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Abstract
Motivated by the study of branching particle systems with selection, we
establish global existence for the solution (u, 1) of the free boundary problem

O =0?u+u fort>0andx > u,
u(x,t) =1 fort > 0and x < p,
Oy, 1) =0 fort >0,
u(x,0) =v(x) forxeR,

when the initial condition v : R — [0, 1] is non-increasing with v(x) — 0 as
x — oo and v(x) — 1 as x — —oo. We construct the solution as the limit of a
sequence (uy),>1, Where each u,, is the solution of a Fisher—KPP equation with
the same initial condition, but with a different nonlinear term. Recent results
of De Masi A et al (2017 (arXiv:1707.00799)) show that this global solution
can be identified with the hydrodynamic limit of the so-called N-BBM, i.e.
a branching Brownian motion in which the population size is kept constant
equal to N by removing the leftmost particle at each branching event.
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1. Main results and introduction

Consider the following particle system: N particles perform independent Brownian motions
on the real line. At random, exponentially distributed times with rate one and independently
of the other particles, each particle branches into two (i.e. creates a new particle at its cur-
rent position). The number of active particles is kept constant (and equal to N) by removing
the leftmost particle from the system each time a particle branches. This is sometimes called
branching Brownian motion with selection or N-BBM for short. Recently, De Masi et al [6]
showed that as N — oo, under appropriate conditions on the initial configuration of particles,
the N-BBM has a hydrodynamic limit whose cumulative distribution can be identified with the
solution of a free boundary problem, provided such a solution exists (see section 2 for more
details).

In the present work we establish global existence and uniqueness for this free boundary
problem:

Theorem 1.1. Letv: R — [0, 1)be a non-increasing function such that v(x) — 0 as x — oo
and v(x) = 1 as x — —oo. Let g = inf{x € R: v(x) < 1} € {—o0} UR. Then there exists
a unique classical solution (u, pv) with u € [0, 1] to the following free boundary problem:

Ou=00*u+u fort>0andx >y,

u(x, ) =1 forz > 0 and x < py, (FBP)
Owu(py, 1) =0 forr >0,

u(x,0) =v(x) forxeR.

Furthermore, this unique solution satisfies the following properties:

e Foreveryt >0, u(-,t) € C'(R) and is non-increasing, and d,u € C(R x (0, 00)).

o As t \, 0, u(x,t) — v(x) at all points of continuity of v (since v is non-increasing, it is
differentiable almost everywhere).

° va(l) < v® are two valid initial conditions and (u(i),u(i)) is the solution with initial
condition v, then u®™ < u® and " < @,

We say that (u, pt) is a classical solution to (FBP) above if y, € R V¢ > 0, t — p, is con-
tinuous, u: R x (0,00) — [0,1], u € C*'({(x,2) : >0, x > p,}) N C(R x (0,00)), (u, )
satisfies the equation (FBP), and u(-, ) — v(-) in L} _as t \, 0.

We shall first prove existence of solutions, and then prove uniqueness separately (without
relying on the comparison principle included in the statement).

Remark 1. If instead v(x) — [ > 0 as x — 00, then a classical solution (u, 1) of (FBP) ex-
ists for t < t. = —log!, with 4, — coast " t..

Remark 2. As discussed below, the condition that v is non-increasing can be relaxed to
some extent (but then the result that u(-,7) is non-increasing is lost). Moreover, as we shall
see in section 2 below, for studying the hydrodynamic limit of the N-BBM, one only needs to
consider (FBP) with non-increasing initial conditions v.

The overall idea behind the proof is to construct « as the limit of a sequence of functions
u,, where, for each n, u, satisfies an n-dependent nonlinear equation, but where all the u,, have
the same initial condition. More precisely, let v : R — [0, 1] be a measurable function and, for
n > 2, let (u,(x,1),x € R,t > 0) be the solution to
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{8,un=8§u,,+u,,—uﬁ forx e Randt > 0, (1

un(x,0) = v(x) forx € R.

For each n > 2, this is a version of the celebrated Fisher—KPP equation about which much is
known (see e.g. [1, 12, 14, 17-19]). In particular,

e 1, exists and is unique,
e u,(x,t) € (0,1)for x € Rand s> 0 (unlessv=0orv = 1).

Since the comparison principle applies, we see furthermore that for every x € R, ¢ > 0 fixed,
the sequence n +— u,(x,t) is increasing. Therefore, the following pointwise limit is well
defined:

u(x, 1) == Hm u,(x,1), (1.2)

with u(x, r) € (0,1] for 7 > 0 (unless v = 0). Indeed, in most of the cases we are interested in,
there are regions where u(x,#) = 1.

Heuristically, it is natural to expect u to be a solution of our free boundary problem (FBP)
because the u]; term becomes negligible as n — oo except where 1 — u, is of order 1/n. Hence
the limit u follows the linear equation where u < 1 but still saturates at 1. The most delicate
point, as is clear from the proofs, is to show that this limit is C! in space.

We have the following results on u:

Theorem 1.2. Letv:R — [0, 1] be a measurable function. The function u(x,t) as defined
by (1.1) and (1.2) satisfies the following properties:

e u is continuous on R x (0,00) and, for t > 0, u(-, 1) is Lipschitz continuous.

o u(-,1) = v(-)in L as 1\ 0, and if v is continuous at x then u(t,x) — v(x) as t \, 0.

o At any (x,t) with t > 0 such that u(x,t) < 1, the function u is continuously differentiable
in t and twice continuously differentiable in x, and satisfies

Ou = 0*u+u.

o u satisfies the following semigroup property: for any t > 0 and any ty > 0, u(-,t + to) can
be obtained as the solution at time t to (1.1) and (1.2) with an initial condition u(-,ty).

° va(l) < v® are two measurable functions and u'” is the solution to (1.1) and (1.2) with
initial condition v, then u" < u®.

The existence result in theorem 1.1 is then a consequence of the following result:

Proposition 1.3. Suppose that v (and p) is as in theorem 1.1, and define u(x,t) asin (1.1)
and (1.2). Then there exists amap t — p; with (1, € RVt > 0 and 11, — g as t \, 0 such that

ulx,t) =1 & x< 1y fort > 0. (1.3)

Furthermore, t — y, is continuous and u(-,t) € C'(R) for t > 0 with d,u € C(R x (0, 0)).

By combining theorem 1.2 and proposition 1.3, we have that if v is as in theorem 1.1 then
(u, p) is a classical solution of (FBP).

Remark 3. For an arbitrary measurable initial condition v, for > 0, u(-,f) is obviously
C! in the interior of the region where u = 1, and by theorem 1.2 it is C' in the region where
u < 1. The difficulty in proving proposition 1.3 is to show that u(-, ¢) is also C' at the boundary
between these two domains.
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Remark 4. It turns out that the proof that u(-, ) is C' holds whenever the topological bound-
ary between the (two-dimensional) domains {u = 1} and {u < 1} has measure zero. (In the
case where v is non-increasing, this is implied by the existence of a continuous map ¢ —
satisfying (1.3).) This means that it should be possible to show that u(-, ) is C! for any ‘reason-
able’ initial condition.

Remark 5. The condition that v is non-increasing in theorem 1.1 is only used in the proof
of proposition 1.3 to show the existence of a continuous boundary ¢ — 1, as in (1.3).

The idea of using the limit of (u,),>; as the solution to (FBP) first appeared in [2] and the
present article puts this intuition on a rigorous footing.

The rest of the article is organised as follows: the next section is devoted to putting our
result in the context of several recent works on related problems; in particular, we give the
precise relationship between (FBP) and the hydrodynamic limit of the N-BBM [6]. Next, in
section 3, we present the precise versions of the Feynman—Kac representation that we shall use
in the rest of the proof. The proof of one of these Feynman—Kac results will be postponed until
section 7. We establish theorem 1.2 in section 4, and in section 6 we prove proposition 1.3.
In section 6, we complete the proof of theorem 1.1 by proving the uniqueness of the classical
solution of (FBP). In section 7, in addition to proving a Feynman—Kac formula, we also state
and prove a version of the comparison principle which will be used throughout.

2. Context

Let w be a probability measure on R. Then define v : R — [0, 1] by setting
v(x) = w([x, 00)).

Note that v is non-increasing, and that v(x) — 0 as x — oo and v(x) = 1 as x — —o0.
Therefore, by theorem 1.1, there exists a unique classical solution (u, ;1) to the free boundary
problem (FBP), and O,u is continuous on R x (0, co).

Let

p = —Ou.
The following result is an easy consequence of theorem 1.1 and its proof.

Corollary 2.1. Let w be a probability measure on R and let py=inf{xeR:
w([x,0)) < 1} € RU{—o0}. Then (p, p) constructed as above from the solution of (FBP)
with initial condition v(x) = w([x, 00)) is the unique classical solution with p > 0 to the fol-
lowing free boundary problem:

Op=0%p+p for t > 0 and x > fi,
p(pest) =0, f:to p(y,t)dy=1 fort >0, (FBP')
p(,1)dX\ — dw() in the vague topology as ¢ \, 0.

We say that (p, ) is a classical solution to (FBP') above if i, € R Vr > 0, ¢ — 4, is con-
tinuous, p: R x (0,00) —= [0,00), p € C>'({(x,£) :£>0, x> 11,}) N C(R x (0,00)), and
(p, ) satisfies the equation (FBP).

This result improves on a recent result of Lee [16], where local existence of a solution to
(FBP') is shown (i.e. existence of a solution on a time interval [0, 7] for some T > 0), under the
additional assumptions that w is absolutely continuous with respect to Lebesgue measure with
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probability density ¢ € C2(R), and that there exists o € R such that ¢ (o) = 0, ¢’ (10) = 1
and [ ¢(x) dx = 1.

In [6], De Masi et al. study the hydrodynamic limit of the N-BBM and its relationship with
the free boundary problem (FBP’). The N-BBM is a variant of branching Brownian motion in
which the number of active particles is kept constant (and equal to N) by removing the left-
most particle each time a particle branches.

We shall now define this particle system more precisely. Suppose that ¢ € L' (R) is a prob-
ability density function which satisfies (a) [|¢]s < o0 and (b) [~ ¢(x)dx =1 for some
r€R. Let X},...,X) beii.d. with density ¢. At time 0, the N-BBM consists of N particles
at locations XJ, . .., XJ. These particles move independently according to Brownian motions,
and each particle independently, at an exponentially distributed time with rate 1, creates a
new particle at its current location. (More informally, during a small interval of time d¢, each
particle has a probability 67 + O((6t)?) of branching.) Whenever a new particle is created, the
leftmost particle is removed from the particle system.

Let X, = {X/,..., X"} denote the set of particle locations at time . Let w,(N) be the empiri-
cal distribution induced by the particle system at time ¢, i.e. for A C R, let

1
™M (A) = yXnAl.

De Masi et al prove in [6] that for each ¢ > O there exists a probability density function
Y(-, 1) : R — [0,00) such that, for any a € R,

lim 7V [a, 00) = / Y(r,t)dr  as.andin L',
N—roc0 a
Moreover, they show that if (p, 1) is a classical solution of (FBP') with initial condition w
given by dw = ¢ dA then 1) = p. The following result is then a direct consequence of theorems
1 and 2 in [6] and our corollary 2.1.

Corollary 2.2. Suppose ¢ € L'(R) is a probability density function with ||¢||s < 0o and
froo ¢(x)dx = 1 for some r € R. Construct an N-BBM with initial particle locations given by
i.i.d. samples from ¢, as defined above. Let 7TI(N) denote the empirical distribution induced by

the particle system at time t. Then for any t > 0 and a € R,

o0
Nlim 7N a, 00) = / p(r,t)dr = u(a, 1) a.s.andin L',
—00

a

where (u, p) is the solution of (FBP) with initial condition v given by v(x) = fxoo o(y) dy, and
p = —0u.

Lee [16] points out that (FBP/) can be reformulated as a variant of the Stefan problem; let
(p, 1) be a solution of (FBP') and define

—t —t

p(x, 1) = —e ' Dpu(x, t).

Then under some regularity assumptions, (w, 1) solves

w(x, 1) :=e

Ow = O*w fort > 0 and x > p,,
w(p,t) = e, = —1e'Ow(py, 1) fort > 0. (Stefan)

The Stefan problem describes the phase change of a material and is one of the most popu-
lar problems in the moving boundary problem literature. Typically, it requires solving heat
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equations for the temperature in the two phases (e.g. solid and liquid), while the position of the
front separating them, the moving boundary, is determined from an energy balance referred to
as the Stefan condition. The Stefan problem has been studied in great detail since Lamé and
Clapeyron formulated it in the 19th century [15]. There are several reference books that the
reader may consult such as the recent and up-to-date book [11].

Now that the existence and uniqueness of solutions of (FBP) has been established, the
natural next step is to study the long time asymptotics of the solution, and in particular the
long time asymptotics of ;. It is clear intuitively that ;, — oo as  — oo, and this is not very
difficult to prove using the same techniques as in the proof of proposition 5.1 below. However,
it is worth noting that # — p, is not in general monotone, even for simple initial conditions
such as a Heaviside step function v(x) = 1{,.o}. Indeed, as will be shown later (see the proof
of lemma 4.4), one has u(x,t) < t + p; * v(x), where p, * v(x) is the solution to the heat equa-
tion at time ¢ with the same initial condition v. In particular, in the case of a Heaviside initial
condition v(x) = T ,<q}. the solution to the heat equation is simply an error function which
remains equal to % at the origin. Then one has that u(0,7) < % + t and, therefore, u, < 0 at
least up to time %

The long time behaviour of i, was the focus of [2]. In that paper, it was conjectured that
(FBP) behaves very similarly to the Fisher—KPP equation (see (1.1)). In particular, it was con-
jectured that for initial conditions v that decay fast enough to zero, the front would converge
to a travelling wave moving at velocity 2 [14]. In fact, for such a fast decaying v, one of the
main (heuristic) results of [2] was that i, (which one can interpret as the position of the front)
has the following expansion:
log ¢

1
(5—61112)7—&—(’)(?) ast— oo, (2.1)

3 RAVZI
=2t— =logt+C— — + =
pe p o8l N

The asymptotic expansion (2.1) up to the constant term is the same as in Bramson’s celebrated
result for the position of the Fisher—KPP front [3]. The 1/ \/t correction is known as the Ebert—
van Saarloos term [9], and has been proved only recently for the Fisher—KPP equation for
initial conditions with support bounded on the right [18]. The (log¢)/¢ correction [2, 4] has
also been recently proved to be present in the Fisher—KPP case for a step initial condition [10].

The method used in [2] to obtain (2.1) relies on a remarkable relation between y, and the
initial condition v:

Lemma 2.3. Let v be as in theorem 1.1 with o € R and such that ~ .= sup {r :
S v(x)e™ dx < 0o} > 0.Let (u, p) be the classical solution to (FBP). Then

o0 o0
1+ r/ dxv(po + x)e™ = / ds e (e—po)=(14r7)s for all » < min(y,1). (2.2)
0 0

(Although this can be proved rigorously and the proof is not very difficult, we omit it from
the present work as it is not our main focus here; the main ideas can be found in [2, 4].)
For instance, take a step initial condition v(x) = 1 1x<o0y- Using (2.2) with r = 1 — € gives

o
/ ds e—ezs—i-(l—e)(uS—Zs) =1 Ve > 0. (23)
0
The right-hand side looks roughly like a Laplace transform of e*s~2 and, if results on the
uniqueness of the inverse Laplace transform could be extended, one might expect that (2.3)
completely characterizes the function p. It should also be possible to extract the asymptotic
results (2.1) out of (2.3) in a rigorous way.
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We leave the question of convergence of solutions of (FBP) to a travelling wave and the
proof of the asymptotics (2.1) for future work.

3. Feynman—Kac formulae

In this section, we state the versions of the Feynman—Kac formula which we shall use repeat-
edly in the rest of the paper. So as not to interrupt the flow of the main argument, the proof for
proposition 3.1 is postponed to section 7.
We introduce the heat kernel
1 2
pi(x) = e #, (3.1)
/(%) VAt

For x € R, we let P, denote the probability measure under which (B;),>¢ is a Brownian motion
with diffusivity constant v/2 started at x. We let E, denote the corresponding expectation. The
symbol x denotes convolution; for instance,

povi) = [ " dypilx — y)v() = Edfv(B)]

— 00
is the solution at time 7 to the heat equation on R with an initial condition v.

Proposition 3.1. Suppose that A C R x (0,00) is an open set, and that w : A — R is C*!
and bounded, and satisfies

ow =2w+Kw+S for (x,1) € A, (3.2)

where K : A — R, §: A — R are continuous, S is bounded and K is bounded from above.
Then, if one of the conditions below is met, we have the following representation for w(x,t)
with (x,1) € A:

w(x, 1) = B, |w(Br,t — T)ef(‘T K(By1—s) ds —|—/ drS(B,,t — r)eforK(B“’_s) ds| (3.3)
0

where T is a stopping time for (By)s>o.
For the representation (3.3) to hold, it is sufficient to have one the following:

1. The stopping time T is such that (Bs,t — s) € A forall s < T,

2. The set A is given by A = {(x,7) : t € (0,T) and x > p, } for some T > 0 and some con-
tinuous boundary t — p, with p, € RU{—o0} Vt € [0, T}, the stopping time T is given
by T = inf {s >0:B < ,u,_s} At (the first time at which (B,,t — 7) € OA) and, fur-
thermore, w is defined and bounded on A, continuous on AN (R x (0,00)) and satisfies
w(e, 1) = w(-,0)in LL_ ast\,0.

Although this is a very classical result, we give a proof in section 7 for the sake of com-
pleteness and because we could not find an exact statement with stopping times or a discontin-
uous initial condition in the literature. The proof that (3.3) holds under condition 1 essentially
follows the proof of theorem 4.3.2 in [8].

Proposition 3.1 gives some useful representations for the u,, defined in (1.1).

Corollary 3.2. Letv:R — [0, 1] be measurable, let n > 2 and let u,(x,t) denote the solu-
tion to (1.1). Then by proposition 3.1:
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e taking K = 1 — u"~! and S = 0, for 7 a stopping time with 7 < #:
() = By [t (B 1 — )b (1707 (B ] (3.4)
etaking K =1—u""!,S=0,and 7 =1:
Un(x, 1) = 'v(B,)efo’U*"ﬁ"<B»’*S>>ﬂ . (3.5)

etaking K=0,S=u, —ujand 7 =t

uy(x,t) = E, |v(B;) + /0 dr [uy(Br,t — r) — uy(By,t — r)]]

- , (3.6)
= p;*xv(x) + / drp, = [u(x,t — r) — u(x,t — r)].
0
etakingK=1,S=—ujand 7 =1
t
up(x, 1) = E, [V(B,)e’ - / dre"uy(B,,t — r)}
0
‘ 3.7
=e'p, xv(x) — / dre’p, x ul(x,t —r).
0
Proof. This is a direct consequence of the previous result. O

We will also use the following representation for solutions of the free boundary problem
(FBP):

Corollary 3.3. Ifv is as in theorem 1.1 and (u, ) is a classical solution of (FBP) with ini-
tial condition v, then fort > 0 and x € R,

u(x, t) =E, [eT1{7<t} + etV(Bt)]l{'r:t}] P (3.8)
where T = inf{s > 0: By < s} A L.

Proof. This is a direct application of proposition 3.1 under condition 2, with K = 1 and
S=0. [
Finally, we use the following result to recognise solutions to partial differential equations:

Lemma 3.4. Suppose that a < b, ty < t;, and that g : [a,b] X [to, ;] — [0, 00) is continu-
ous and for x € [a,b] and t € [ty, 1],

8(x.1) = Ex [g(Br,1 — T)e"],
where T = inf{s > 0: B; € {a,b}} A (t — to). Then g € C>'((a,b) x (to, 1)) with
0g=0+g for (x,1) € (a,b) x (to,11).

Proof. The proof is the same as the proof of exercise 4.3.15 in [13], where an outline proof
is given. O
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4. Proof of theorem 1.2

In this section, we suppose v : R — [0, 1] is measurable. Let u, denote the solution of (1.1)
and define u as in (1.2). We shall use the following basic results on the smoothing effect of
convolution with the heat kernel p, as introduced in (3.1).

Lemma 4.1. Supposet > 0.

1. If x + a(x) is bounded, then x +— p; x a(x) is C* and ( p, ¥ )" (x) = p,(") * al(x).
2.10f (x,5) = b(x,s) is such that by :=||b(-,5)||cc < 00 for each s € (0,t), and the map
b

s is integrable on [0, 7], then

Nilaed

1= [ o [~ ante=nptns) = [ aspebiny

is C! and
t
flx) = / dspl « b(x,s).
0

Proof. The first statement holds since for every n € N and 7 > 0, there exists a polynomial
function ¢,, : R — R such that |pt(")(x —¥)| < |gns(x — y)|e*(X*Y)2/(4’)Vx,y € R. Then for
the second statement, we have that f;(x) := p; * b(x, s) is smooth, with

70| = ol # b(x.s)| < /z dy |p (e — )| = ;7?

Since s — \}% is integrable on [0, 7], the result follows. O

The following result of Uchiyama provides a useful bound on the spatial derivative of u,,.

Lemma 4.2 ([19], section 4). For x € Rand > 0,

1 V8

€ —+ —.
|8xun(x,t)|\\/ﬁ+ﬁ

“.1)

Proof. We briefly recall Uchiyama’s proof. Using lemma 4.1 to differentiate (3.6) with
respect to x, and bounding the result (using v € [0, 1] and u,, — u! € [0, 1]) yields:

* e [ |- 2
|8xu,,(x,t)|</_oO ‘p,(x—y)‘dy—i—/o ds /_Oody|ps(x—y)‘— \/ﬁ—i_zﬁ' 4.2)

This bound reaches its minimum +/8/7 at t = 1/2. For ¢t < 1/2, the result (4.1) follows im-

mediately from (4.2). Now fix # > 1/2 and let i1, denote the solution of (1.1) with initial condi-
tion u, (-, — 1/2). Then by the same argument as for (4.2) we have that

V2 1 8
i 1/2) | < —=4+2—— =1/ —.
|ax”n(x> / )‘ \/77_"' m T
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Since i, (-, 1/2) = u,(-, t) by the definition of i,, it follows that |Oyu, (x, )| < \/8/7 Vx e R,

t>1/2. U
In the following two lemmas, we prove the continuity of u.

Lemma 4.3. For any t > 0, the map x — u(x,t) is Lipschitz continuous, with Lipschitz

constant % + %.

™t
Proof. For x € R and & > 0, we can write, using (4.1),

Then take the n — oo limit to conclude. O

m@+hg—w@w<<

Lemmad.4. Themap (x,t) — u(x,t)is continuous on R x (0, 00). Furthermore, u(-,t) — v
in L. ast 0, and if v is continuous at x then u(x,t) — v(x) as t \, 0.

Proof. Using the bound u, — u! € [0, 1] in the expression for u, in (3.6), we have that for
x€R, o> 0and >0,

u, (x, 1) — p, * v(x) € [0, 1] and un(x, 10 + 1) — py * up(x,19) € 10,1,

where for the second expression we used that u, (-, ¢ + 7o) is the solution at time 7 of (1.1) with
initial condition u, (-, #y). Taking the n — oo limit, it follows that

u(x, 1) — p; % v(x) € [0, 1] and u(x,to +1t) — p, * u(x, 1p) € [0,1].

Since the solution to the heat equation p, v converges to v in L] as 1\, 0, we have

that u(-, ) — v in L} . If v is continuous at x, then p, x v(x) — v(x) as # \, 0, and hence
u(x,t) = v(x)ast 0.
It remains to prove that u is continuous. By lemma 4.3, we have

&PWM@—M&MH

1 V8 1 VBN a
< (\/WTOjL\/’?)EX“th”_ <\/7TTO+\/7?> e

P * u(x, to) — u(x, t0)| =

Therefore by the triangle inequality,

lu(x, t0 + 1) — u(x, 10)|< |u(x, to + 1) — pr xu(x, to)| + |pr * u(x, o) — u(x, fo)|
1
<t+ L3 JE
Ty AT T

Hence by the triangle inequality and then by lemma 4.3, for x;, x; € R, fp > O and ¢t > 0,

lu(xi,t0 + 1) — u(xa, t0)| < |u(xi,to +1) — u(xr, t0)] + |u(x1,t0) — u(xa, o)

1 V8 4t
<t+(m+\/7?>< 7r+|x1_x2|>’
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and the result follows. O
We now turn to the semigroup property.

Lemma 4.5. Supposev:R — [0, 1], take ty > 0 and, as throughout this section, let u, and
u denote the functions defined in (1.1) and (1.2). Furthermore, for t > ty, let uy,, (-, t) denote
the solution at time t — ty to (1.1) with the initial condition v(-) replaced by u(-, ty). Then for
t>tyand x € R

nlggo Unyy (X, 1) = nllgolo un(x, 1) = u(x, t).

Proof. Since u,(x,%) < u(x,t9) Vx € R, it follows by the comparison principle that
un (X, 1) < thyy, (%, 1) Vx € R, t > 1. Then for ¢t > 1y, by the Feynman—Kac formula (3.5),

Unszy (X, 1) — U (X, 1)

=1y n—1 =1y n—1
f—1 — ! (Bs,t—s) ds — 0 By,t—s) ds
=¢e" "E, |:u(Bt—to’ tO)e J o ( YO _ un(Bt—t()a tO)e o (Bot=s) v:|

— — [0 =1 (Byi—s) ds
=e'ME, K”(Bt—to,l‘o) — un(Bt—tmlo))e 0 Uiy (Bot=s) v}
+ et—zoEx [“n(BtftO, to) <€7 Ol—to ,,,:;701 (Bst—s)ds e fofffo uﬁfl(BS,t—s) ds)}

< e[_to]Ex I:u(Bt—t(J’ l()) — Un (Bt_t(]’ t(])} ’

where, in the last step, we used that u,,, > 0 and u > u, for the first term and that u,.,, > u,
and u,, > 0 for the second term. By dominated convergence, the right hand side converges to
zero as n — oo, and this completes the proof. [l
At this point, it is convenient to introduce the two sets
U:={(x,1) € Rx(0,00) :u(x,1) =1}
43
and  Si={(1) €Rx (0,00) : u(x,1) < 1}. (4.3)

By the continuity of u, the set S is open.
The next proposition focuses on the set §, while proposition 4.7 below is about the behav-
iour of u, in the set U.

Proposition 4.6. The map u is C*>' on S and satisfies

Ou=0*u+u  onS. (4.4)

Proof. Choose (x,t) € S. Let a, b, tp and #; be such that x € (a,b), t € (fp,#;) and
[a,b] x [to,11] C S. By (3.4), we have that for (x', ) € [a, b] X [to, 11],

un(v', 1) = By [un(BT, ¢ —1)eld (‘—“ZWB:J’—S))“], 4.5)

where 7 = (¢ — 1p) Ainf{s > 0: By & (a,b)} is the time at which (B, # — 7) hits the bound-
ary of [a, b] x [ty, 11].

We now take the n — oo limit. For a given Brownian path (By),>¢, since (B;,t' —s) € S
for s € [0, 7], we have u,(Bs, 1" —s) — u(Bs,t' —s) < lasn — oo for s € [0, 7] and so, since
Tt —1,
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.
/uZ*I(BS,t'fs)ds%O asn — oo.
0

Hence by dominated convergence in (4.5),

u(x’,t’):EX/{M(BT,t'fT)eT] forany (v'.7) € [a.b] % [0.t1].  (4.6)

The result then follows by lemma 3.4. O

To complete the proof of theorem 1.2, it only remains to note that if v(") < v® are two
measurable functions, and if u,(f) is the solution to (1.1) with initial condition v, then by the
comparison principle u$"” < u{? and hence u) < u®.

We finish this section by proving two more results on the behaviour of u, which will be
used in the proof of proposition 1.3 in the next section, but which do not require any additional

assumptions on v.
Proposition 4.7. If (x,t) is in the interior of U, then

nlggo uh(x, 1) = 1.

In other words, u, = 1 — o(1/n) in the interior of U, i.e. the convergence of u, to 1 is rela-
tively fast.

Before proving this result properly, we give a heuristic explanation. As in the proof of
proposition 4.6, choose a rectangle [a, b] X [to, ;] in the interior of U, and write (4.5) for a
point (x',#') € (a,b) x (1, ;). We take the limit n — oo again. By construction, u,(x’,#') — 1
and u, (B, — 1) — 1, so we obtain

1 = lim Ey |:efoT (l—uzfl(Bs,t/—s))ds:| )
n—o0

This equation strongly suggests the result, because if there were a region where

limsup,_, ., #? < 1 which was visited by the paths (B, ¢ — s) with a strictly positive prob-

ability then the limiting expectation above would be larger than 1. However, we were not able

to turn this heuristic into a proper proof of proposition 4.7, so we used a completely different

method.

Proof. Take (x,) in the interior of U. For € > 0, let

A= [ 09,

(The exponent 0.49 could be any positive number smaller than 1/2.) Choose € sufficiently
small that [x — €4, x + €*4°] x [t — ¢,#] C U. Note that u, is a monotone sequence and conv-
erges pointwise to 1 on [x — €%, x + €*4%] x [t — ¢, #]. Therefore, by Dini’s theorem, we can
choose ny sufficiently large that u,(x +y,t —€) > 1 — 5 forall y € A and all n > n,.

Let w,(y,s) denote the solution to

OsWy, :(')f,w,,—l—wn—wﬁ fory € Rands > 0,
4.7)

wn(,0) = (1=5)1pen foryeRr

Then, by the comparison principle, u,(x +y,t — e+ s) = w,(y,s) for n > ny, s > 0 and
yeR.
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Heuristically, the domain A is so ‘large’ that, for times s < ¢, the solution w, behaves lo-
cally near y = 0 as if started from a flat initial condition. This suggests that 8)2,w,1(0, s) is very
small for s € [0, €]. Indeed, starting from (3.7) we have

wa(y, ) = €'py x wa(y,0) — / dres_r/ dzps—r(y = Dwy(z. 7).
0 —0o0
Taking the derivative with respect to y, using lemma 4.1, yields

o

S
Oywn(y,s) = € pl x wi(y,0) — / dre’™" / dzp|_(y —2)wy(z.r).
0

—00

Then integrating by parts with respect to z in the second term, we have that

O9) =i em(.0) — [ dre™ [ dep o= oy o)
0 —o00
Note that |9,w,(z,r)| < o + V2 V8 vz € R by lemma 4.2, and the map r — e~ (} + \‘?)

is integrable on [0, s]. Hence by lemma 4.1, we can take the derivative with respect to y again,

to obtain, aty = 0,

Oen(0.5) = &9l m(0.0) = [ arer™r [ azpl (=0t e

Clearly, 0.w,(z, ) has the opposite sign to z, while p/__(—z)has the same sign as z. Hence the
double integral is negative and

049 o9s
rra

€

7w (0,5) = *p} * wy(0,0) = (1 - %)eSZp;(eo'@) = —(1 - E)es

€

e
2,/7s?

N 0.9:
The function s — s~3e~¢ /) reaches its maximum at s = "8 /6 and is increasing on
[0, €298 /6). Thus, for € small enough, s — s~ 2e —<"/(4) {5 increasing on [0, €] and so

< —0.02

8y2wn(0, 5) = —e Mem " fors € [0,¢.

This bound is uniform in z and goes to zero faster than €. Thus, we can choose € small enough
that 92w, (0,5) > —€/2 Vs € [0, €]. We use this in (4.7) and obtain, by the comparison princi-
ple, w,(0,5) = y,(s) for s € [0, €], where y, is the solution of
€ n

Osyn(s) = ~3 +yu(8) = va(s)",  ya(0)=1- .
For n sufficiently large, y,(s) is an increasing function of s. Since, for s> 0,
Yu(8) = y,(0) = 1 — ¢/2 and y,(s)" < e"0"()=1), we see, again by the comparison principle,
that y,(s) = z,(s) Vs > 0, where z, is the solution of

Dszn(s) = 1 — e — @)=, z(0)=1— %
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This last equation can be solved explicitly, giving
1— efn(lfe)s

+ e—n((l—e)s—%)
1—e€

1
Zu(s) =1— ;log

or, equivalently,

—n(1—e):
e—n(z,,(s)—l) _ 1—e n(l—e)s

1—e¢
Indeed, these expressions agree with the initial condition, and taking the derivative of the
second expression gives

+ e—n((l—e)s—%) )

_e—n( l1—e)s

_naszn(s)e—n(z,,(x)—l) =-n(l—¢) |: 1
— €

+ e—n((l—e)s—g):|

5 1
= —n(l — 6) |:e_n(z"(j)_l) — 1_€:| s

which is equivalent to the original differential equation for z,(s). Hence setting s = € and let-
ting n — oo, we obtain that for € sufficiently small,

lim e "G (=1 = ! .
n—o00 1—¢

It follows that as n — oo,
log(1 — ¢ 1
=1+ 280 (1),
n n

Therefore

nlgrolo ()" =1—¢

Since for e sufficiently small and  sufficiently large we have u, (x, 1) > w,(0,€) > y,(€) > z,(¢),
this implies that for € > 0 sufficiently small,

liminfu)(x,1) > 1 —¢,
n— o0
which yields the desired conclusion. O

Lemma 4.8. Ifthe topological boundary OU = 0S between U and S has measure zero, then
x = u(x, t) is C' for every t > 0, and Oy is continuous on R x (0, 00).

Proof. Let

.  ulxn) ifu(xr) <1,
u*(x,t) ;= {O (o) — 1.

Then we have almost everywhere
un(x, 1) — uy (x,1) — u*(x,1). (4.3)

Indeed, this holds in S (obviously) and in the interior of U (by proposition 4.7), and therefore
holds almost everywhere by hypothesis. Hence by (3.6), letting n — oo and applying domi-
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nated convergence, for ¢ > 0,
13
u(x, 1) = p, *v(x) + / drp, «u*(x,t —r). 4.9)
0

Applying lemma 4.1, we have that u(-,¢) is C' with

t

Owu(x,t) = p, * v(x) + / drpl s u*(x,t —r),
0

and hence, by dominated convergence, d,u is continuous on R x (0, 00), as required. |

5. Proof of proposition 1.3

In this section, we suppose that v : R — [0, 1]is a non-increasing function such that v(x) — 0
as x = oo and v(x) — las x — —oo. Let o = inf{x € R:v(x) < 1} € {—o0} UR. Letu,
denote the solution of (1.1), and define u as in (1.2). For r > 0, let

{; = inf ({xeR:u(x,t) < I}U{oo}) € RU {o0, —00}.

Note that since v is non-increasing, by the comparison principle we have that x — u,(x, t) is
non-increasing for each n and each ¢ > 0, and therefore the same property holds for u. Hence,
since u is continuous on R x (0, 00), we have that for r > 0

ulx,t) =1 < x < .
We first prove that y; € R for # > 0 and bound the increments of /.

Proposition 5.1. y; € R for any t > 0. Furthermore, there exists a non-negative continu-
ous increasing function € — a with ag = 0 such that for any t > 0 and any € > 0,

Hrte — My 2 —de. (5.1
If puo € R, the above also holds at t = 0.

Proof. By (3.5), we have that for x € Rand ¢t > 0,
u(x, 1) < €'Bo [v(B, + )], (5.2)
and so, by dominated convergence, u(x,t) — 0 as x — oco. Hence p, < oo V¢ > 0.
We now turn to showing that (5.1) holds if i, € R; we shall then use the ingredients of this

proof to show that p; > —oo for t > 0. Take v : R — R measurable with 0 < v < v, and, for
x€e€Randr >0, let

u(x, 1) = 'E,[v(B))]. (5.3)

Let T =sup{r > 0: u(x,t) < 1 Vx € R}; (we call T the time at which y hits 1). Then
u(x, 1) < u(x,t) VxeR, t<T. (5.4)
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Indeed, note that u(x,) is the unique bounded solution to d;u = &?u + u with initial condi-
tion v. By theorem 1.2, for 7 < T, u(-, t) is equal to the solution arising from (1.1) and (1.2)
with v as initial condition. Again by theorem 1.2, it follows that u(-,#) < u(-, ) forr < T. By
continuity, we now have (5.4).

Now fix € > 0. Let v(x) = 1 {ye[—4q)} for some fixed 1 € (0,1) and a > 0 to be chosen
later. For this choice of v, define u(x, s) as in (5.3). For € sufficiently small, the pair (1, a) can
be chosen in such a way that y hits 1 at time € (we shall explain below how this is done); by
symmetry, the position where u hits 1 is x = 0.

Fix ¢t > 0 such that i, € R. Our definition of v ensures that v(x — , + a) < u(x, t) for all
x € R.Then, by (5.4) and the semigroup property in theorem 1.2, u(x — p; + a, €) < u(x,t + ¢€).
In particular, 1 = u(0,€) < u(u, — a,t+ €) and so e = i — a.

We now complete the proof of (5.1) by showing that it is possible, when e is sufficiently
small, to choose a = a, := €'/? and to find 7. € (0, 1) such that u hits 1 at time €, as required.

Introduce

de dy 7ﬁ
s) = u(0,s) = ne’Py (|Bs| < ae) = 6es/ e &
f(s) = u(0,s) = nee’Po (|Bs| < ae) =, . Vars

Note that

© dy _»2 /°° dy 254 VIR
Py (B = ac :/ € 4 = —€ v/ <e € /
o ) a. Véme ac/vE VAT

€

Hence for e sufficiently small,

e d 2
ee/ 4 e x> 1,

—a. VaTe

and we can find 1 < 1such that

de dy 7ﬁ
u(0,¢) = f(e) = neee e % =1.
u(0,€) =f(e) =1 / "

It only remains to show that f(s) < 1 for s < e. To do this, we simply show that f’(s) > 0 for
s < e. We have

G dy 2 a1 a
"(s) = n.e’ </ e w — < e_%). 55
fi(s)=mn . Vs s Vi (5.5)

Clearly, for € sufficiently small and s < e, the first term in the parenthesis of (5.5) is arbitrar-
ily close to 1 while the second term is arbitrarily close to 0. Hence, f/(s) > 0 Vs < €, which
concludes the proof of (5.1).

Finally, we can now show that in fact y; > —oo for # > 0. Indeed, let v(x) = 11 {xc[—aq]}
where a > 0 and 7 € (0, 1) are such that u hits 1 at some time s < 7. (By the above argument,
such a pair (), a) can always be found. By symmetry, the position where u hits 1 is x = 0.)
Now choose xy such that v(x — xp) < v(x) Vx € R (this is always possible as we assumed
v(x) = 1 as x — —o0). Then by (5.4) we have u(x — x¢,s) < u(x,s) ¥x € R and, in par-
ticular, 1 < u(xo, s), which implies that u; > xo. We now have that p; € R for some s < 7 and
therefore, by (5.1), p; > —0o0. O
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Proposition 5.2. The following left-limit exists for every t > 0 and satisfies: (lag)

ll\rf(l) Mi—e < My

Proof. Suppose that the left limit lim\ o /—. does not exist for some ¢ > 0, and choose b
and c such that

liminf p,— < b < ¢ < limsup p;—e.
eNO eN0

Then for any € > 0, there exists ¢’ € (0, €) such that p,_. > c¢. There also exists €’ € (0, €)
such that y,_» < b, so that p,_¢» — ;e < b — c. However, by proposition 5.1 and then by
monotonicity of a,

He—e’ — Hr—e! 2 e 2 —de,

whichis a contradictionif eis sufficiently small thata. < ¢ — b. Hence the left limitlime\ o p/—c
exists. By proposition 5.1 again, p,— < pty + ac — 1, as € — 0, and so lime o ptr—e < pir. [

Proposition 5.3. The map t — p, is right-continuous (cad and hence cadlag), i.e. for
everyt > 0,

h\n% Pte = H-

Proof. Proposition 5.1 already implies that for r > 0, lim inf\ o ft44-« > g It now remains
to prove that for any ¢ > 0, lim SUPen 0 Hi+e < . Indeed, fix £ > 0 (we shall consider the case
t = 0 separately). For z > 0, by the definition of y,, we have u(u, + z,¢) < 1. Then since u is
continuous on R x (0, 00), u(p, + z,t + €) < 1for € sufficiently small, and so frye < s + 2.
Hence lim SUPen o frte S f + 2, and the result follows since z > 0 was arbitrary.

It remains to consider the case ¢ = 0. First suppose po € R and take z > 0. Since v is non-
increasing, we have that v(y) < v(uo +2z/2) < 1 ¥y > po +z/2. Since u(-,€) — v in L] _as
€ \, 0, and u(-, €) is non-increasing for ¢ > 0, it follows that u(uo + z, €) < 1 for € sufficiently
small, and so . < po + z. Hence for any z > 0, lim supe ¢ pe < po + 2. By the same argu-
ment, if o = —00 then, for any z € R, u(z,€) < 1 for € small enough. Therefore p. < z and
so for any z € R, lim SUPe g He < 2. |

We can finally complete the following important step:

Proposition 5.4. The map t — i, is continuous on [0, o).

Proof. By propositions 5.3 and 5.2, we already have that 7 — p, is cadlag, and that for
t> 0, lime o ttr—e < gy Thus the only way in which g could fail to be continuous would be
if limes o pti—e < g for some ¢ > 0. Suppose, for some ¢ > 0, that lime\ o py—e =a < b = p,
and take ¢ € (a,b). Define f(s) = u(c, s) and observe that f is continuous on (0, c0).

Since lime o ftr—e = a, we have f(r —e€) < 1 for all € > 0 sufficiently small, but since
we = b, we have lim,_,,f(s) = f(¢) = 1. Fix 1y € (0,¢) such that f(s) <1 Vs € [f,?), and
define (ii(x, s),x € R,s > 1) as the solution of the boundary value problem
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Ot = Q% + it forx > cand s > 1,
i(c,s) =f(s) for s > 1y, (5.6)
i(x, t0) = u(x, to) forx € R.

By theorem 1.2, and since u(x,s) < 1 for s € [to,t) and x > ¢, we have that du = 0?u + u for
x> cand s € (f,t). Since the solution of the boundary value problem (5.6) is unique it fol-
lows that for all s € [ty, ) and x > ¢ we have &i(x, s) = u(x, s). By taking s * t we also have,
by continuity, i(x, #) = u(x, 1) for x > c¢. But since y; = b, we must have u(x, 1) = u(x,t) = 1
Vx € [c, b]. Furthermore, lim,_, o #(x, ) = lim,_, u(x,#) = 0. This is impossible because
for each s > 1y, the solution (-, s) of the boundary value problem is analytic (see theorem
10.4.1 in [5)). 0

The proof of proposition 1.3 is now essentially complete. The map ¢ — p, is continuous
on [0, 00), whether 1y is finite or —oco. Therefore, defining U and S as in (4.3), we see that the
topological boundary between these two domains is simply OU = 9S = {(u,t) : t > 0}. It
has measure zero, and hence by lemma 4.8, u(-, ) is C' for every ¢ > 0 and d,u is continuous
on R x (0, c0).

6. Proof of uniqueness
In this section we prove that the classical solution to (FBP) is unique. We start with the fol-
lowing very simple lemma.
Lemma 6.1. If (u, u) is a classical solution of (FBP), then for t > 0,
we =1inf{y € R:u(y,r) < 1}.

Proof. Suppose, for a contradiction, that p, < x :=inf{y € R:u(y,1) < 1} for some
t > 0. Take ¢ € (,x) and € > 0 small enough that, by continuity, p, s < ¢ Vs € [0, €. Then
by corollary 3.3, for y € (c,x) and § € (0, €],

u(y,t+0) > e‘S]P’y(BS € [e,x] Vs < 5).

This is strictly larger than 1 for ¢ sufficiently small, which is a contradiction. O

This lemma implies that if u; < u; then p; < pp, and so the proof of the comparison prop-
erty of theorem 1.1 will be a consequence of theorem 1.2 and the uniqueness of classical solu-
tions of (FBP). Furthermore, it implies that if (u, ) and (i, fi) are two classical solutions to
(FBP) with the same initial condition v, it is sufficient to show that u = #% to obtain that y = i.

For ¢ > 0, let G, denote the Gaussian semigroup operator, so that for f € L>(R) U L!(R),

G ) = pi+f) = |

—oco VATt

o0 1 _ (X:)')Z
7

f(y)dy.

For m > 0, let C,, denote the cut operator given by
Cof (x) = min(f(x), m).

Suppose that v: R — [0,1] is as in theorem 1.1, i.e. v is non-increasing, v(x) — 0 as
x — oo and v(x) — 1 as x - —oo. Forn € Z3¢ and § > 0, introduce
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U (x) = [e°GsCe-s]"v(x) and u™*T(x) 1= [C1e°Gs) "V (x),

where we now define v2+. Recall that yg = inf{x € R : v(x) < 1} € RU {—o00};

. 1 ifx<po+d
5,4 _
if o €R, let v (x) = {v(x) x> o+ 6, (6.1)
) 1 ifv(x) >1-19¢
and if g = —oc, let v (x) = {v(x) ifv(x§ <1-6. 62)

Our proof of uniqueness relies on the Feynman—Kac representation of corollary 3.3 and the
following two results.

Lemma 6.2. Suppose (u, 1) is a classical solution of (FBP) with initial condition v. Then
forn € Zxo, 0 >0and x € R,

u”"s’_(x) < u(x,nd) < WOt (x). (6.3)
Lemma 6.3. Foranyd >0,n € Z>o, and A > %

A
/ u™t (x) — u"ﬁv*(x)‘ dx < 4A(1 + e (e’ — 1).
—A

Suppose that (u, ;1) and (i, j1) are classical solutions of (FBP) with initial condition v. Then
by lemmas 6.2 and 6.3, fort > 0, n € Z»o and A > 3,

/ ' 1) = 1) dx < / R ()] dr < A+ €)(eF — 1),

—A —A

Since n € Z3 can be taken arbitrarily large, it follows that [* L u(x 1) = a(x, 1) dx = 0.
Letting A — oo, by continuity of u(-,¢) and (-, ) it follows that u(x,t) = i(x,7) Vx € R.
Therefore (u, 11) is the unique classical solution to (FBP) with initial condition v.

It remains to prove lemmas 6.2 and 6.3. We shall require the following preliminary result
for the proof of lemma 6.2.

Lemma 6.4. Suppose vt : R — [0,1] is non-increasing with v*(x) — 0 as x — oo and
vt (x) = 1for some x € R. Fort > 0, letu™ (-,1) = e'G,v*t(-) and let

ph =inf{x e R:ut(x,1) < 1}.

Then pt € RVt > 0 and t — ;" is continuous.

This is a simple result about the heat equation, which can be proved, for instance, using the
same techniques as in section 5.

Proof of lemma 6.2. We shall show the following result: suppose that v : R — [0, 1] is
as in theorem 1.1 and that (u, ) is a classical solution of (FBP) with initial condition v. Let
wo = inf{x € R:v(x) < 1} € RU{—o0}. Suppose v~ and v* are non-increasing functions
with

0<v  <v<vt <1,

3930



Nonlinearity 32 (2019) 3912 J Berestycki et al

and that v~ (x) — lasx = —oo,vF(x) — 0asx — ooand i = inf{x € R:vF(x) < 1} > po.
Take § > 0.Fort > Oand x € R, let

ut(x,t) =e'GyvT(x) and u (x,f) =€'G,Cosv (x).
Let ;" = inf{x € R : u™(x,7) < 1}. Then we shall prove that

u”(x,6) <ulx,6) <ut(x,6) Vx e R and pf > ps. (6.4)
Since u(x, 0) € [0, 1], it follows from (6.4) that

0< e‘;G(;Ce_a v (x) <ulx,d) < C1e°Gs vi(x) <1,

and (6.3) follows by the definition of vOt and by induction on 7.
We now prove (6.4). Let 7 = inf{s > 0 : B; < pus—s} A 6. Then by corollary 3.3, for x € R,

”(x’ 5) = [Cév(B(;)]l{T 5} +eT]1{‘r<6}]
[66 min( )]l{T 5} +¢e min(v (B(;),e*‘s)ﬂ{TQ;}]
IEx [66 min(v(Bjs),e 6)]
=u (x,0).

Now let f#o:=inf{r>0:pu" <u}. By continuity of p, and g (from lem-
ma 6.4), we have 7y > 0. We w111 show below that fy = co. Take t < #p and, again, let
7 =inf{s > 0: B; < y;—s} At. By proposition 3.1 we have

ut(x,1) =B, [V (B)Lrony + e ut (Brot — 7)o ]
Then, again by corollary 3.3,
u(x, 1) =E, [CZV(B,)]I{T:,} + eT]l{.,.<t}}
<SEy [T (B)L =y +eu’ (Bryt — 7)1 <]
=u"(x,1),
where the second line follows since v < vt and since, on {7 < 1}, we have B, = p1,_, < o
and so u™(B,,t — 7) > 1. By continuity, the inequality also holds for ¢ = #y and so
ut(x,1) > u(x,t) ¥x € Rt < to. (6.5)
Suppose, for a contradiction, that fp < oco. Then, by continuity, u;g = 1,. Hence
u(piy, t0) = 1 = u™ (g, 10) and Oyuu(puyy» t9) = 0, and so by (6.5), Oeu™ (4, 19) = 0.

Note that u* is smooth on R x (0, c0) and, by the same argument as in lemma 4.2, for
t >0, 8ut(-,1/2) is bounded. Therefore for x € R,

At (x,1) = e,y x O™ (x,1/2) < 0

since u™ (-,7/2) is a non-increasing non-constant function.
We now have acontradiction. Therefore fp = oo and we have uf > psandu™ (x,8) > u(x, d)
Vx € R by (6.5). This completes the proof of (6.4). O
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Proof of lemma 6.3. Some of the ideas in this proof are from section 4.3 of [7].

In this proof, we use both the supremum norm || || and the L' norm|| ||;. When a property
holds for both norms, we simply write it with || ||

Note the following basic properties of our operators: for f,g € L>(R) U L' (R), m > 0
and ¢ > 0, we have for either norm that

|Conf — Cugll < IIf —2ll, NG < IIfI- (6.6)
For the supremum norm, we also have that
[Cf = flloo = max ([|f[loc — m,0). (6.7)

Forw:R — [0,00), 6 > Oand x € R,

Ce’w(x) = min(e’w(x), 1) = ¢° min(w(x),e %) = e’ Co—sw(x). (6.8)

Using (6.8), we can rewrite u"%" as

U™ = [e°GsCos]"v = [G5C1e°]" v = G5[C1e°G5]" ' C1e’ v. (6.9)

We can also write ™% as

Wt = [C1e°Gs" VT = C1e°G5[C1e° G5V (6.10)

Now let

[=eGs[C1e°Gs]" vt — &2 G5[C1e° Gy,

and let g := u™%+ — 4%~ — f. By the triangle inequality, we have

I8l < |Jwot — e Gs[CreGs)" ' v+ [|e°Gs[Cr1e°Gs)" v — u || .

By our expression for w9t in (6.10) and the properties of G5 and C; in (6.6) and (6.7) respec-
tively, the first term on the right hand side is bounded above by e® — 1. A second application
of the triangle inequality then yields

8]l <e® =1+ (" = 1)||Gs[C1e°Gs]" " v||  + [|G5[C1e°Gs]" " v — u™>~ || .

Clearly || G5[C1e°Gs]"~' v||__ < 1by (6.6). Replacing u™*~ by its expression in (6.9) gives
(€ — 1)+ [|G5[C1e°Gs]"'v — G5[C1e° Gy Crev||

lelloe <
<2 = 1)+ v Gt

2
2

where (6.6) was used repeatedly in the second inequality. But Hv —Ci1e'||0o =
|C1v — C1e?V]|oe < €® — 1 by (6.6), and s0

8]l <2(e° = 1)+’ V(e — 1) < (2+e™)(e’ - 1). 6.11)
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By (6.6) applied repeatedly, for either norm we have

Il < e > vl

‘We now need to consider two cases.

e If fio = —00, then, by our definition of v>* in (6.2), we have |[v** — V||, = & and so

[flloc < 6.
e If 119 € R, then by our definition of v>* in (6.1), |[v** — v||; < & and so ||f||; < e®d.

In either case, if A >  then
A
/ 1F(x)] dx < 2496 < 2Aed(ed — 1).
—A
By (6.11), we also have

/A 12(0)| dx < 2A4(2 4+ ) (e® — 1),

—A

By a final application of the triangle inequality to u™%+ — ™%~ = f + g, the result follows.

O

7. Proof of the Feynman—Kac results from section 3

Before proving proposition 3.1, we need the following result:

Lemma 71. Let f:[0,1] = RU{—oc} be continuous with f(0) <0 and f(1) < 0. Let
(&1)icj0,1] denote a Brownian bridge (with diffusivity V2) from 0 to 0 in time 1. Then

P (mins. () =0) =o.

s<

Proof. By a union bound, we have that
P (min(e () =)
<P (min (& —f(s) = O) +P (min (s —f(1—39)) = 0) .

s<1/2 s<1/2

Given any fixed continuous function b : [0, 00) — R with 5(0) = 0, there is exactly one value
of z € R such that

211}12 {b(s) +2sz—f(s)} =0.
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Thus, recalling the definition of p, in (3.1),

P (min (& /() =)

s<1/2

=K _IP {min(fs —f(s)=0

s<1/2

]
= /Z dzpi/4(z)P (S%I?Z {\lﬁ&s + 257 —f(S)} = 0)

= /_ de1/4(Z)]l{minx<1/z{\k&zs+2xz—f(s)}=o}:|
= 0,

where the second equality holds since & ~ N(0,2s(1 —s)) and since conditional on
&172 = 2 (&)sefo,1/2) has the law of a Brownian bridge (with diffusivity V/2) from 0 to z in
time %), the third equality follows by Fubini’s theorem and the last equality follows because
for each realisation of (fs)se[o,l] there is exactly one value of z for which the integrand is non-
zero. By the same argument,

P (min(er- (1 -5) =0) <o

s<1/2
and the result follows. O

Proof of proposition 3.1.  Fix (x,7) € A. We begin by proving the result under condition 1.
For o € [0, 7], let

My = w(B,,t — o)el” + / drS(B,.t —r)e", where I, = / K(Bs,t — s)ds.
0 0

Since w is C*! on A, for o < 7, we apply Itd’s formula (with no leading % in front of the 92
term because (By),>0 has diffusivity V2):
M, = O w(Bs,t — U)eI”dB(7 + afw(Ba, t— a)elada
— Ow(By, t — a)e’”da +w(By, t — a)e"’K(BC,, t—o)do + S(B,,t — U)el"do
= Ow(By,t —0)el"dB, + [~Ow + O*w + Kw + S|(B,,t — 0)el"do
Ow(Bgy,t — 0)edB,,

where we used (3.2) in the last line, since (B,,t — o) € A for o < 7. We see that (M, )< is
a local martingale. Therefore, since (Mg)ggT is bounded, we have that

w(x, 1) = E, [Mo] = E,[M,],
which yields the result (3.3) under condition 1.
We now turn to condition 2, with A= {(x,7):r€(0,T),x > i} and

7 =inf {5 > 0: By < py—s} At. The stopping time 7 is the first time that (B, — 7) € OA.
For e > 0 and § > 0, introduce the stopping times

Tes=inf{s>0:B; <y +6}A(t—€), Te=inf{s>0:B,<py_s}A(t—€)=T1A(t—¢).
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By (3.3) under condition 1 with stopping time 7. s we have that for x > 1,

Te

Tev ¢ yé r ¢
w(x, t) =E, |:W(B-rs_5,t o 7_6’5)6[0 ® K(Byt—s)ds + / dr S(Br, f— r)efo K (By,t—s) da:| )
0

We now take the limit & — 0. Since p is continuous, 7. s — 7. as 6 — 0, and since w and S are
bounded and K is bounded from above, and w is continuous on A N (R x (0, c0)), we obtain,
by continuity and dominated convergence,

w(x,t) = E, |:W(B.,—€,l‘— 7o )ely K(But=s)ds | / dr S(B,, 1 — r)elo K(Boi=s) d“} - (1.1
0

We now take the limit ¢ — 0 to prove (3.3) under condition 2. Note that 7. ,* 7 as € \, 0;
as S is bounded and K is bounded from above, by dominated convergence

E, [/ drS(B;,t — r)efor K(Byt—s) ds] — E, {/ drS(B,,t — r)ef(;K(B”’_S) ds] as e\, 0.
0 0

We now turn to the first term on the right hand side of (7.1). As above, for r > 0, let
I, = [y K(By,t — s)ds. Write

E, [W(BTE,Z‘ — TE)CIT{I =E, [W(BTE,Z‘ — TE)eIT"]l{T<,}j| + E, [W(B,,G, 6)6”’5]1{7.:,}}

(we used that 7, =t — ¢ when 7 = ¢). Since w and e’ are bounded, and w is continuous on
AN (R x (0,00)), by continuity and dominated convergence the first term on the right hand

side converges to E, [W(BT,I —7)elr ]1{T<,}} as € \, 0. For the second term, write

E, |:W(Bt_€, 6)61'_E ]1{7_:,}:| = E, |:W(Bl_5, 6)61’_5 (ﬂ{rzt} — Il{r)tfe})]
+ E, |:W(Bt—e’ 6)61’761{7’2t—e}:| —E, |:W(Bt7 6)ellﬂ{'r=t}:| (72)
+ E, [W(B,, E)C"]l{q.=,}} .

(In this equation, we set w(By, €) to an arbitrary bounded value when B, < p..) It is clear by

dominated convergence that the first line on the right hand side of (7.2) goes to 0 as € N\, 0.
Let us now show that the second line of (7.2) goes to 0 as € \, 0. Define ¢,(y; x, ) as

or(vix, 1) = K, [5(3, =Lz | = pr(x - y)Ex [e"ﬂ{r>r} B, = Y} : (7.3)
(This is the density of the probability, weighted by e’, that the path of length r started from
X, t) arrives at (y, t — r) without touching the left boundary.) By integrating over the value of
g y.) by g g
B,, we have that for r < ¢,

Ex [W(B“ G)el’ﬂ{m}} - /

oo

dyw(y, €)¢r(y: x, 7).

Thus, the second line of (7.2) can be written as

B W8 0 L] = BB 0oy = [ arw0 (60 bixn) - i),
(7.4)
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To show that the second line of (7.2) goes to zero as € N\, 0, it is then sufficient to show that
|§—e(yi x, 1) — ¢4(y; x,1)| is bounded by an integrable function and goes to 0 as € \, 0.

Let (&):e[o,1] denote a Brownian bridge (with diffusivity V/2) from 0 to 0 in time 1 and
introduce, for x, y fixed,

F(&s,r) :\/;rf—l—x—i—sy:x,

so that (F (&, 5, 7))s<r is a Brownian bridge from x to y in time r. Then by (7.3),

¢’(y;x’ t) :pr(x - y)EX |:elr1l{7'>r} B, = y:|

= p(x — y)E, {efor K(B"’_S)dsll{u,_KBX vs<r} |Br = )’]

— Pr(x _ y)E {efo K(F(E“/”S’r)’t_s)dsll{y,_x<F(Es/ns,’) Vs<r}} .

Set r = t — € and take the € ™, 0 limit. Now by the continuity of &,
L sreyony vo<ty SHOINET 1, <P (e, oy s-0) Voci=e)

<lim \S(l)lp Lip s<Fle,omowi—e) Vs<—er S L, (<F(& 0st) Vs<i}-
€

Since x > py, for y > po we can apply lemma 7.1, which yields that the probability that the
lower and upper bounds above are different is zero. We can conclude, by dominated conv-
ergence, that

lim Gr—e(yix, 1) = i (y; x,1).

For y < 9, we have that y < p. for € sufficiently small, and so for € sufficiently small,
Gr—e(y3x,1) = 0 = ¢y(y;x, 7).

Since ¢ > 0, and ¢,_(y;x,1) < pr_e(x — y)e™® by (7.3), it is easy to see that ¢,_(;x,t) can
be uniformly bounded for ¢ < #/2 by a function with Gaussian tails. Therefore, by dominated
convergence we see that (7.4) (which is the second line of (7.2)) goes to 0 as € ~\ 0.

It only remains to consider the third line of (7.2). Using (7.3), we can write

E, [W(B,, e)e"IL{T:,}} - /

o0

dyw(y, €)é(y; x, 1). (7.5)

Since w is bounded, ¢;(y; x,t) < p;(x — y)e® and w(-,€) — w(-,0) in Ll as e \, 0, we have

loc
that

/ dyw(y, €)d:(y; x, 1) — 1 dyw(y,0)¢,(y;x, 1) = E, [W(Bt, O)e"IL{T:,}} as € \, 0.

This completes the proof. O

For completeness, we now give a statement and proof of the comparison principle, because
we could not find a statement in the literature which applies to solutions of (1.1) with merely
measurable initial conditions.
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Proposition 72. Fix T > 0. Suppose u;, u, € C*'(R x (0,T]), v1, v : R — R are meas-
urable and for i € {1,2}, u; satisfies

Oy = Ou; + fi(w;) forx € R, t € (0,T],
{u,( 1) —v; in L), ast 0. (7.6)
Assume furthermore that uy and u, are bounded on R x (0,T), i.e. that there exist A, B € R
such that u;(x,t) € [A,B]Vx € R, t € (0,T), i € {1,2}. Also assume that f, f» are continuous,
and that there exists X such that u — f>(u) — \u is decreasing on [A, B). (For instance, it is
sufficient to have f, Lipschitz on [A, B).) Then

fi<fandvy <v, implies u; <u; onR x (0,7].

Proof. Introduce i;(x,7) = e~ "u;(x,) /(1 + x*) with «y a constant to be chosen later. Direct
substitution gives

4 .
By = O + szaxui +fiiix.t) forx €R, t€(0,7], (1.7)
X
where
. (e (1 + i) )
fi(“i,x, t) = W — yu; + mui.

Then, by choosing v > A 4+ 2 (where A is as in the proposition), one can easily check that for
fixed (x,7), the map it — f»(ii, x, t) is decreasing on [e =7 (1 4+ x2)~'A,e =" (1 4+ x2)~'B], the
range of values that @i, (x, 7) can take. Notice also that i;(x,#) — 0 as |x| — oo uniformly in
t € (0, T] because we assumed »; to be bounded.

Assuming f; < f> and vy < vy, call M the infimum of it — i#; on R x (0, T]. Then there
exists a sequence (x,,1,) € R x (0, 7] such that

iy (X, ty) — 0y (Xp, ty) > M := inf (i —iy) asn— oo.
Rx(0,7]

We need to show that M > 0 to conclude the proof. We consider two cases:

o If (x,)°°, is not a bounded sequence, then M = 0 because i;(x, ) — 0 as |x| — oo uni-
formly in ¢ € (0, T].

o If instead (x,)52, is a bounded sequence, then up to extracting a subsequence one can
assume that

(Xnstn) = (g ty) € R X [0,T] asn — oo.

‘We then consider two subcases:

— If 1yy > 0, then by continuity of the i; one has M = iip (xp, ty) — i1 (xar, far ). Hence the
infimum M is in fact a minimum reached at the point (xy, fr), and one must have, at
(.XM, tM),

Oty = Oyity,  Ohiy < Oy,  and ity > O%iuy.
(The case Ol < Ojiiy can only occur if £y =T; for fy € (0,T), one must
in fact have iip(xp,ty) = Osity (Xm,t).) Then by (7.7), one obtains that
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fz(ﬁz,xM, IM) <f1 (ﬁl,xM,tM). But f] (ﬁl,xM,tM) <f2(17l1,xM,[M) and fz(‘,xM,lM) is
decreasing, so necessarily ity > @ty at (x, fy) and hence M > 0.

— If 15y =0, we go back to considering the i; rather than the #;. By the Feynman—Kac
formula (3.3) (with K =0, S(y, s) = fi(u;(y,s)) and 7 = 1), we have

up (x,1) = p; * v2(x) + at and ui(x, 1) < p, * vy (x) + bt

where a = inf ¢4 ) f2(u) and b = sup,c4 g f1(u) (since fi and f; are continuous on
[A, B, a and b are finite). Then

up(x, 1) — uy (x,7) = prx (vo —v1)(x) + (a — b)t = (a — b)t

because v, > vy. Sincer, — 0 asn — oo, itis clear that limy,—, o0 [tz (X4, £,) — 11 (Xn, £2)] = 0
and therefore that M > 0. O
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