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Random-Energy Model: Limit of a Family of Disordered Models
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In this Letter, a simple model of disordered systems—the random-energy model—is in-
troduced and solved. This model is the limit of a family of disordered models, when the
correlations between the energy levels become negligible. The properties are qualitatively
the same as those of the Sherrington-Kirkpatrick model. Moreover, this random-energy
model looks like a simple approximation to any spin-glass model.

PACS numbers: 05.50.+q, 64.60.Cn, 75.50.Kj

Recently, a lot of effort has been devoted to the thermodynamic limit. It gives a simplified
solving the Sherrington-Kirkpatrick model (the picture of a transition in a disordered system:
S.K. model).! This model was introduced to en- The specific heat vanishes in the whole low~-tem-
able one to understand the properties of the Ed- perature phase and the system becomes complete-
wards-Anderson spin-glass model® in the case ly frozen below its critical temperature.
where the range of the interactions is infinite and This random-energy model is the limit of a
where, therefore, a mean-field theory® for spin family of models with random interactions which
glass models would be exact. Though it is now generalize the S.K. model. To describe these
accepted that the failure of the solution initially models, we consider a system of N interacting
proposed is due to a breaking of symmetry in the Ising spins with infinite-ranged random p-spin
replica space,* and in spite of the effort dis- interactions. For such a model, the Hamiltonian
played® ® to find new solutions of the S.K. model, JC, can be written
no simple analytic solution has yet been proposed.

In this Letter, I introduce and solve a new mod- ;;cp({g}) = > Ajjtyen 1504, 204, 1)
el of disordered systems, the random-energy (415 425 a0y ip)
model. This model describes a system whose en-
ergy levels are independent random variables. where in 3C,, there is a random interaction
Many of its properties are very similar to those Ayt » for any group of p spins in the system.
of the S.K. model: the same qualitative phase In order to ensure an extensive thermodynamic
diagram, the same free energy in the high tem- limit, one has to scale properly the probability
perature phase, the same kind of corrections to | distribution of the interactions 4, ,, , With N.. :

I choose here Gaussian distributions,

PU,..os) = (VT3 1) 2 expl— (4, o, NP1/ %p1] (2)

where p =1 corresponds to a system of free spins in a random magnetic field, and p =2 is the S.K. mod-
el.

To establish the relation between all these models, I introduce the one-level probability distribution
P(E) as the probability that a given configuration of the spins {0,’}, say configuration (1), has a given
energy:

PE)=(8(E -5e({o®})), ®3)

where in (3) the average is taken over all the possible choices of the interactions Ay ..ipe Inthe same
way, one can define the two-level probability distribution P(E,, E,) as the probability that two given
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configurations {o,%'} and {0,%} have, respectively, energies E, and E,:

PE,, E,) =(E, -3 {cWN6(E, -3¢ {o®})). (4)
Using Eqs. (1) and (2), one gets in the large-N limit
P(E)~ (NuJd?)" 2 exp(-E2/NJ?), (5)
- (E1+Ez)2 (El'Ez)z
P(E., £2)~C exp| ~ gy e S ApT7 = aNIT e 1P T ) (®)

It should be noticed that P(E,, E,) depends not
only on the energies but also on the number x
where Nx is the number of identical spins in the
two configurations; p refers to the model defined
by Egs. (1) and (2) that we consider and C is a
normalization factor. The reason why P(E) does
not depend explicitly on the spin configuration is
that the probability distribution p(4) of the p-spin
interaction is symmetric (or gauge invariant’).
Because of the presence of infinite-ranged inter-
actions, P(E,, E,) depends only on the number Nx
of identical spins in the two configurations. The
expression for P(E,, E,) tells us how the energies

of different configurations of spins are correlated.

When x -1, that is to say when the two configura-
tions are almost identical, the two-energies E,
and E, are very closely correlated and P(E,, E,)
~P(E,)6(E, -E,). In contrast, whenx~3z, Eq. (5)
gives P(E,, E,)~P(E,)P(E,) and the two energies
are completely uncorrelated. The fact to be no-
ticed is that when p increases, the energies of
two different configurations become independent
random variables because (2x —1)?~ 0 when p — =
if |x|<1, and then P(E,, E,)~P(E,)P(E,) for any
pair of configurations. This leads me to intro-
duce the random-energy model as the model we
obtain when p is large and when, therefore, the
energy levels are independent random variables.
The random-energy model is defined as a sys-
tem which has the following three properties:
(i) The system has 2" energy levels E,. (ii) The
energy levels E,; are random variables distribu-
ted according to the probability law

PE)=NnJ?) 2 exp(~E?/NJ?). (7

(iii) The E; are independent random variables.
The first two properties are actual features of
many spin-glass models, especially of all the
models defined by the Hamiltonian (1). The role
of the third property is to simplify the model to
allow us to solve it exactly. The partition func-
tion Z for a given sample of the 2¥ energies E, is

z@E D =‘2é exp (— %)
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and as usual, for quenched disordered systems,
one wants to calculate the average free energy:

F ==T(InZ) =—TfII¢ [PE)aE, ) Inz({E,}.

The simplest way to solve this model is to use
the microcanonical language. For one sample of
2" energy levels, we call n(E) the number of en-
ergy levels belonging to the interval (E, E +dE).
This number fluctuates from one sample to anoth-
er. However, the average (n(E)) over all the
choices of the energies E,; follows directly from
(ii):

(n(E))=2"P(E)
~exp{N[In2 - (E/NJ)?]}. (8)

It is then clear that there exists a critical en-
ergy E, defined by

E,/N =J(In2)'/2,

If |E|<E,, the average number of levels is much
larger than 1. Because of the statistical indepen-
dence of the energy levels, this means that for
almost all the samples, the fluctuations of n(E)
are of order {(n(E))'/2. Therefore

nE)~(nE)).

If |E|>E,, (n(E)) is much smaller than 1. So for
almost all the samples n(E) =0 and with a very
small probability #(E)> 1. This means that with
probability 1, there is not even one of the 2" en-
ergies E,; larger than E, or smaller than - E,,.

So with probability 1, when N is larger, the en-
tropy S(E) is given by

SE)~1In(n(E))
=N[1n2 - (E/NJ)?] if |E|<E,, (9)

and there is no energy level larger than E in ab-
solute value.

To calculate the free energy, one has to find
the point on the curve S(E) where the slope dS/dE
=1/T (Fig. 1).

It is then clear that this random-energy model
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FIG. 1. The entropy S(E) as a function of energy for
‘the random-energy model.

has a critical temperature T, =J/2(In2)'/? which
is related to the slope of S(E) at the point E =—E .
If T>T,, the free energy is

N~'F ==T1n2 -J2/4AT (10)

and the point M of Fig. 1 moves on the curve S(E)
when T changes. If T<T_, the point M sticks to
-E, and then

N™'F ==E /N ==J(In2)*/2, (11)

So below T, the system is frozen in its ground
state and the specific heat vanishes in the whole
low-temperature phase. This result can be com-
pared with the predictions of mean-field theory
for ferromagnetic systems where the specific
heat vanishes in the whole high temperature
phase.?

More sophisticated calculations® can be done to
obtain the corrections to the thermodynamic lim-
it for this random-energy model. For the ground-
state energy of this random-energy model, one
finds N~ 'InN corrections which are comparable
to the 1/N (Ref. 1) or 1/VN (Ref. 10) corrections
conjectured for the S.K. model. Moreover, as
for the S.K. model, the transition temperature ap-
pears as a divergence of the subdominant terms.

An interesting question is the behavior of this
random-energy model in a uniform magnetic field
H. To define the model, one has to come back to
the Hamiltonians ¥C,. In presence of a field H, the
Hamiltonians become

3¢, =3C, = H21,04.

One can calculate again the probability distribu-
tions P(E) and P(E,, E,). As before, P(E,,E,) is

factorized and the energy levels become indepen-
dent when p - . The difference is that now, P(E)
depends on the configuration, more precisely on
its magnetization M :

P(E)~C expl- (E +MH)?/NJ?]. (12)

So the random energy model is a system of 2¥
independent random energy levels among which
((w+3y2) have a magnetization M and are distribu-
ted according to (12). One can then use the same
arguments as before to calculate the average free
energy: The entropy is In(z(E)) when (n(E)) is
large and there is no energy level when (z(E)) is
small., This argument remains true because the
energies are independent variables. For any val-
ue of the field, there is a phase transition at a
critical temperature T .(H) and the low-tempera-
ture phase is always frozen with a magnetization
independent of temperature.” From the free en-
ergy, one finds the susceptibility y for # =0:

x=1/T ¥ T>T,,
x=1/T, if T<T,.

A similar constant susceptibility at low tempera-~-
ture was also predicted by Parisi’* for the S.K.
model.

To continue the comparison with the S.K. model,
one can study the case where in addition to the
random interactions, there is a ferromagnetic
pair interaction. The new Hamiltonians are

5" =3G, ‘;{rJ 2500,

(45)
Here again, we can use the same arguments to
study the large-p limit of these problems. The
results® are summarized in the phase diagram
(Fig. 2). K J,<J/2(In2)'/2, there is only one
phase transition. In the low-temperature phase
(1), the system is completely frozen (nothing de-
pends on temperature) and the magnetization
is zero. If J,>J/2(In2)'/2, the low-temperature
phase (II) is also completely frozen but with a fi-
nite magnetization. When T increases, there is
at first a transition to a ferromagnetic phase and
then another transition to the paramagnetic phase.
Again the same kind of phase diagram was found
for the S.K. model.

In this Letter, I have solved this random-ener-
gy model for which the energy levels are taken
as independent random variables. This model is
a simple approximation to more realistic spin-
glass models as the correlations between the en-
ergy levels are ignored. It would be very interest-
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FIG. 2. The phase diagram of the random-energy
model in presence of ferromagnetic pair interactions.

ing to improve this approximation by trying to in-
clude these correlations. One possibility may be
to look at the models defined by Eq. (1) when p is
large. In spite of its simplicity, this model leads
to the same qualitative predictions as the S.K.
model. So it seems to contain some physics and
it is a good example to help one understand the
origin of the difficulties one usually encounters
in spin glass problems.
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