|) in the expansion of I(e).
We conclude that if 1, can be written as an expansion in terms of the form C(log?)" /t*, then
the only terms that may appear are those written in (88).
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e We used the hypothesis that [ dxhg(x)e™ < co for some r>1 (i.e. v> 1), only once, to
getrid of the [ dxhy (x)e(1+9* term in (86). If we relax this hypothesis and simply assume
f dxho(x)xe* < oo (this is needed to reach (86)), we would have at this point that, for € <0,
@(e)I(€) = [ dxhg(x)e+9* +P(e) + O(€?). We have just shown that, if the position 4, of
the front is given by (7), then I(€) = P(e) + O(e®) for € < 0. We thus see that

e given by (7) = /dxho(x)e(““)x =P(e) + O(e) fore < 0

= / dxho(x)x’e" < oco. (99)

(We omit the proof of the last equivalence.) Conversely, if [ dxhg(x)x’e* = oo, then the
asymptotic expansion for small negative € of [ dxhg (x)e!*+)* will feature some singular
terms larger than €3, and the expression of y; needs to be modified in such a way that ¢(€)I(e)
matches those singular terms.

We return to the expression (94) of I(e) without making any assumption on the sign of ¢, and
we make the substitution

le] = —e+2€l (=03, e’ = —€ + 26 L =0y (100)

We have tuned b and ¢ so that one obtains I(€) = P(¢) + O(e?) for € < 0. For e of either sign,
we have three extra terms multiplied by 1 .-}, corresponding to the three terms with |e| or
e]? in (94):

I(€) = T esgye! Te™ {2r (—é) ) <—;) e —4cT (—;) e loge] +P(e) +0O().
(101)

Comparing with (87), we see that we must have (only for € > 0, of course):

1 1 3
B(2+2¢) = @(e)ell T [—2r (—2> e+ 31’ (—2) e +4cT (—2) e loge] +0(e).
(102)
This expression will be, after some transformations, our main result (8).

Step 2 We now make a small e expansion of ¢(€). From the definition (15) of ¢(e) and the
equation (4) followed by w, one has

@(e):/sz[w(z)]e<‘+6>Z:/dz [w'(2) + 2w/ (z) +w(z)] e (103)

This function @(e) is analytic around e =0, but we need to assume —1 < e < 0 to split the
integral into three terms and integrate by parts. (Recall that w(z) ~ aze™* as z — 00.)

@(6) :/dzw//(z)e(lJre)Z_'_z/dzw/(z)e(1+e)z+/dzw(z)e(lJre)z,
=[(1+€?=2(1+¢)+1] /dzw(z)e(““)Z :ez/dzw(z)e('+€)z,
= eze_('+€)“/dzw(z— a)e'T97 for —1<e<0. (104)
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Recall (5): for any g € (0,p),

w(z—a) = (az+ B)e* 4+ 0™ 1+9%) a5 7 oo, (105)
Then [dzw(z — a)el+97 = a/e? — B/e+ O(1) and

p(e)e!T) = — Be+ O(2). (106)

Even though the intermediate steps are only valid for € < 0, the final result is also valid for
€ > 0 (small enough) by analyticity.

Step 3 We now gather the different terms and make the final simplifications. We use (106)
in (102) and we replace ¢ and the Gamma functions by their values (95) and (98) to obtain

B(2+2¢) = (o — Be) e [4\/7?6 — 6y/7(2 — 7 — 210g2)E + 6(5 — 6log2) /e loge}

+0()
— /m(a - Be)e 36{ 6(2 — g — 2log2)é + 6(5 — 6log2)e’ loge} +O().
(107)
It remains to develop with the term €3¢ = 1 + 3eloge + €2log” € + - - -; only the coefficient of

€ log € requires to combine two terms: 3 x (—6)(2 — 75 —2log2)+6(5—6log2) =6(3vg —
1). We obtain.

P(2+2€) = /m(a — Be) [4e + 126’ loge — 6(2 — vg — 21og2) e
+18€’ log” e + 6(37F — 1)’ loge| + O(). (108)

The last step is to replace € by €/2
®(2+¢) = ﬁ(a - ée) [26+36210g5 — 3(1 e —10g2)e2 + 26310g2 ¢
2 2 2 4 2

3y — Dl log & }+O( )

%

2

3y — 6log2 — 1)e3loge} +O(), (109)

(
(a— —6) |:2€+36210g6—3<1 — E>e2 + %eSInge
+ 7

NN

which is (11). This completes the proof of theorem 2.

It now remains to prove proposition 1 to obtain theorem 1.

6. Proof of proposition 1

We start by recalling the main results of [Gral9]:

Theorem 3 (Cole Graham 2019 [Gra19]). Let h(x,t) be the solution to the Fisher—KPP
equation (1) with F(h) = h* and with initial condition hy(x). Assume that 0 < hy < 1 and that
ho is a compact perturbation of the step function. There exist ag and o in R depending on the
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initial data hg such that the following holds. For any «y > 0, there exists C > 0 also depending
on hy such that forallx e Rand allt > 3

c,(1 -
|h(al +X7t) - Uapp(-xa t)| < %7 (110)
2
where
3 3Vm 9 logr o
=2t~ Zlogt+ag— YT 4 2(5—6log2)—2L + AL 111
0 =2t = Slogi+ag \ﬂ+8(5 6Og)t+t (111)
and
1
Uapp (x,1) = ¢(x) + ?w(x) + O ~3)  locally uniformly in x. (112)

Here, ¢(x) is the critical travelling wave translated in such a way that [Gral9, equation (1.2)]

d(x) = Agxe ™ + O(e”1HD%) a5 x — o0, (113)

and (x) satisfies [Gral9, lemma 5 with 1(x) = Age™ V| (x) as written in the Proof of the-
orem 3 p 1985]

A
(x) is bounded, P(x) ~ —Zox3e_” as x — oo. (114)

Furthermore, there exist smooth functions V1+, V;r and V;r of x/\/t such that, for t large
enough and v € (0,3),

1 min(1,e™"
Uign() = ) — ()| < €&, L) for x < 11,
Uspp (,7) — Age™ (xe—f/ @0 4 v (x/V) (115)

—X

€
VS (Vi) + V(YD) | < G foras 01

The V© satisfy V7 (0) = V;F (00) = 0, and so there are bounded.

Remark. e We introduced in (4) the critical travelling wave w(x), fixing the translational
invariance by imposing w(0) = 4. That critical wave decays as w(x) = (Gx+ 3)e ™ -+
O(e~(+9¥) for large x, see text above (5). The critical wave ¢(x) in [Gral9] is obtained by
taking ¢(x) = w(x — 3/@), so that there remains no Cste x e~ term in its large x expansion.

e (115) is not explicitly written in [Gral9], but it can be pieced together from the proofs: in
the Proof of theorem 3 p 1985, one reads Uspp(x,7) = Age ™ Vypp(x,7) and in the proof of
theorem 9, p 1986, one reads

Vapp (%,1) = Ly} V7 (x,1) + ]l{)@,e}V+ (x,7) + K()0(xt™ ) p(x,1). (116)

At the end of proof (p 1995), the author takes ¢ = «/6; the functions ¢ and 6 are bounded,
K(t) = O(£**3/%), and 0 is supported on (0,2), see p 1986. Then, we have so far, for some C,

e 1)

| Upp(x,7) = Age V™ (x,1)| < Cﬁ for x < /0,
ei; ’ (117)
’Uﬂpp(xa t) —Aoe_XV“"(x, t)’ < Cﬁ for x > l’Y/G.
2

(C is some positive constant independent of x and ¢ which can change at each occurrence.)
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We start with the first line; the function V™ is given at the top of p 1986:

V() =V (64 G) 4 TV (4 G) (118)
with
Vo (x) =Ay'eo(x), Vi) =Ay'ew(x), (=0 =0, (119)

(See respectively p 1972, proof of theorem 3 p 1985, and bottom of p 1985.)

From p 1972 and lemma 5 p 1973, we have (V;)’(x) ~ L and (V; )’ (x) ~ —3x% asx — oo,
and (V;)'(x) = O(e") and (V; )'(x) = O(e*) as x — —oo. Thus, [(V,,)'(x)| and |(V])'(x)/1|
are both bounded by Cmin(e*, 1) for all # > 1 and all x < /7. This implies that

1 in(e*, 1
V= (1) — Vi (x) — ;Vf(x)‘ < Cmin(e*, 1) < C%i;) for > 1andx < V7. (120)
175
Multiplying by Ape ™" and using (119),
min(1,e™%)

fort > landx < v/1. (121)

[Aoe =V (x.1) — o) - %w(x) <cmuLe

3
12
Combining with the first line of (117) under the assumption v < 3, we obtain the first line
of (115), as the bounding term in (117) is small compared to the bounding term in (121).

We now turn to the second line of (117). The function V', only defined for x > 0, is given
in (3.4) p 1973 in terms of 7 = log? and = x//t:

VE(x,0) = T2V () + V() + eV () +e 7TV (), (122)
with
Vi) = ne*”z/“, andso eT/ng(n) — xe ¥/ (40, (123)

(Top of p 1974: Vi (1) = qogo(n) for some real go; middle of p 1974: go = 1; bottom of p

1973: ¢o(n) = ne_"2/4.) Using (122) and (123) in the second line of (117) gives the second
line of (115). The V;r are smooth (they are solutions on some differential equations written pp
1974, 1975), and satisfy V;"(0) = V;" (00) = 0, see line after (3.4) p 1973.

We wrote (115) with the accuracy provided by the proofs of [Gral9], but we actually need
a less precise version, only up to order 1/#:

Corollary 1. With the notations and hypotheses of theorem 3, for any v € (0,1/2], if t is large
enough,

3\a—xX
AR o< irs,
! (124)
|h(or+x,1) — p(x)| < Cyxe™ for x > /6.

|h(o)+x,1) — p(x)| < C,

Proof. Recall from (114) that 1 is bounded and t(x) ~ Cx’e ™ as x — co. This implies that
[v(x)| < Cmin (1, (1 + |x|*)e™) for some constant C. Then, the first line of (115) implies that

in (1,(1+[x]*)e™"
’Uapp(x7f)—¢(x)’<Cmm( ( t|x| ) for x < 11/° (125)

for some other constant C. With (110), this implies the first line of (124). (Recall v < %.)
In the second line of (115), the quantities Vl+ are bounded. As x > 17/6 > 1, we have

{Uapp(x, t)’ < Cxe™ for x > 11/°, (126)
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As we also have ¢(x) ~ Agxe™, we obtain ]Uapp(x, 1) — ¢>(x)] < Cxe*forx > 17/°. which
gives, with (110), the second line of (124).
O

Unfortunately, theorem 3 and, consequently, corollary 1 are very imprecise for x < 0. We
will need the following result to complement corollary 1:

Lemma 8. With the notations and hypotheses of theorem 3, there exists C and ty depending
on the initial condition hy such that, for t > t,,

|h(o:+x,1) — ¢(x)] <§ for x < 0. (127)

Proof. Choose o € (0, 1) and let xo = ¢! (3 + ). It suffices to prove |h(c; +x,1) — ¢(x)| <
C/t for x < xo: if x9 > 0, then (127) follows; if xy < 0, then (124) provides the required bound
for x € [x0,0].

Let
0(x,t) = h(o; +x,1) — P(x). (128)

By substitution, one obtains

06 = Lhortx0) = 90+ 6) + 6:0u(0+5) + (9+6) — (94 6)

=¢" 4610 +¢—¢* + 025+ 5,0,0 +6 — 20 — 6%,
= (6, —2)¢' + 926 +6,0.0 + (1 —2¢ — )5, (129)

where we used in the last step that ¢’/ +2¢’ + ¢ — ¢> = 0.
As §(x, ) converges uniformly to O [Bra83], there is a time 7y > 0 such that |6(x, )| < « for
all x and all 7 > #y. Recalling that ¢(xp) = % + « and ¢ is a decreasing function, we have then

1 —2¢(x)+16(x,0)| <1 —=2¢(x0) +a=—« forx <xpandt>1t. (130)

From respectively (124) and |§(x,7y)| < «, one can find C > 0 such that

C C
‘(5()60,2‘)‘ < 7 fort > 1y, |(5(x,l‘0)|<7 for x < xp. (131)
0
As ¢’ < 01is bounded and 0 < 2 — ; ~ 2% for ¢ large enough, one can increase #y and C such
that, furthermore,

c C
0< ¢/ (W6 ~2) Sa—— 5 fori> i andx < x. (132)

(The reason for the negligible C/#> term will soon become apparent.) Let 4 be the solution to

A c C o A A C A C
8,5:a77t—2+8f5+dt5‘x67045 for x < xo,t > to, 5(x0,t):7, 6(x,t0):t—.
0
(133)
We consider (129) for x < xo and ¢ > 1), taking as ‘initial’ condition J(x,y) and as boundary
condition d(xo,#). Using the comparison principle between ¢ and 9, and then between —¢ and
d, one obtains with (130)—(132) that |§(x, )| < 0(x,) for all x < xo and ¢ > 1,. But the solution
to (133) is 6(x,7) = €, hence |6(x,1)| < € for 1 > to and x < xq.
O
We can now prove proposition 1.
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Proof of proposition 1. The fact that (7) holds is already proved in [Gral9, corollary 4], as
an easy corollary of theorem 3, which states:

_ (L 1
=0+ <2> O(I>a (134)

so that a in (7) is given by a = g + ¢~ '(3). It remains to prove that (12) with F(h) = h?
holds:

C
< " fort>tyand re U, (135)

'/dxe”‘h(ﬂ,—l—)c,t)z—/dxe”‘w(x)2

where C > 0 and #, > 0 are some constants, and where U is some real neighbourhood of 1. We
choose to take U = [0,01,1.99].

In (135), make the change of variable x — x + o; — y, in the first integral, and the change
x—x—¢~!(}) in the second. Recalling that w(x—¢~'(3)) = ¢(x) and factorising by

e’(o—1) e obtain that (135) is equivalent to
er(Uf—Hz)

< fort>tyand r € U.

e

/dxe”‘h(at—kx,t)z—f:’(“f_"‘_qyl(%))/dxe’%(x)2

(136)

The prefactor e”(~#) is bounded for € U and ¢ > 1, and can be dropped. As [ dxe™¢(x)? is
bounded for r € U, and since (134) holds, one has for some C and #y:

’/d.xe”‘@%x)2 — (oo (3)) /dxe”‘gi)(x)2 < g for >ty and r € U, (137)

and then (135) is equivalent to

C
< " fort>tyand r € U. (138)

’/dxe”‘h(ot—kx,t)z—/dxe”‘qﬁ(x)z

We now show that (138) holds.
First notice that there exists C > 0 such that, for all x and all 7 large enough,

h(o; +x,1) < Co(x). (139)

Indeed, from (124), |h(o; +x,1) — ¢(x)| <2Cyxe™* for x > 1 and ¢ large enough (we used
x2 <t in the first line, since v < 1/2). Since ¢(x) ~ Agxe™ for large x, this implies that
h(o;+x,1) < Co(x) for some C is x > 1 and ¢ large enough. Making C larger if needed so
that Cé(1) > 1 ensures that the relation also holds for x < 1 since ¢ is a decreasing function
and h < 1.

Then, for another constant C, for all ¢ large enough and all r € U,

,</dxe”“

< c/dxe%(x)(h(a Fxt) — (;S(x)‘. (140)

’ / dxe™ [h(o— +x,0)?— ¢(x)2} h(o +x,1) — (;S(x)’ X (h(a )+ ¢>(x))
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We cut the integral in three ranges: x < 0, 0 < x < £7/% and x > 7/%. In the first range, we use
r > 0.01, ¢ < 1 and (127). In the two other ranges, we use r < 1.99 and (124):

/6

0 3\a—x
< C/ der.le% 4 C/ dxel.99x¢(x) (1 +x )e
—o00 0

t

’/dxe’x {h(a +x,1)% — ¢(x)2}

+C dxel.99x¢(x)xe—x’

/6
< % + § +Crem0 0 ¢ % (141)
where we used e'?*¢(x)xe = < Cx*e~%-°!*, This concludes the proof. O

7. Conclusion

In this paper, we study the quantity ®(c) appearing in (8), which describes the behaviour of
the solution to the Fisher—KPP equation (1) at time ¢ and position ct for ¢ > 2. We first showed
that (8) holds for values of ¢ > 2 satisfying (19), and we computed a small € = ¢ — 2 expansion
of the quantity ®(c) appearing in (8), up to the order O(€?), see (11). The expansion depends
on the initial condition and the nonlinear term in (1) through two numbers « and $ which
characterise the shifted travelling wave reached by the front, see (3) and (5). Although, ®'(2)
exists, ®'/(2) does not. The expansion (11) is surprisingly irregular, with several logarithmic
corrections.

Our method to reach this result relies on so-called magical relation between the position g,
of the front, the initial condition &g, and the quantity ®(c), see proposition 2. This approach
relates in some way the large ¢ expansion (7) of the position y, of the front and the small €
expansion of ®(2 +¢).

As explained in the proofs of the present paper and in [BBD18], the magical relation also
allows to predict non-rigorously the coefficients of the large ¢ expansion of the position of the
front for all initial conditions. It would be interesting to turn this approach into a proof.

We believe that our result is universal; however, the proofs in this paper rely on knowing
the large ¢ expansion of the position of the front, and on some other technical condition (12)
which has only been proved for the Fisher—KPP equation (1) with the F(k) = h? nonlinearity,
and an initial condition which is a compact perturbation of the step function. Therefore, our
result is only proved in that situation.

All the results in this paper could be easily extended to the front studied in [BBD17, BBD18,
BBP19], where the nonlinearity in the Fisher—KPP equation is replaced by a moving boundary:
Oth = 0*h + h if x > p, and h(x,t) = 1 if x < y, with h differentiable at x = 1. Then, as can
be shown rigorously, the magical relation (16) still holds with (e,7) = ¢(€) = 1/(1 +€), and
we believe that (11) also holds; the only result missing to prove it with our method is that the
large t expansion of 1, is also given by (7) for that model. (The technical condition (12) is not
needed in that case.)

A front which satisfies h(2t — 3 logt +z,) = w(z — a) with w(z) ~ (az + B)e¢ is some-
times called a ‘pulled front’. Bramson’s conditions (2) for the nonlinearity F(h) imply that
the front 4 is pulled, but it is known that one can still have a pulled front in some situations
where (2), and in particular the condition F(%) > 0, is not satisfied [Saa03]. It would be inter-
esting to check whether our results hold for any pulled front, even when (2) is not satisfied.
(Note: we use F(h) > 0 several times to state that /2 is smaller than the solution of the linearised
equation, so our proofs will need some non-trivial changes. The fact that (%) is differentiable
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is only used in the proof of lemma 2, and we never use F’(h) > 0 or F'(h) = O(h); we do
use however F(h) = O(h'*?) several times.)

The magical relation could also be used to compute ®(c) for large c. As is clear from
inspecting (16), this would require studying the early times of the evolution of the front. This
point was already noticed in [DMS16].

Beyond the results themselves, the method used to reach them are, in our opinion, quite
unexpected and interesting. We feel that there remains many aspects of the Fisher—KPP
equation that could be better understood, and the magical relation might be a useful tool to
that purpose.
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Appendix

We prove lemma 4:

Lemma 4. Let 3 € (0,7). For t > 0, the quantities h(x,t), |0h(x,1)|, |02h(x,t)| and |0,h(x,1)]
are bounded by A(f) max(1,e=5%) for some locally bounded function A.

Proof. We already know that the result holds for i(x,#) from lemma 1 and 0 < h(x,f) < 1.
The Fisher-KPP equation (1) will then provide the result for d;h once it is proved for 92h.
We now focus on 9,4 and 9*h. Following Uchiyama [Uch78, section 4], we use the following
representations:

) = [ dyple=yihos / ds [ dyple =yt syl (142)
axh(m):/dyaxp(x ¥ )ho(y /dS/dyaxpx vt =s)f[h(y,s)], (143)
Ohtxn) = [ ayoip(a— . / ds [ yapt—y.t= s . 5)0h(rs), (144
where f(h) = h — F(h) and

p(xJ)::;7%;;e_%ﬁ (145)
By using 0 < /1o < 1 and 0 < f[h] < h < 1 in (143), Uchiyama shows that

1 1
0| < [ avlowplx =y \+/ds/dy|axpx ni=s)l == (L +2v0). ad6)
Let ¢ := max |f’|; by using (146) (and 0 < hg < 1) in (144), he also obtains, in the same way,

|02h(x,1)| < +Cx0+ﬂ (147)
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We now need to show that |0,h(x,?)| and |0?h(x,t)| are bounded by A(t)e?* for some
locally bounded function A and for 8 € (0,7).

We bound the right-hand-sides of (143) and (144), starting with the terms involving
hy. Choose p > 1 such that pS < ~, and let g be the Holder conjugate of p, i.e. such that
1/p+1/q=1. By Holder’s inequality applied to ho(y)'/Pe?’ x d,p(x — y,t)ho(y)"/7e=,
we obtain

1

| / dyaxP(X—y,f)ho(y)’ < [ / dyho<y>eﬂw}'l’ [ [atopt—yolmmeo| . as)

The first integral in the right-hand-side is g(/3p,0), which is finite since we took fSp < . We
focus on the second integral, which we first bound using /o (y) < 1; then

/dylaxp(xfy,t)lqe’ﬁqy :C’Bq"/dylaxp(y,t)\qeﬂqy,
= e’ﬁq"\/f/dy\@p(y\@t)lqeﬁq’w,
:e—ﬁqxt—q-s-% /dy\@xp(y,lﬂ"eﬁqy\ﬁ. (149)

Indeed, as p(yv/1,1) = p(y,1)/\/t, we have that 9,p(yv/,t) = O.p(y, 1) /t. The remaining integ-
ral on the right-hand-side converges because of the Gaussian bounds in d,p(y,1) and gives
some continuous function of ¢ defined for all ¢ > 0. Then, in (148),

B (1)

[0t y.mi| < 2es 150)
t q

for some function B; continuous on [0, 00). It is crucial for what follows that B;(0) is finite,
so that the divergence of By (f)/t'~'/(29) as ¢t \, 0 is integrable.

Note: we are about to introduce functions B,, Bs, etc. As for Bj, all these functions are
implicitly defined and continuous on [0, c0).

The same method for the second derivative, using this time 92p(yv/1,7) = 92p(y,1)/£/2,
gives

l‘Z 2q

/ dydip(x — y,0)ho(y) | < 132(? e ™ (151)

We now turn to the second term in the right hand side of (143). We first write, from
lemma 1,
e(1+8%)s s (148

<C - 152
VI Vi (152

for 0 < s < ¢, with C a constant. Then, as in (149),

0 <flh(y,s)] <h(y,s) <C

—Bx
/dy\axp(x—y,t—S)le_By ZG_B"/dylaxp(y,t—S)\eﬁyZ ;ﬁ/dy\axp(y,l)leﬁym

s \e/_ﬁx /dyIE? Py 1jefmexeovi = B0 e (153)
S Vi—s S Vi—s
for O < s < t. This leads with (152) to
By(t
[ttt < <2 e (154)
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for 0 < s < t. Then,

t
/ds/dy(')xp(x—y,t—s)f[h(y,s)] < wBy(1)e ™, (155)
0
With (150), into (143), we obtain
|0k (x,1)| < Lf%(?e*ﬁ& (156)
r

We now turn to the second term in the right hand side of (144). We bound f[i(y,s)] by
¢ :=max |f’|; then using (156) with (153), we obtain

<——"Fe 7, (157)
ss

/ dyOup(x — .1 — ) [A(y.9)|0sh(y.5)

B3(t)Bs(s)
— 1

and, finally, since the integral on s is finite,

t
/ds/dyc’)xp(x—y,t—s)f’[h(y,s))@xh(y,s) < Bg(r)e ™" (158)
0
With (151), into (144):
B
|02h(x,1)| < 37(? e 7, (159)
127
and the proof is complete. O
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