
INTRODUCTION TO QUANTUM EXCLUSION PROCESSES

GUILLAUME BARRAQUAND AND DENIS BERNARD

Abstract. The QSSEP, short for quantum symmetric simple exclusion process, is a par-
adigm model for stochastic quantum dynamics. Averaging over the noise, the quantum
dynamics reduce to the well-studied SSEP (symmetric simple exclusion process). These
notes provide an introduction to quantum exclusion processes, focusing on the example
of QSSEP and its connection to free probability, with an emphasis on mathematical
aspects.
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1. Introduction

The initial motivation for introducing quantum exclusion processes was to develop a
quantum extension of the macroscopic fluctuation theory (MFT), which is a general frame-
work to deal with diffusive system driven out of equilibrium introduced in [BDGJL01;
BDGJL05]. Beyond this initial motivation, quantum exclusion processes are a good play-
ground to extend the tools used in the large scale analysis of classical stochastic systems.
In these notes, we mostly discuss the simplest model, the Quantum Simple Symmetric
Exclusion Process (QSSEP). The QSSEP is a noisy and quantum analogue of the Sym-
metric Simple Exclusion Process (SSEP). The average over the noise of QSSEP reduces
to its classical counterpart, the SSEP. As we will see, its analysis displays clear signs of
integrability which deserve to be better understood, and is closely connected to the theory
of random matrices and free probability [BJ19; Bia25; HB22]. Actually, free probability
also appears in other studies of quantum systems, notably in the context of the eigenstate
thermalization hypothesis [PFK22].

1.1. Towards a quantum extension of Macroscopic Fluctuation Theory. Let us
elaborate on the initial motivation of finding a quantum extension to MFT [BBJ17]. Con-
sider a stochastic particle system on a lattice, let’s say a Markovian exclusion process on
N sites between two reservoirs at densities na ̸= nb. At large scale, the system is often
described by a density function n(x, s) where the variables x ∈ [0, 1] and s > 0 denote
a macroscopic position x and rescaled time s: n(x, s) is the average number of particles
per site near position ⌊xN⌋ at time sN2. Such hydrodynamic limit is generally based
on the fact that locally, the system converges to a stationary measure corresponding to a
certain density, which may however vary at large scale. This can be completely formalized
mathematically [KL98]. If j(x, s) denotes the average flux near the macroscopic position
x, the conservation of particles imposes that

∂sn(x, s) + ∂xj(x, s) = 0. (1.1)
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Macroscopic fluctuation theory allows to predict large deviation principles for various
quantities related to transport in diffusive systems. The main idea is to introduce a noisy
version of the Fourier-Fick’s law

j(x, s) = −D(n(x, s))∂xn(x, s) +
√

1
N

√
σ(n(x, s)) ξ(x, s), (1.2)

where ξ is a space-time white noise, which induces a probability measure on density and
current profiles. Here D(n) is the diffusion constant and σ(n) is called the mobility, we
do not define them. Since the noise variance is of order 1

N ≪ 1, density and current
fluctuations are small and rare. This framework allows to find a functional I, called rate
function, sometimes completely explicit, such that under the stationary measure of the
process,

P
[
(n(x))x∈[0,1] ≈ f

]
≈ e−NI(f),

to be understood using the formalism of large deviation theory — we refer to [BDGJL14]
for a review on MFT. From the mathematical point of view, the validity of MFT in
general is only conjectural, but its predictions have been rigorously verified on many
specific models (including SSEP).

A quantum extension of MFT for diffusive quantum systems should describe:
(1) transport and their fluctuations;
(2) quantum effects (interferences, coherences) and their fluctuations.

We refer to the review [Ber21] for further physical background. The first task is to define
quantum extensions of interacting particle systems. In these notes we focus on exclusion
type systems, and often restrict to the guiding example of the symmetric simple exclusion
process. Before defining it in Section 2, we need to explain what is the state space in the
quantum setting, and how dynamics are defined.

1.2. The state space for quantum systems. The particle configuration state space C
of the classical system becomes a ∗-algebra A. The reader unfamiliar with this formalism
may think of A as a set of linear operators, acting on some Hilbert space, and their
adjoints. A probability measure on C becomes a state on A, that is a positive unital
∗-homomorphism ν : A → C, i.e. an algebra homomorphism satisfying ν(a∗) = ν(a),
ν(1) = 1, ν(a∗a) > 0. Typically, the algebra A is the Von Neumann algebra A = B(H) of
bounded linear operators on some Hilbert space H. When dimH is finite, states may be
encoded by a density matrix ϱ (positive definite Hermitian) such that

ν(a) = Tr(ϱa).

Example 1.1. For the SSEP on N sites, we denote configurations by n = (n1, . . . , nN ) ∈
C = {0, 1}N . Let H be a Hilbert space with basis (|n⟩)n∈C indexed by classical configura-
tions. Here we use Dirac’s notation: a so-called ket |u⟩ denotes a vector in some Hilbert
space. A braket ⟨v|u⟩ is a complex number, the scaler product of |u⟩ and |v⟩. Hence we
may view the bra ⟨v| as a linear form H → C. When H is finite dimensional, one should
think of ⟨v| as being the Hermitian transpose of the conjugate of |v⟩, i.e. a row vector.
Finally, |u⟩ ⟨v| is a rank one linear operator on the Hilbert space. Since dim(H) = 2N , we
can focus on the 2N ×2N density matrix ϱ. Note that if ϱ is diagonal in the basis (|n⟩)n∈C ,
it can be written as

ϱ =
∑
n∈C

P(n) |n⟩ ⟨n| ,

where P(n) is a probability distribution. Indeed, the condition ν(1) = 1 is equivalent to
Tr(ϱ) = 1, that is

∑
n∈C P(n) = 1, and positivity implies 0 ⩽ P(n) ⩽ 1.
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1.3. Stochastic quantum dynamics. We also need to define dynamics on states, in-
stead of Markovian dynamics on probability measures. In general, quantum dynamics on
quantum states can either be unitary flows for closed systems, or flows of so-called trace
preserving completely positive maps (also called CP-maps or quantum channels) for open
systems, since then the dynamics are in general not unitary to take into account additional
dissipative processes related to the contacts with external reservoirs. Here, these dynamics
will be themselves random, hence we work on a probability space (Ω,F ,P). We wish to
define a random state νω

t for each ω ∈ Ω (or a random density matrix ϱω
t ). The dynam-

ics are constructed using random unitary flows for closed systems, and flows of random
CP-maps for open systems.

We moreover impose that our quantum stochastic dynamics should be related to the
classical one, in the sense that the average quantum dynamics

t→ ϱt := E [ϱt]

should contain, as a marginal, the classical dynamics.
We emphasize that there are two levels of randomness when dealing with quantum

stochastic dynamics:
▶ Quantum randomness, encoded by ν (or ϱ). The quantum expectation value is ν(a).
▶ Classical randomness, coming from the fact that ν depends on ω ∈ Ω, associated to the

probability measure P and expectation E – note that we use a different notation than
for the probability measure P and expectation E associated to the classical SSEP.

Thus we should consider quantities such as

E [νt(a)] , E [νt(a1)νt(a2)] , · · · , E [νt(a1) . . . νt(an)] .

Furthermore, it may also be interesting to see how the dynamics may be influenced by a
sequence of quantum measurements, but we will not discuss this here.

Remark 1.2. From a physics perspective, the origin of randomness may be understood
from two different perspectives:
▶ Either as a way to describe generic systems;
▶ Or as arising from interaction with hidden degrees of freedom.
The later case is particularly adapted to describe diffusive systems. Indeed a physical
particle system behaves diffusively only above a certain scale, the so-called mean free
path which is the distance separating two collisions of the system’s particle on obstacles
(think about the passage from random walks to the Brownian motion). Thus, if we are
aiming at describing diffusive systems, there should be low space-time scale degrees of
freedom inducing these many collisions. Furthermore, after averaging over those degrees
of freedom, the systems is expected to behave classically – in the physics literature, this
phenomena of destructive interference induced by collisions is called decoherence. This
echoes in the above condition that the average dynamics should reduce to the classical
one.

Remark 1.3. For the quantum SSEP, the density matrix ϱt is a 2N × 2N matrix. As we
have mentioned, when it is diagonal, it describes a probability measure on configurations,
but in the quantum setting we may also look at combinations of classical configurations
such as

|010011100⟩+ |010001100⟩ ,

and study interferences. Hence the off-diagonal nature of ϱt is important and codes for
quantum effects.
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1.4. Quantum exclusion processes. In the case of quantum exclusion processes on N
sites with periodic boundary conditions, the system is closed and the dynamics are unitary,
in the sense that

ϱt = Utϱ0U
∗
t ,

where Ut = Ut(ω), ω ∈ Ω, is a unitary matrix described by a stochastic differential
equation. We consider Itō type SDEs of the form

ϱt+dt = e−idHtϱte
idHt ,

for some hermitian matrix Hamiltonian increments dHt. By definition, the average over
the noise ϱt is

ϱt =
∫

Ω
dP(ω)Ut(ω)ϱ0Ut(ω)∗ =: Φt(ϱ0).

This is a convex combination of unitary transformations, but it is not unitary in general.
The map ϱ 7→ Φt(ϱ) is an example of a (special class of) trace preserving completely
positive map, i.e. Tr(Φ(ϱ)) = 1 for Tr(ϱ) = 1, and Φ(ϱ) ⩾ 0 for ϱ ⩾ 0. Technically, the
definition of CP-maps involves a stronger notion than the simple positivity, but we don’t
need to enter into these details – see [Att, chapter 6] for the more complete definition.

In the case of open quantum exclusion processes, the above unitary flows are replaced
by flows of CP-maps ϱ→ ϱt = Φt(ϱ0), with Φt = Φt(ω), ω ∈ Ω. The convex combination
of CP-maps is again a CP-map so that the average flow is also a CP-map.

As already mentioned, we require that the semi group Φt encodes the classical dynamics.
This means that Φt should preserve the class of diagonal matrices (in the basis (|n⟩)n∈C)
and the associated flow on diagonal matrices should be the same as the evolution of
probability distributions Pt(n) in the classical exclusion process.

For instance, in the special case of the SSEP, it implies that

Essep

[
e
∑N

j=1 hjnj(t)
]

= E
[
Tr
(
ϱte
∑N

j=1 hj n̂j

)]
, (1.3)

where n̂j denotes the number operator, i.e. the diagonal matrix with diagonal coefficients
0 or 1 (in the basis (|n⟩)n∈C) depending on the state of the jth site.

1.5. A curiosity about the classical SSEP. As t goes to infinity, the average den-
sity matrix ϱt must converge to the unique stationary measure of the SSEP. Under this
stationary measure, it is well-known that,

Essep

[
e
∑N

j=1 hjnj

]
≍N→∞ eNFssep(h),

in the sense that the logarithm of both sides are asymptotically equivalent, where the
function h is a continuum limit of hj in a suitable sense (say hj = h(j/N) for some
smooth function h). The statement was first derived in [DLS01a], and later with various
levels of mathematical rigor in [DLS01b; BDGJL03; BDGJL07; BD22]. Via (1.3), the
analysis of QSSEP led [BBBH22] to a new expression for the SSEP large deviation rate
function (here we consider the system with boundary densities na = 0, nb = 1):

Fssep(h) = sup
a,b

{∫ 1

0
dx
[
log

(
1 + b(x)(eh(x) − 1)− a(x)b(x)

)]
+ F̃0(a)

}
, (1.4)

where
F̃0(a) =

∞∑
k=1

(−1)k+1

k
κk

(∫ 1

x
dy a(y)

)
,

and κk denotes the kth free cumulant defined in Section 3.1. The map x 7→
∫ 1

x dy a(y)
should be viewed as a random variable on the space [0, 1] equipped with the Lebesgue
measure. The variational problem in (1.4) does not involve any boundary condition on
a, b and should be understood in a sense explained below in Section 4.
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Remark 1.4. Further, the analysis of QSSEP suggests that, for a generic quantum diffu-
sive system (at large time), the large deviation fluctuations of quantum observables related
to density or transport are those of its classical system counterpart.
▶ In particular, it has been conjectured that, under mild hypotheses, we have the P-almost

sure convergence
1
N

log Tr
(
ϱeqe

∑N

j=1 hj n̂j

)
−−−−→
N→∞

FQ(h),

where ϱeq denotes a random density matrix whose probability distribution is left invari-
ant by the stochastic quantum dynamics and the functional FQ is deterministic, the
same as for the classical system i.e. FQ = Fclassical. However, sub-leading corrections
(in 1/

√
N) are expected to be fluctuating and different in the classical and quantum

processes. A similar conjecture is expected to hold for the large deviation functions for
transport quantities (e.g. current) [HB22; MDGV23].

▶ Furthermore, it has also been conjectured in [HB22] that, if the macroscopic fluctuation
theory applies to density fluctuations, then the coherent off-diagonal matrix elements
of ϱeq should obey a large deviation principle (with free probability structures).

2. Quantum Symmetric Simple Exclusion Process

As its classical counterpart, QSSEP can be defined on any graph. Here we will focus
on finite graphs:

(1) A chain of N sites indexed 1, . . . , N with periodic boundary conditions;
(2) A closed chain of N sites without imposing periodic boundary conditions;
(3) A chain of N sites connected to boundary reservoirs, which we call open boundary

conditions.
As we will see, the analysis of the first two cases is very similar, while the third case is
much richer. Since we have N sites in all cases, the Hilbert space H ∼= (C2)⊗N , and the
system is described by a 2N × 2N density matrix ϱt.

2.1. Periodic boundary conditions. In that case, the system is not in contact with
external reservoirs and form a closed system. The evolution is a stochastic unitary dy-
namics.

2.1.1. Definition of the model. The time evolution of the density matrix ϱt = ϱω
t is defined

by the matrix stochastic differential equation

ϱt+dt = e−idHtϱte
idHt , (2.1)

with Hamiltonian increment

dHt =
N∑

j=1
c†

j+1cjdW (j)
t + c†

jcj+1dW (j)
t ,

where (W (j)
t )1⩽j⩽N are independent complex Brownian motions and W

(j)
t denote their

complex conjugate, so that we have〈
W (j),W

(k)〉
t

= δjk t,
〈
W (j),W (k)

〉
t

= 0,
〈
W

(j)
,W

(k)〉
t

= 0, (2.2)

where δjk is the Kronecker delta symbol, equal to 1 when j = k and 0 otherwise, and
⟨X,Y ⟩t denotes the quadratic (co)variation of stochastic processes Xt and Yt. There is
one complex Brownian motion per edge.
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The c†
j and ck are respectively fermionic creation and annihilation operators, satisfying

anti-commutation relations

{c†
j , ck} = δjk, {c†

j , c
†
k} = {cj , ck} = 0 .

Here {a, b} is the anti-commutator ab+ ba. When N = 1, c and c† are given by the 2× 2
matrices

c =
(

0 1
0 0

)
, c† =

(
0 0
1 0

)
,

so that c† |0⟩ = |1⟩ and c |1⟩ = |0⟩ if |0⟩ =
(
1, 0
)T and |1⟩ =

(
0, 1
)T . We remark that

the symbol † denotes, in fact, the Hermitian conjugation, which we could denote by ∗.
We keep using the symbol † as this is the most common when dealing with creation and
annihilation operators. When N > 1, one should define the action of operators cj and
c†

k on
(
C2)⊗N . Concretely, they have a block structure acting independently on each

component of the tensor product:

ck =
(

1 0
0 −1

)
⊗ · · · ⊗

(
1 0
0 −1

)
︸ ︷︷ ︸

k−1 times

⊗ c⊗ I ⊗ · · · ⊗ I︸ ︷︷ ︸
N−k times

,

and c†
k is the conjugate – see e.g. [Ste20, Appendix A]. We will see an another equivalent

definition in Section 2.1.4 with a more transparent algebraic interpretation.
By Itô’s formula, (2.1) can be rewritten as

dϱt = −i[dHt, ϱt]−
1
2 [dHt, [dHt, ϱt]]︸ ︷︷ ︸

Itō contraction

,

where the double commutator is computed by applying the rules (2.2), i.e. that is all
quadratic terms in dW (j)

t or dW (j)
t are replaced by the differential of their quadratic

(co)variation (these are the rules of Itō’s calculus). This description shows that ϱt solves
a matrix valued linear stochastic differential equation, hence it admits a unique strong
solution.

2.1.2. Average dynamics. We can now easily describe the average dynamics ϱt = E[ϱt].
We have

dϱt = −1
2E[dHt, [dHt, ϱt]] =: L(ϱt) dt, (2.3)

where, again, the double commutator is simplified using (2.2). The linear operator L
is called a Lindbladian. This is the generator associated to the semi-group Φt of trace
preserving completely positive maps,

ϱt = etLϱ0 = Φt(ϱ0).

Explicitly, the Lindbladian is given by L = −→L +←−L with

−→
Lϱ =

N∑
j=1

ℓjϱℓ
†
j −

1
2
(
ℓ†jℓjϱ+ ϱℓ†jℓj

)
,

where ℓj = c†
j+1cj . The operator ←−L is defined similarly, simply exchanging the roles of ℓj

and ℓ†j . Both −→L and ←−L preserve density matrices ϱdiag diagonal in the particle number
basis |n⟩, n ∈ C. As mentioned above, such density matrix specifies a probability measure
on classical configurations since it can be written as ϱdiag =

∑
n∈C P(n) |n⟩ ⟨n|. To see how
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L acts on ϱdiag, it is enough to check how it acts on any edge configuration (since L is the
sum of terms acting on edges). We have:

L(|00⟩ ⟨00|) = 0,
L(|01⟩ ⟨01|) = |10⟩ ⟨10| − |01⟩ ⟨01| ,
L(|10⟩ ⟨10|) = |01⟩ ⟨01| − |10⟩ ⟨10| ,
L(|11⟩ ⟨11|) = 0.

Thus L acts as the Markov generator of SSEP on diagonal density matrices.

Remark 2.1. Since ϱt is a random variable, one may also look at the evolution of its
higher moments. Those are going to evolve linearly in time, as for the average (2.3), but
with a Lindblad operator depending on the order of the moment.

2.1.3. An important property. The QSSEP dynamics possesses a U(1)N invariance. This
means that we can change cj into cje

iθj , θj ∈ R, (so that c†
j is changed into c†

je
−iθj )

without changing the law of the states ϱt because such transformation can be absorbed in
a redefinition of the Brownian motions without changing their law.

2.1.4. Fock space formalism and further remarks. It may be convenient to work with the
Fock space representation of the Hilbert space H spanned by |n⟩ , n ∈ C, considered in
the previous section. It is isomorphic to the exterior algebra

∧
V where V = CN is the

one-particle Hilbert space, i.e.

H ∼=
∧
V = C⊕ V ⊕ V ∧ V ⊕ V ∧ V ∧ V ⊕ . . .

We then view C as spanned by zero particle configurations, V spanned by one particle con-
figurations, V ∧ V by two particle configurations, etc. In this representation, the creation
and annihilation fermion operator act via wedge products or contractions on elements of
the exterior algebra

∧
V . More precisely, if we denote by (ei)1⩽i⩽N an orthonormal basis

of V , we define c†
i = c+(ei) and ci = c−(ei) where the linear operators c+(u) and c−(u)

are defined for u ∈ V as

c+(u)(u1 ∧ · · · ∧ un) = u ∧ u1 ∧ · · · ∧ un,

c−(u)(u1 ∧ · · · ∧ un) =
n∑

i=1
(−1)i⟨u, ui⟩u1 ∧ · · · ∧ ûi ∧ · · · ∧ un,

where ûi indicates that the contribution of ui is absent in the wedge product. The local
number operators n̂j can be written as n̂j = c†

jcj . They count the number of particles at
site j. Again, we refer to [Mey95] for a more complete presentation.

Remark 2.2. By the conservation of particles, for each 1 ⩽ k ⩽ N , the subspace V ∧k

is stable under the dynamics, hence Ut is a block matrix. Restricting to the sub-block
corresponding to V , i.e. the one particle dynamics, the Hamiltonian increment is given by

dht := dHt|V =



0 dW
(1)
t 0 . . . 0 dW

(N)
t

dW
(1)
t 0 dW

(2)
t 0 . . . 0

0 dW
(2)
t 0 dW

(3)
t

...
...

. . .
. . .

. . . 0

0
. . . 0 dW

(N−1)
t

dW
(N)
t 0 . . . 0 dW

(N−1)
t 0


. (2.4)
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Remark 2.3. If we replace the fermionic Fock space and creation/annihilation operators
by bosonic analogues, QSSEP becomes the quantum symmetric simple inclusion process
(QSSIP). As the name suggests, when averaging over the noise, it reduces to the symmetric
simple inclusion process [BJSW25].

Remark 2.4. Given the amount of interest in the asymmetric simple exclusion process
(ASEP) and in particular in its the totally asymmetric version (TASEP), it would be
natural to define a quantum analogue. It may be checked that that LASEP = p

−→
L +

q
←−
L acts as the ASEP Markov matrix on diagonal density matrices, which implies that

one needs to consider a family of independent non-commutative Brownian motions, i.e.
Brownian motions such that Itō contractions are computed using quadratic variations〈
W

(j)
t ,W

(j)
t

〉
t

= p t and
〈
W

(j)
t ,W

(j)
t

〉
t

= q t, see [JKB20; RE21].

Remark 2.5. One may wonder whether the QSSEP admit a natural discrete analogue.
Of course, one may consider discrete dynamics ϱt+1 = e−i(Ht+1−Ht)ϱte

i(Ht+1−Ht) where Ht

is the same as before, or replacing Brownian motions by random walks. However, the
averaged dynamics ϱt would no longer be described as a discrete particle system with
local moves. Alternatively, one can consider random unitary circuits (locally conserving
the number of particules) whose average dynamics are expected to be described by the
macroscopic fluctuation theory of SSEP at large time [GH19; MDGV23]. More generally,
random quantum circuits are examples of discrete time stochastic quantum dynamics –
see the survey [FKNV23].

2.2. Open boundary conditions. Let us now consider the system in contact with reser-
voirs at its boundary, which we call open boundary conditions. In the classical case, parti-
cles may enter or exit the system at sites 1 and N at certain exponential rates, as depicted
below:

1 2 3 N

α1

β1

βN

αN

The dynamics of the open quantum SSEP is defined in a similar fashion as in the closed
case, except at the boundary where the gain/loss process are defined using other CP maps
[BJ19]. The dynamics are defined by

dϱt = −i[dHt, ϱt]−
1
2[dHt, [dHt, ϱt]] + Lbdryϱt dt,

where now

dHt =
N−1∑
j=1

c†
j+1cjdW

(j)
t + c†

jcj+1dW
(j)
t ,

with again one complex Brownian motion per edge, and Lbdry is a boundary Lindbladian
term

Lbdry = α1L+
1 + β1L−

1 + αNL+
N + βNL−

N ,

where (for i = 1, N the boundary sites)

L+
i ϱ = c†

iϱci −
1
2
(
cic

†
iϱ+ ϱcic

†
i

)
,

and L−
i is defined similarly exchanging ci and c†

i . The operator L+
i (resp. L−

i ) injects (resp.
extracts) particle at the boundary site i at unit rate, since L+

i |0⟩ ⟨0| = |1⟩ ⟨1| − |0⟩ ⟨0| and
L+

i |1⟩ ⟨1| = 0 (and similarly for L−
i ).
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Remark 2.6. The restriction of the Hamiltonian increment to the one-particle sector is
slightly different in the open case, compared to the closed case, to take the boundary
conditions into account:

dht := dHt|V =



0 dW
(1)
t 0 . . . 0 0

dW
(1)
t 0 dW

(2)
t 0 . . . 0

0 dW
(2)
t 0 dW

(3)
t

...
...

. . .
. . .

. . . 0

0
. . . 0 dW

(N−1)
t

0 0 . . . 0 dW
(N−1)
t 0


. (2.5)

2.3. Another approach via Wick’s theorem. Let us assume that the initial state has
the form

ϱ0 = 1
Z
e

−
∑N

i,j=1 c†
i Mi,jcj , Z = Tr

(
e

−
∑N

i,j=1 c†
i Mi,jcj

)
. (2.6)

for some Hermitian matrix M , possibly random. This is a reasonable assumption because
this class is preserved by the dynamics. Further, we believe that the stationary measure
of the system is unique and does belong to that class.

For any t, the quantum probability that there are particles at locations j1, . . . , jk is
Tr (ϱtn̂j1 . . . n̂jk

), with number operators n̂j = c†
jcj (note that they are projectors, n̂2

j = n̂j).
By Wick’s theorem (for distinct indices jk)

Tr (ϱtn̂j1 . . . n̂jk
) = det

(
Tr(ϱt c

†
jn
cjm)

)k

n,m=1
. (2.7)

This means that P-almost surely, the quantum SSEP configuration at any time is a deter-
minantal point process (DPP) on {1, . . . , n} with a random correlation kernel

Gt(i, j) := Tr(ϱt c
†
icj).

It is remarkable that the classical SSEP particle locations do not form a determinantal
process but they may be realized as an explicit average of random determinantal processes,
given by particles locations in QSSEP.

For more general observables of the form O = e
∑N

i,j=1 c†
i Ai,jcj , we have

Tr (ϱtO) = det[I +Gt(eA − I)], (2.8)
so that ϱt is determined (at least its action on observables of the above form) by the
random N ×N matrix G. We note that (2.8) implies (2.7), by considering an expansion
for small A. We thus have reduced the problem of understanding the 2N × 2N density
matrix ϱt to the control of the N ×N two-point correlation matrix Gt.

For closed or periodic boundary conditions, the evolution of Gt is unitary,
Gt+dt = e−idhtGte

idht , (2.9)
where dht is the reduction of the Hamiltonian increment dHt to the one-particle sector,

dht =
N∑

j=1
Ej,j+1 dW (j)

t + Ej+1,j dW (j)
t , (2.10)

where Ei,j is the N ×N matrix with zero entries except a 1 in position (i, j) modulo N .
In other terms, dht is given by (2.4) (periodic boundary conditions) or (2.5) (closed chain
without reservoirs). Again, by Itō’s formula,

dGt = −i[dht, Gt]−
1
2 [dht, [dht, Gt]]︸ ︷︷ ︸

Itō contraction

. (2.11)
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In the open boundary case, one needs to adapt the one-particle Hamiltonian increment
so that dht is then given by (2.5) and to add boundary terms. Each coefficient of Gt obeys
a stochastic differential equation of the form (see Supplementary Materials in the Arxiv
version of [BJ19])

dGt(i, i) = unitary dynamics +
∑

p∈{1,N}
δpi(αp(1−Gt(i, i))− βpGt(i, i)))dt, (2.12a)

dGt(i, j) = unitary dynamics − 1
2

∑
p∈{1,N}

(αp + βp)(δpi + δpj)Gt(i, j) dt. (2.12b)

Example 2.7. Take N = 2 and α1 = β1 = α2 = β2 = 0 (closed chain). There is only one
edge and hence only one complex Brownian motion Wt. Then, Gt is a 2 × 2 Hermitian
matrix (if G0 is Hermitian) solving the system of SDE,

dGt(1, 1) = −iGt(2, 1)dWt − iGt(1, 2)dW t + (Gt(2, 2)−Gt(1, 1))dt,
dGt(1, 2) = −i(Gt(2, 2)−Gt(1, 1))dWt −Gt(1, 2)dt,

under the constraints Gt(2, 1) = Gt(1, 2) and Gt(2, 2) = n1 + n2 − Gt(1, 1). The term
n1+n2, equal to the total number of particles, comes from the fact that Tr(Gt) = Tr((c†

1c1+
c†

2c2)ϱt) = n1 + n2. Let us assume that the total number of particles is 1 (it is conserved
because the boundary parameters are all zero). Letting Dt = Gt(1, 1) − Gt(2, 2), Rt =
ℜ [Gt(1, 2)], It = ℑ [Gt(1, 2)] and let Wt = B1(t)+iB2(t)√

2 , we arrive at
dDt = −2Dt dt+ 2

√
2 (RtdB2 − ItdB1) ,

dRt = −1√
2DtdB2 −Rt dt,

dIt = 1√
2DtdB1 − It dt.

(2.13)

One may check that D2
t + 4(R2

t + I2
t ) is conserved, which of course we already knew since

it corresponds to the conservation of the determinant under the unitary dynamics.

Remark 2.8. Here is another perspective from the point of view of representation theory.
The Lie algebra glN (C) acts on

∧
V by mapping Ei,j to c†

icj . By exponentiation, this
yields a representation of GLN (C) on

∧
V . Let us denote by Γ : GLN (C) → End(

∧
V )

this representation map and denote by γ the Lie algebra representation map from glN (C)
to End(

∧
V ). Elements in Γ(GLN (C)) are of the form

Γ
(
eA
)

= e
∑N

i,j=1 c†
i Ai,jcj ,

as considered above, and the character formula is Tr(Γ(eA)) = det(I+eA). We thus let the
∗-algebra A be generated by those elements and we restrict to density matrices ϱ = Γ(R)

Tr(Γ(R))
with R = R∗ ∈ GLN (C), as in (2.6) above. Using the group law Γ(R)Γ(O) = Γ(RO), we
have,

Tr (ϱΓ(O)) = det(I +RO)
det(I +R) = det(I +G(O − I)),

as in (2.8), with G = R
I+R . Taking O = eεX for X ∈ glN (C) and letting ε going to zero

allows to identify G as the N ×N matrix

Gi,j = Tr (ϱ γ(Ei,j)) = Tr
(
ϱc†

icj

)
,

which thus fully determines the density matrix.

We henceforth use the symbol ‘tr’ to denote the trace over the N -dimensional space
(i.e. the one-particle sector), as opposed to the trace ‘Tr’ over the 2N -dimensional Fock
space.
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2.4. Stationary measure of periodic/closed QSSEP and random matrix theory.
In the periodic or closed boundary case, dynamics are unitary, so that the spectrum of
Gt is preserved. Clearly, the evolution defined by (2.9) and (2.10) is unitary, so that the
spectrum of Gt is constant. This implies that Gt is supported on the orbit of G0 under
the adjoint action of the unitary group.

Theorem 2.9 ([BBJ18, Proposition 1]). Let G0 be a N × N Hermitian matrix. The
Haar distribution on the orbit of G0 is the unique stationary measure of the stochastic
differential equation on Hermitian matrices given by (2.11) where dht is given by (2.10)
with initial condition G0. The same result holds when dht is given by (2.5).

Sketch of proof. First of all, the dynamics preserves the unitary orbit of G0. This is clear
from (2.1) and it can be checked formally using the definition of the dynamics (2.11), by
verifying that tr(Gk

t ) remains constant for all k, so that the spectrum is preserved.
Thus, we are considering a Markovian diffusion on the unitary orbit of G0. Since this

space is compact, there exists at least one stationary probability measure.
Then, the essential input is the fact that the set of matrices Ej,j+1 and Ej+1,j for

1 ⩽ j ⩽ N − 1 that appear in (2.10) forms a system of simple root generators of the
Lie algebra su(N). This implies that any stationary measure is invariant by unitary
conjugation, hence it is unique and Haar distributed.

To prove this U(N) invariance, assume that G is distributed according to a stationary
measure, and let

Z(A) = E
[
etr(AG)

]
,

where the expectation is taken over the stationary measure. Stationarity implies that

Z(A) = E
[
Z[eidhtAe−idht ]

]
where the expectation is now taken with respect Brownian motions in dht. Applying Itō’s
lemma, this implies that N−1∑

j=1
D+

j D
−
j +D−

j D
+
j

Z(A) = 0, (2.14)

where D+
j = D(Ej,j+1), D−

j = D(Ej+1,j) and for iX ∈ su(N), D(X) is the operator

D(X)F (A) = ∂sF (eisXAe−isX)
∣∣∣
s=0

.

From (2.14), one shows that D±
j Z(A) for all 1 ⩽ j ⩽ N−1. Because the Ej,j+1 and Ej+1,j

for a system of simple roots, one then concludes that D(X)Z(A) = 0 for all iX ∈ su(N)
which eventually implies that for any U ∈ SU(N),

Z(A) = Z(U∗AU).
Details of the argument can be found in [BBJ18, Appendix B]. □

We stress that the Markov process describing the evolution of Gt does not really have
a unique stationary measure, in the sense that it depends on the initial condition G0. As
a consequence of Claim 2.9, we expect that as t goes to infinity, the law of Gt weakly
converges to the law of U∗G0U where U is a random Haar distributed unitary matrix. We
may then compute the Laplace transform of the probability measure of Gt in the t→∞
limit as the Harish-Chandra–Itzykson–Zuber integral

lim
t→∞

E
[
eNtr(AGt)

]
=
∫

U(N)
dU eNtr(AU∗G0U) = Z(NA), (2.15)

where dU is Haar measure. A first contact with free probability emerges in the large
N limit: if G0 admits a limiting spectral measure µ0, and A has finite rank (and further
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Figure 1. Probability distribution of Dt for t = 0.1, t = 1 and t = 10. Initially
the distribution is concentrated at 1, and it converges to the uniform distribution
on [−1, 1]. The few values outside [−1, 1] are numerical errors due to the simulated
dynamics being not perfectly unitary.

assumptions), this integral over the unitary group becomes in the N →∞ limit the formal
series [IZ80; Col02]

lim
N→∞

1
N

logZ(zNA) =
∞∑

n=1

zn

n
tr(An)κn(µ0),

where κn denote the free cumulants of µ0 which are defined in Section 3.1.

Example 2.10. We reconsider the special case of Example 2.7. Let us fix the initial
condition, for instance

G0 =
(

1 0
0 0

)
.

For a Haar distributed unitary matrix U , it is well-known that |U11|2 is uniformly dis-
tributed in [0, 1]. Hence, by Claim 2.9, G(1, 1) should be uniformly distributed in [0, 1]
for large t. Equivalently, Dt in Example 2.7 should be uniform in [−1, 1]. To check that,
it is not clear that the system of SDE (2.13) can be solved explicitly, but we do find on
numerical simulations (see Figure 1) that the probability distribution of Dt approaches
the uniform one.

Remark 2.11. The solution to the SDE Ut+dt = e−idhtUt is different from the standard
notion of Brownian motion on U(N) or SU(N). This stochastic process, as well as the
process Gt+dt = e−idhtGte

idht from (2.9), does not seem to have been considered in the
mathematics literature, and it seems interesting to study it further. In particular, one
could compare the mixing time of these diffusions to the mixing time of the Brownian
motion on U(N) [Sal04; Mél24]. In the context of random walks on the symmetric group,
the analogous problem is well-known (and solved): the mixing time is different when the
walk is generated by all transpositions [DS81] or only by adjacent transpositions [Lac16]
— the latter case being related to the classical SSEP (with closed boundary conditions).

3. Open QSSEP and free probability

3.1. Preliminaries about classical and free cumulants. For random variablesX1, . . . , Xn,
and any (k1, . . . , kn) ∈ Zn

⩾1, the classical cumulants Kk1,...,kn(X1, . . . , Xn) are generally de-
fined through the coefficients in the power series

log E
[
et1X1+···+tnXn

]
=

∑
k1,...,kn⩾1

Kk1,...,kn(X1, . . . , Xn)
n∏

i=1

tki
i

ki!
.

The cumulants K(X1, . . . , Xn) := K1,...,1(X1, . . . , Xn) are related to the moments via

E[X1 · · ·Xn] =
∑

π∈Pn

∏
B∈π

K ({Xi}i∈B) .
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Figure 2. Left: A partition of {1, 2, . . . , 6} into 3 blocks (green, blue and red).
We see that the segment joining the green points and segments joining blue points
do cross. Right: A non crossing partition.

where the sum runs over Pn, the set of partitions π of {1, . . . , n} into disjoint subsets
denoted B. Equivalently, cumulants are expressed in terms of moments as

K(X1, . . . , Xn) =
∑

π∈Pn

(|π| − 1)!(−1)|π|−1 ∏
B∈π

E
[∏

i∈B

Xi

]
, (3.1)

where |π| denotes the number of blocks in the partition. In particular, the first cumulant
is the expectation K(X) = E[X], the second cumulant is the covariance

K(X,Y ) = E[XY ]−E[X]E[Y ], (3.2)
and the third cumulant is given by
K(X,Y, Z) = E[XY Z]−E[X]E[Y Z]−E[Y ]E[ZX]−E[Z]E[XY ]+2E[X]E[Y ]E[Z]. (3.3)

A well known property of classical cumulants is that when the variables Xi are indepen-
dent, Kk(X1 + · · ·+Xn) = Kk(X1) + · · ·+ Kk(Xn) for all k ⩾ 1.

There exist analogous properties in free probability theory. In this context, random
variables become elements of a unital associative ∗-algebra A over C equipped with a
linear map (non-commutative expectation) φ : A → C such that φ(1) = 1 and φ(a∗a) > 0
for a ∈ A. The free cumulants κ(a1, . . . , an) for ai ∈ A are then defined implicitly via

φ(a1 · · · an) =
∑

π∈NC(Pn)

∏
B∈π

κ ((ai)i∈B) , (3.4)

where NC(Pn) is the subset of Pn consisting of non-crossing partitions (the notion of non-
crossing partition can be understood from the examples in Figure 2). As in (3.1), the
relation (3.4) can be inverted to express free cumulants in terms of free moments. One
has κ(a) = φ(a) and

κ(a, b) = φ(ab)− φ(a)φ(b),
κ(a, b, c) = φ(abc)− φ(a)φ(bc)− φ(b)φ(ca)− φ(c)φ(ab) + 2φ(a)φ(b)φ(c),

in a way similar to the above classical moment-cumulant formula. However, at order 4, the
free cumulant κ(a1, a2, a3, a4) no longer has the same expression as the classical cumulant
K(X1, X2, X3, X4), because there exists a crossing partition of order 4:

12

3 4

Adapting the notion of independent variables to the non-commutative setting, elements
a1, a2 ∈ A are said to be respectively free iff all their mixed free cumulants vanish. We
refer to [NS06; Spe19] for more details on free probability.
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3.2. First moments of the stationary measure. Let us go back to quantum exclusion
processes and consider the case of open QSSEP with boundary parameters chosen so as
to impose densities na < nb at both ends (the relation is na = α1

α1+β1
and nb = αN

αN +βN

as for the SSEP). We observe that in (2.11) and (2.12), all terms are linear in the entries
of the matrix G, so that one can compute the expectation under the stationary measure
E[G(i, j)] by imposing that the expectation of all such coefficients remain constant over
time, leading to solving a system of linear equations. In this section, all expectations are
with respect to the stationary measure of the process Gt. One obtains that E[G(i, j)] = 0
for i ̸= j and for i = ⌊xN⌋ [BJ19]

E [G(i, i)] = na + x(nb − na) +O

( 1
N

)
.

At second order, again, one can compute all the terms of the form E [G(i, j)G(k, ℓ)]
through a linear system. For i = ⌊xN⌋, j = ⌊yN⌋, the dominant terms have the form
E [G(i, j)G(j, i)] and one finds [BJ19], letting ∆n := nb − na,

K [G(i, j), G(j, i)] = (∆n)2

N
x(1− y) +O

( 1
N2

)
, for x < y, (3.5)

and

K [G(i, i), G(i, i)] = (∆n)2

N
x(1− x) +O

( 1
N2

)
,

K [G(i, i), G(j, j)] = −(∆n)2

N2 x(1− y) +O

( 1
N3

)
, for x < y,

where K(X1(ω), . . . , Xn(ω)) denotes the classical cumulants of random variablesX1, . . . , Xn

with respect to the measure and expectation P,E. For example, (3.5) is the covariance
between random variables G(i, j) and G(j, i). It is useful to note that the polynomial
x(1− y) may also be written as

x ∧ y − xy (3.6)
to remove the constraint that x < y. Here x ∧ y = min(x, y). At third order, dominant
terms have the form

K [G(i, j), G(j, k), G(k, i)] = (∆n)3

N2 x(1− 2y)(1− z) +O

( 1
N3

)
, for x < y < z,

with i = ⌊xN⌋, j = ⌊yN⌋ and k = ⌊zN⌋. Again, this can be rewritten in a more symmetric
way as

x ∧ y ∧ z − x(y ∧ z)− y(z ∧ x)− z(x ∧ y) + 2xyz. (3.7)
The formulas (3.6) and (3.7) are reminiscent of expressions (3.2) and (3.3) for classical
cumulants in terms of moments. But as we will see, things become slightly different at
the fourth order and higher where free probability comes into play.

3.3. General case and free probability. Let us turn to the general case. It is conve-
nient to associate to a product of the form G(i1, j1)G(i2, j2) . . . G(ir, jr) an oriented graph
G with edges (ik, jk). It turns out that very few graphs have a nontrivial average. We
have E [G] = 0 unless G is an Eulerian graph (at each vertex, the number of ingoing and
outgoing arrows are the same). This follows from U(1)N invariance, i.e. we can change cj

into cje
iθj so that c†

j is changed into c†
je

−iθj without changing the probability distribution
of G(i, j). Taking the θj as independent uniformly random phases, one can see that the
expectation vanishes if the graph is not Eulerian. Again, all expectations in this section
are with respect to the stationary measure for the process Gt.
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We have already seen that

E


i

 = na + x(nb − na) +O

( 1
N

)
.

At second order, we have seen in (3.5) that (recall ∆n = nb − na),

K
[
i j

]
= (∆n)2

N
x(1− y) +O

( 1
N2

)
, for x < y,

and we recall that K denote the cumulants of the variables represented by the graph, i.e.

K
[
i j

]
= E

[
i j

]
− E

[
i j

]
E
[
i j

]
.

At third order, we have

K


z

yx
 = (∆n)3

N2 x(1− 2y)(1− z) +O

( 1
N3

)
, for x < y < z.

We claim that at any order p, the leading order terms are those corresponding to cyclic
loop (and its pinchings). Let

gp(x1, . . . , xp) := lim
N→∞

N1−p K



x1 x2
x3

x4

. . .

. . . . . .

. .
.

..
.

xp


, (3.8)

which we assume to be computed with all discrete indices ik distinct, although some of
the xk may be equal in the limit.

One can compute the cumulants of cyclic loops order by order [BJ19; BJ21]. For
example, when p = 4 and x1 < x2 < x3 < x4 we have

K


x1 x2

x3x4

 = (∆n)4

N3 x1(1− 3x2 − 2x3 + 5x2x3)(1− x4) +O

( 1
N4

)
,

and

K


x1 x3

x2x4

 = (∆n)4

N3 x1(1− 4x2 − x3 + 5x2x3)(1− x4) +O

( 1
N4

)
.

Note that, if the points xk are ordered on the line, these cumulants then depend on the
ordering on the loop. They are all polynomials in the xk with integer coefficients.

We now give a general expression for gp in terms of free cumulants. From now on we
restrict to the case na = 0, nb = 1, though the most general case is not much different.
Let [0, 1] be equipped with the Lebesgue measure, denoted φ, and consider the variables
Ix := 1[0,x]. We have

φ(Ix1 . . . Ixp) = x1 ∧ · · · ∧ xp.

Claim 3.1. The function gp defined by (3.8) is a polynomial of degree 1 in each variable.
It is explicitly given by

gp(x) = κp(Ix1 , . . . , Ixp), (3.9)
where κp is the p-th free cumulant of the family of (commuting) variables Ix1 , . . . , Ixp.
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Figure 3. Left: a non crossing partition in P10. Right: Its Kreweras complement
is depicted in black. In applications to cyclic loop expectations in QSSEP or
random matrix theory, the partition π is partitioning the edges and its dual the
points joining the edges into a loop (this is why the elements on the left are
denoted 1̄, 2̄, . . . instead of 1, 2, . . . ).

Claim 3.1 was first obtained in [Bia25], based on the combinatorial analysis of a recursive
characterization of the functions gp, established in [BJ21]. Finding a full proof of this
characterization remains an open mathematical problem, however, the deduction of (3.9)
from the recursive characterization is a mathematical theorem. We will explain in Section
3.4 why free cumulants arise. We will not follow the combinatorial analysis of [Bia25] but
rather present a more direct derivation from [HB22] based on free probability.

Remark 3.2. The scaling (3.8) of the gp’s with 1/N suggests a large deviation behaviour

lim
N→∞

1
N

logE
[
eNtr(AG)

]
= F(A),

where the functional F is related to the polynomials gp [BH23].

3.4. Elements of proof. Let us explain now how free cumulants arise. First, we recall
that the cyclic polynomials gp are defined in (3.8) as classical cumulants. Using (3.1), we
have that

E [G(i1, i2) . . . G(ip, i1)] =
∑

π∈Pp

∏
B∈π

K[(G(ij , ij+1))j∈B].

We first argue that not all cumulants contribute in this sum, and that those which con-
tribute are associated to non-crossing partitions. When p = 2,

E
[
i j

]
= K [G(i, j), G(j, i)]︸ ︷︷ ︸

N−1g2(x,y)

+K [G(i, j)]K [G(j, i)]︸ ︷︷ ︸
δi,jg1(x)g1(y)

.

At large scale, the indicator function δij should be viewed as a discrete approximation of
N−1δ(x− y) so that as N →∞,

E
[
x y

]
≈ N−1 (g2(x, y) + δ(x− y)g1(x)g1(y)) ,

to be understood in a weak sense. More generally let us define the expectations (not the
cumulants) of cyclic loops

gs(x) := lim
N→∞

Np−1E [G(i1, i2) . . . G(ip, i1)] ,

where ij = ⌊Nxj⌋ as before and x = (x1, · · · , xp). U(1)N invariance and scalings with
1/N imply the following
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Claim 3.3 ([HB22]). We have

gs(x) =
∑

π∈NC(Pp)
gπ(x)δπ∗(x), (3.10)

where the sum is over non-crossing partition π and gπ is the product of the cyclic cumulants
associated to each parts of the partition π,

gπ(x1, . . . , xp) =
∏

B∈π

g|B|(xB), xB = (xj)j∈B, (3.11)

and the partition π∗ denotes the Kreweras complement of the non crossing partition π
(see Figure 3) and δπ∗(x) =

∏
B∈π∗ δ|B|(xB) where δn(x1, . . . , xn) := δ(x1 − x2)δ(x2 −

x3) . . . δ(xn−1 − xn).

It is useful to understand π ∈ NC(Pp) as a partition of the edges and its dual π∗ as a
partition of the points. For a loop the number of edges is equal to the number of points.
The identity (3.10) should be understood in a weak sense, i.e. that for any continuous
function ψ : [0, 1]p → R,∫

[0,1]p
dx1 . . . dxp ψ(x)gs(x) =

∑
π∈NC(Pp)

∫
[0,1]p

dx1 . . . dxp ψ(x)gπ(x)δπ∗(x).

Alternatively, one can consider limN→∞N−1E[tr(G∆1 · · ·G∆p)], with ∆1, · · · ,∆p diago-
nal matrices, see Claim 4.5.

Let us now explain the origin of non-crossing partitions and how (3.10) is obtained for
p = 4. The fourth order cyclic moment can be expressed, by (3.1), as a sum over partitions
of products of cumulants:

E


x1 x2

x3x4

 = K


x1 x2

x3x4

+ K


x1 x2

x3x4

+

+ K


x1 x2

x3x4

+ + K


x1 x2

x3x4

+

+ K


x1 x2

x3x4

+ + K


x1 x2

x3x4

+ K


x1 x2

x3x4


where the symbol ⟲ denote similar terms obtained by rotations of the preceding term.
Each term in the expansion corresponds to a different partition of {1, 2, 3, 4}. Since the
random variables G(i, j) are attached to the edges of the graph, we partition the edge set,
this is why the pictures are somewhat different between Figure 2 and Figure 3. Then, each
term in the expansion should be understood as a product of cumulants, each cumulant
corresponding to a block in the partition (i.e. a colour). To enforce U(1)N invariance,
these cumulants are multiplied by (a product of) delta functions N−1δ(xi − xj) whenever
there is a dashed line joining xi and xj . However, since cyclic cumulants of order p are
O(N1−p) and delta terms are of order N−1, we see that all terms in the expansion above
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are of order N−3 except for the term

K


x1 x2

x3x4

 ∼ N−4g(x1, x2)g(x3, x4)δ(x2 − x3)δ(x1 − x4),

which is subdominant. More generally, terms corresponding to partitions with crossings
are always subdominant. This explains why (3.10) holds.

The rest of the argument of the Claim 3.1 goes as follows [HB22]:
(1) First one looks at the dynamical equations satisfied by expectation values of cyclic

loops, gs(x, τ) := limN→∞Np−1E [GN2τ (i1, i2) . . . GN2τ (ip, i1)], in the large N scaling
limit, with ij = ⌊Nxj⌋, t = N2τ . Here, the expectation is not taken with respect
to the stationary measure, but with respect to the Brownian motions involved in the
dynamics. One can show that

(∂τ −∆)gs(x, τ) = 2
∑
i<j

∂xi∂xj (δ(xi − xj)gs(x, τ |σi)gs(x, τ |σj)) , (3.12)

where ∆ :=
∑p

j=1 ∂
2
xj

and gs(x, τ |σi) (resp. gs(x, τ |σj)) are the expectation values of
the smaller loops σi, containing xi but not xj , (resp. σj , containing xj but not xi)
obtained by splitting the initial loop as follows

xj

xj+1xi

xi−1

xi+1

. . .

. . .

xj−1

σi

σj

The evolution for these gs has therefore a triangular structure.
(2) Given the expectation values gs(x, τ), one defines the cyclic cumulants gp(x, τ) using

(3.10) and gπ(x, τ) =
∏

B∈π g|B|(x, τ) for any non-crossing partition. Then, mimicking
the moment-cumulant formula (3.4) in the free probability context, one defines

φ(x, τ) :=
∑

π∈NC(Pp)
gπ(x, τ),

Compare to (3.10), this formula does not contain the Dirac delta-function associ-
ated to the Kreweras of π. Then, one shows using the type of reasoning above and
(combinatorial) properties of non-crossing partitions that we have

(∂t −∆)φ(x, τ) = 2
∑
i<j

δ(xi − xj)(∂xiφ(x, τ |σi))(∂xjφ(x, τ |σj)). (3.13)

where φ(x, τ |σi) (resp. φ(x, τ |σj)) is defined as above by breaking the initial loop in
two pieces σi and σj and restricting φ(x, τ) to the smaller loop σi (resp. σj).

(3) Finally, one checks that φ(x) = min{x1, . . . , xp} is the stationary solution of (3.13)
with appropriate boundary conditions.

This implies that gπ(x) in the stationary measure are the free cumulants associated to
moments given by the function φ(x), that is the free cumulants of the variables Ix as in
Claim 3.1.

Remark 3.4. The proof of the Claim 3.1 in [Bia25] is different from the argument above.
It starts from the stationarity conditions for the cumulants of cyclic loops [BJ19]. To
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write them we need an alternative notation. Until now we ordered the points on the loops.
Instead we could order them on the interval [0, 1], so that 0 ⩽ x1 < x2 < · · · < xp ⩽ 1 and
consider cumulants (with respect to the stationary measure for the process Gt)

gσ(x) = K



xσ1(1)xσ2(1)

xσ3(1)

xσ4(1)

x1

..
.

. . .

. . . . . .

. .
.


,

for any cyclic permutation σ ∈ Sp. Those cyclic cumulants are polynomials [BJ19]. Given
σ ∈ Sp, and for any pair of adjacent variables xj and xj+1, gσ(x) can be decomposed as

gσ(x) = Aj(σ) +Bj(σ)xj + Cj(σ)xj+1 +Dj(σ)xjxj+1.

where the coefficients Aj , Bj , Cj , Dj may depend on all variables xk but not on xj and xj+1.
The stationarity conditions on gσ then translate into conditions on those coefficients [BJ21]

Aj(τj ◦ σ) = Aj(σ),
Bj(τj ◦ σ) = Cj(σ) + ∂xjgσ−

j
(x) ∂xj+1gσ+

j
(x),

Cj(τj ◦ σ) = Bj(σ)− ∂xjgσ−
j

(x) ∂xj+1gσ+
j

(x),

Dj(τj ◦ σ) = Dj(σ),

where τj ∈ Sp is the transposition exchanging j and j+1, and τj◦σ denotes the composition
of the two permutations τj and σ. Similarly as in (3.12), the cyclic permutations σ±

j are
defined by breaking the initial cyclic permutation σ into two smaller cyclic permutations.
Namely, let r, s be such that σr(j) = j+1 and σs(j+1) = j. Then, the cyclic permutations
σ−

j and σ+
j are defined in such a way that the cyclic order induced by σ in the r variables

xj , xσ(j), . . . , xσr−1(j) is encoded by σ−
j while the cyclic order induced by σ in the s variables

xj+1, xσ(j+1), . . . , xσs−1(j+1) is encoded by σ+
j . Pictorially,

xj

xσ(j)xj+1

xσr−1(j)

xσ(j+1)

. . .

xσ2(j)

. . .

xσs−1(j+1)

σ+
j

σ−
j

The above equations admit a unique solution. The proof in [Bia25] consists in solving
them combinatorially, and understanding their free probability interpretation.

4. Ensembles of structured random matrices

In this section, following [BH23; BH25] we describe a possible general framework for
dealing with a large class of structured random matrices. In random matrix theory, the
probability distribution of matrix entries is often invariant under permutations of the
indices. This is the case of Wigner matrices for instance. Another example which is
important for us is a Haar distributed orbit M = UDU∗, with D some fixed diagonal
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matrix and U is unitary Haar distributed. In both cases, the law of M is U(N) invariant,
so it is a fortiori permutation invariant. This implies that quantities such as

E
[
Mi1,j1 · · ·Mip,jp

]
depend on the indices only through the topology of the associated graph. For example, in
the case of a random matrix M = UDU∗, the expectation values of cyclic loops, with all
indices i1, . . . , ip distinct, behave as

E
[
Mi1,i2 · · ·Mip,i1

]
= 1
Np−1κp(µD) +O(N−p),

where κp(µD) denote the free cumulants of the limiting spectral distribution of the diagonal
matrix D, as the size N goes to infinity. This expression, and in particular its scaling,
ressembles those we encounter in the previous Section 3, except that in QSSEP those
expectation values were depending explicitly on the points xk = ik/N . We are interested
in this Section in a generalization of these ensembles of random matrices for structured
matrices whose law is not invariant under permutations. Similar random matrix ensembles
are considered in the context of the Eigenstate Thermalization Hypothesis [FK19; PFK22].
The class of random matrices we consider is however different from [Han16] who also
employs the phrase “structured random matrices”.

4.1. Cyclic cumulants and free probability. Let us describe the ensembles of random
matrices introduced in [BH23].

Assumptions 1. Let PN be a sequence of probability measures on N ×N matrices MN

satisfying the following properties (we will often drop the subscript N and write simply the
measure P and the matrix M):
(1) (U(1)N invariance) For any diagonal matrix u ∈ U(1)N , i.e. u = diag(eiθ1 , . . . , eiθN ),

θj ∈ R,

M
(d)= uMu∗.

(2) (Scaling of cyclic cumulants) For all p ⩾ 1, there exists a continuous and bounded
function gp(x1, . . . , xp) such that if ij = ij(N) are distinct integers chosen so that
ij(N)/N converges to xj,

E
[
Mi1,i2 , · · · ,Mip,i1

]
= 1
Np−1 gp(x1, . . . , xp) +O

( 1
Np

)
. (4.1)

(3) (Pinching of loops) If in the sequences (i1, · · · , ip) some of the indices coincide, e.g.
in(N) = im(N) for n ̸= m, then

lim
N→∞

Np−1K
[
Mi1,i2 , · · · ,Mip,i1

]
= gp(x),

(4) (Scaling of disconnected cycles) The cumulant associated to r disjoint cycles with a
total of n matrix elements is of order O(N2−r−n). More precisely, using the graphical
notations that we have set up in Section 3,

K

 . . .

 = O(N2−r−n), (4.2)

in the sense that there exists a constant Cn,r such that all such cumulants are bounded
by Cn,rN

2−r−n.

The property (4) is stronger than the corresponding property in the original reference
[BH23], this new version was introduced in a later addition [BH25]. In (2), because of
U(1)N invariance, we can replace the expectation values by the cumulants since we assume
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that all indices are distinct. Thus, using the graphical notation, the function gp defined
in (4.1) are the scaled cumulants of cyclic loops,

gp(x1, . . . , xp) = lim
N→∞

N1−p K


x1 x2

x3

x4

. . .

. . . . . .

. .
.

..
.

xp

 . (4.3)

These gp are called local free cumulants, since they have a natural interpretation in con-
ditioned free probability (see Remark 4.6 below).

The general approach to structured random matrices developed below is based on the
moments method. This is why properties (2), (3) and (4) in Assumptions 1 concern
moments and cumulants. Consequently, a number of statements have to be interpreted
as formal power series, as we stress below. In random matrix theory, it is often necessary
to impose some additional assumptions on the operator norm of the involved matrices.
Estimating the operator norm of matrices from minimal assumptions is typically a difficult
problem [HT05] – see also [Hay20; BC22; BC23; Han25] for recent developments around
the Peterson-Thom conjecture. In these notes, we do not discuss such assumptions.

Remark 4.1. Since these properties are formulated in terms of cumulants, they are pre-
served by shifting the matrices M by diagonal matrices, Mij →Mij−δijai. Similarly these
properties are preserved by multiplying M by a diagonal matrix, on the left or on the right,
that is under transformation M → ∆LM∆R with ∆L,∆R being diagonal matrices.

Remark 4.2. As already mentioned, Assumptions 1 are fulfilled by Wigner matrices
(possibly with a variance profile [Gir12; Shl96; Gui]) or Haar distributed orbits. It is
believed that they are also satisfied in QSSEP, although a proof is missing (the proof of
the scaling property (4) is lacking).

Remark 4.3. Defining an ensemble of structured random matrices requires the data of
its local free cumulants (4.3). It is an apparently difficult problem to characterize which
set of functions gp forms a possible set of local free cumulants.

Example 4.4. The scalings (4.2) imply for example that

K


i j

 = O
(
N2−2−2

)
= O

(
N−2

)

but

K

 i j

 = O
(
N2−1−2

)
= O

(
N−1

)
.

Comparing with Section 3, we see that these scaling properties are satisfied in QSSEP.

More generally, the scalings in Assumptions 1 imply that tr(M) concentrates fast around
its mean: we have that (as a formal power series in z)

lim
N→∞

N−1 logE
[
eztr(M)

]
= lim

N→∞
N−1zE [tr(M)] , (4.4)

in the sense that all cumulants are negligible compared to the first one as N goes to
infinity. Indeed, let us consider the first two cumulants. The first one is

K [tr(M)] =
N∑

i=1
K


i

 ∼ N ∫ 1

0
dx g1(x),
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while the second cumulant is

K [tr(M), tr(M)] =
∑

1⩽i̸=j⩽N

K


i j

+
N∑

i=1
K




= N2 ×O
(
N−2

)
+N ×O

(
N−1

)
= O(1).

It is easy to check using Assumptions 1 that higher cumulants are sub-leading in 1/N .
For such matrices, non-crossing partitions play a role similar as in QSSEP. We have:

Claim 4.5. [BH23] Let M = MN be a sequence of random matrices with law PN satisfying
Assumptions 1. Let ∆1, . . . ,∆p be diagonal matrices such that (∆k)ii = ψk(i/N) for some
continuous functions ψk. Then,

lim
N→∞

N−1E [tr(M∆1M∆2 · · ·M∆p)] =
∫

[0,1]p
Tp(x1, . . . , xp)

p∏
j=1

dxjψj(xj), (4.5)

where

Tp(x1, . . . , xp) =
∑

π∈NC(Pp)
gπ(x)δπ∗(x), (4.6)

and gπ(x) and δπ∗(x) are defined as in (3.10).

This is obtained via the same argument as in Section 3 (which we have sketched only
for p = 4).

Remark 4.6. This formula illustrates the fact that the notion of conditional probability, in
a non-commutative setup, is a well-suited framework to study structured random matrices.
Let D ⊂ A be unital subalgebra. Following [MS17], a conditional expectation value is a
map ED : A → D such that ED[∆] ∈ D and ED[∆a∆′] = ∆ED[a]∆′ for all a ∈ A and
∆,∆′ ∈ D. Furthermore, the operator-valued distribution of a random variable a ∈ A is
given by all operator-valued moments ED[a∆1a · · · a∆n−1a] ∈ D where ∆1, · · · ,∆n−1 ∈ D.

In the present context, we should consider the case where A is the ensemble of N ×N
random matrices M satisfying assumptions (1)-(3), and D is the subalgebra of determin-
istic (bounded) diagonal matrices. In the large N limit the algebra D is identified with
L∞[0, 1]. Furthermore, for M ∈ A we define the conditional expectation value to be

ED[M ] := diag(E[M11], · · · ,E[MNN ]),

that is, one takes the usual expectation value of the matrix elements and sets all non-
diagonal elements to zero. Since we are only interested in this concrete example, we will
always denote elements of A by M in the following definitions (instead of a).

As in the scalar case, the operator-valued free cumulants are defined via a moment-
cumulant relation [MS17]: The D-valued free cumulants κD

n : An → D are defined through
the D-valued moments by

ED[M1 · · ·Mn] =
∑

π∈NC(Pn)
κD

π (M1, · · · ,Mn),

where the κD
π are constructed from the family of linear functions κD

n := κD
1n

respecting the
nested structure of the parts appearing in π – see Figure 4.
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Figure 4. Non-crossing partitions have a nested structure: for instance in the
present example, the part {8̄} is nested inside the part {7̄, 9̄} which is itself nested
in {6̄, 1̄0}. One associates to this example the planar tree shown on the right,
where the black vertices correspond to the blocks of π and the white vertices
correspond to the blocks of the Kreweras complement π∗.

It turns out – see [BH23] for details – that the cumulants of cyclic loops gπ(x) appearing
in (4.6) can be identified with the operator-valued free cumulants, that is:

κD
π (M∆1, · · · ,M∆1,M∆n)(x)

=
∫ (n−1∏

k=1
dxkψk(xk)

)
ψn(x)gπ(x1, · · · , xn−1, x)δπ∗(x1, · · · , xn−1, x),

for ∆k diagonal matrices with entries (∆k)ii = ψk(i/N) with ∆k bounded functions on
[0, 1].

4.2. Stability under non-linear transformation. The class of matrices satisfying As-
sumptions 1 is stable under certain non-linear transformations.

Claim 4.7 ([BH23; BH25]). Let M = MN satisfy Assumptions 1. Then for all polynomial
P , the sequence of random matrices P (M) also satisfies Assumptions 1.

The matrix P (M) has new explicit local free cumulants, which can be expressed in terms
of those of M . As consequence of this stability property, we also obtain that tr(P (M))
concentrates to its expectation in the sense of (4.4), namely

lim
N→∞

N−1 logE
[
eztrP (M)

]
= lim

N→∞
zN−1E [trP (M)] , (4.7)

for any polynomial P .

Claim 4.8 ([BH23; BH25]). Let M = MN satisfy Assumptions 1. Assume that they are
centred, E[Mii] = 0. Define a matrix Y with coefficients

Yi,j = Mi,jf
(N)
i,j (N |Mi,j |2)

where the f (N)
i,j are polynomials

f
(N)
i,j (u) =

d∑
k=0

ak

(
i

N
,
j

N

)
uk

where the functions ak(x, y) are continuous in (x, y). Then the sequences of matrices Y
satisfies Assumptions 1.

The property (4) in Assumptions 1 was reinforced in [BH25], and arguments for its
stability under the above non-linear transformations were given there but, as the authors
recognized, these are not enough to complete the proof of these claims. The type of
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entrywise non-linear transformations considered in Claim 4.8 is a type of transformations
considered in machine learning [Spe23; SW24].

Let us now mention briefly two applications of the previous claims, one in random
matrix theory and another in quantum stochastic processes.

4.3. Application: Spectrum of sub-matrices. Let M = MN be (a sequence of) ran-
dom matrices satisfying Assumptions 1 and consider Mred a ℓN × ℓN sub-matrix of M
(we take the same subset of rows and columns, this is sometimes called a principal sub-
matrix). What can be said about the law of Mred? If M is a Wigner matrix, it is clear
that Mred is still a Wigner matrix. Let us consider the slightly more involved case of a
Haar-distributed orbit M = UDU∗. How are sub-matrices distributed? Asymptotically,
they are distributed as a Haar orbit with spectral measure µ(ℓ)

D , the free compression of µD

obtained by scaling all the free cumulants of µD by 1/ℓ (see more details in Example 4.11).
Obtaining this answer using the present framework is not more difficult than computing
the spectrum of the full matrix, thanks to the stability of Assumptions 1 under left/right
multiplication by diagonal matrices. More generally, we have the following.

Claim 4.9 ([BH23]). Let M = MN satisfy Assumptions 1. Let H = HN be a sequence
of diagonal matrices such that Hii = h(i/N) where h is a continuous function, and set
Mh = H1/2MH1/2. Then, the spectrum of Mh is characterized by the formal power series
in 1/z,

F(h; z) = lim
N→∞

1
N

E
[
tr(log(1− z−1Mh))

]
,

which is given explicitly by

F(h; z) =
∫ 1

0
dx

[
log

(
1− z−1h(x)b(x)

)
+ a(x)b(x)

]
−F0(a), (4.8)

where a(x) and b(x) solve

a(x) = h(x)
z − h(x)b(x) , b(x) = δF0(a)

δa(x) , (4.9)

and

F0(a) :=
∑
p⩾1

1
p

∫
[0,1]p

gp(x1, . . . , xp)
p∏

j=1
dxj a(xj).

The relations (4.9) are the extremization condition for the l.h.s. of (4.8) viewed as func-
tional of a and b.

The functional derivative in (4.9) is given by

δF0(a)
δa(x) =

∑
p⩾1

1
p

p∑
j=1

∫
[0,1]p−1

gp(x1, . . . , xp)
∣∣∣
xj=x

∏
i̸=j

dxi a(xi).

Different proofs of this claim were presented in [BH23]. The most conceptual proof is
probably the one using conditional non-commutative probability and the relation between
the cyclic loop cumulants and operator valued free cumulants. The relations (4.9) are
then equivalent to the relation between the operator valued Cauchy and R-transforms in
free probability [MS17, Chap. 9, Theorem 11]. All these proofs rely on the tree structure
underlying non-crossing probability, which is induced by the nested structure of non-
crossing partitions as in Figure 3. In the case of Wigner matrices with variance profile,
the equation for the eigenvalue density in [CG93; Shl96] are equivalent to (4.9) with only
g1 and g2 non vanishing.
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Remark 4.10. The large N limit of the spectrum of Mh is determined by the limit of its
Stieltjes transform G(z) := limN→∞N−1tr

(
1

z−Mh

)
. Under Assumptions 1, using (4.7),

the Stieltjes transform is equal to its mean in the large N limit. By Claim 4.9, the later
is simply obtained by taking a derivative with respect to z in the solution (4.8), i.e.

G(z) =
∫ 1

0

dx

z − h(x)b(x)

where b is given by (4.9). In order to get information on the sub-matrix of M made by
selecting the row/columns corresponding to an interval I ⊂ [0, 1], it suffices to apply the
formula above with h(x) = 1x∈I .

Example 4.11. As an illustration let us consider the spectrum of sub-matrices of Haar
distributed orbits. let M = U∗DU with D diagonal and U Haar distributed unitary.
In that case gp = κp(µD), the free cumulants of the spectral measure of D (they are x-
independent since Haar orbits are unstructured). Then, bℓ is x-independent and aℓ(x) = 0
for x ̸∈ I (of course both a and b depend on ℓ). Equation (4.9) then becomes

Aℓ = ℓ

z − bℓ
, bℓ =

∑
k⩾1

Ak−1
ℓ κk(µD), (4.10)

with Aℓ =
∫

Idx aℓ(x). Recall now that, given a measure µ, the generating function of its
free cumulants,

K(z) := 1
z

+
∑
k⩾1

κk(µ)zk−1

is the inverse of its Cauchy (or Stieltjes) transform G(z), i.e. K(G(z)) = z. Let K1 be the
free cumulant generating function of µD, i.e. K1(z) = 1

z +
∑

k⩾1 κk(µD)zk−1 and let Kℓ

be that of its free compression of µD (obtained by replacing κk(µD) by κk(µD)/ℓ). Then
ℓKℓ(z) = K1(z) − (1 − ℓ)/z. Similarly let G1 (resp. Gℓ) be the Cauchy transform of µD

(resp. of its free dilatation).
The equations (4.10) can be rewritten, using the definition of free compression, as

Kℓ(Aℓ) = z/ℓ that is equivalent to Aℓ = Gℓ(z/ℓ).

Since, from Claim 4.9, the Cauchy transform of the subblock is ℓ
z−bℓ

= Aℓ, this shows that
the Cauchy transform of the sub-matrix is Gℓ(z/ℓ), so that the spectrum of the sub-matrix
is the free compression of µD.

4.4. Application: Almost sure classicality of quantum transport. As we have
mentioned in (2.7), the multi-point correlation functions of QSSEP are given by the de-
terminant of the random matrix G. This allows to compute the Laplace transform of the
density profile for any realization of the noise as a determinant (see (2.8))

Tr
(
ϱte
∑N

j=1 hj n̂j

)
= det

[
I +G(eH − I)

]
,

where H is the diagonal matrix with diagonal elements hi. By taking the logarithm, we
define

FN
Q (h) = 1

N
log Tr

(
ϱte
∑N

j=1 hj n̂j

)
= 1
N

tr log
(
I +G(eH − I)

)
. (4.11)

The matrix log
(
I +G(eH − I)

)
should be viewed as a formal power series in G (mathe-

matically, one should impose some hypotheses on the norm of G to make all series con-
verge). The statement (4.7) suggests that FN

Q is asymptotically deterministic, hence equal
to its mean.
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Furthermore, thanks to the correspondence (1.3) between the classical SSEP and aver-
aged QSSEP, we have

Fssep(h) = lim
N→∞

1
N

logE
[
Tr
(
ϱte
∑N

j=1 hj n̂j

)]
.

Hence using (4.7) with P (G) = log(I + G(eH − I)) – extrapolating the result from poly-
nomials to power series, which would require a mathematical argument – we obtain

Fssep(h) = lim
N→∞

E
[
FN

Q (h)
]
.

This limit can be computed via (4.11) using Claim 4.9, reducing it to a variational problem.
(The similarity between the variational problem in Claim 4.9 and that in (1.4) should be
striking).

Using again that FN
Q (h) is asymptotically deterministic, we learn

lim
N→∞

FN
Q (h) = Fssep(h).

This is one form of the classicality of quantum transport in large diffusive systems, as
mentioned in Remark 1.4. This argument is not yet fully rigorous: the steps described
above need to be better justified. But the alternative combinatorial approach below yields
strong hints of the validity of (4.4), hence indirectly that the matrix G of stationary
QSSEP satisfies property (4) of Assumptions 1.

4.5. Back to classical SSEP. Since the occupation numbers in SSEP are Bernouilli
variables, n2

j = nj , their cumulant generating function

log Essep

[
e
∑N

j=1 hjnj

]
is fully determined by the multiple cumulants at non-coinciding points, that is, by the
set of cumulants K(nj1 , · · · , njp) with all indices jk distincts. Expressing this generating
function in terms of those cumulants is an intricate combinatorial problem, solved in
[BBBH22]. If the multiple cumulants at non-coinciding points scale appropriately with N ,
its solution takes a variational form in the large N limit. Furthermore, the correspondence
(1.3) between the classical SSEP and QSSEP, in the form (2.7), allows to express these
cumulants in terms of the QSSEP local free cumulants. This leads to the variational
problem (1.4) connecting Fssep to free probability as announced in the Introduction.

Acknowledgments. These notes were written on the occasion of a series of lectures given
by D.B. in the spring 2025 at the Center for Mathematical Sciences and their Applications,
Harvard University. We thank the CMSA for hospitality. G. Barraquand was supported
by ANR grants ANR-21-CE40-0019 and ANR-23-ERCB-0007. D. Bernard was supported
via ANR project ESQuisses under contract number ANR-20-CE47-0014-01.

References

[Att] S. Attal. Lectures in quantum noise theory. url: http://math.univ-lyon1.
fr/~attal/chapters.html.

[BBJ18] M. Bauer, D. Bernard, and T. Jin. “Equilibrium Fluctuations in Maxi-
mally Noisy Extended Quantum Systems”. SciPost Phys. 6, 045 (2019) 6.4
(Nov. 23, 2018). arXiv: 1811.09427.

[BBBH22] M. Bauer, D. Bernard, P. Biane, and L. Hruza. “Bernoulli variables, classical
exclusion processes and free probability”. Ann. Henri Poincaré 25.1 (Nov. 3,
2022), pp. 125–172. arXiv: 2211.01710.

http://math.univ-lyon1.fr/~attal/chapters.html
http://math.univ-lyon1.fr/~attal/chapters.html
https://arxiv.org/abs/1811.09427
https://arxiv.org/abs/2211.01710


REFERENCES 27

[BBJ17] M. Bauer, D. Bernard, and T. Jin. “Stochastic dissipative quantum spin
chains (I) : Quantum fluctuating discrete hydrodynamics”. SciPost Phys. 3
(2017), p. 033. arXiv: 1706.03984. url: https://scipost.org/10.21468/
SciPostPhys.3.5.033.

[BC22] S. Belinschi and M. Capitaine. “Strong convergence of tensor products of
independent G.U.E. matrices” (May 16, 2022). arXiv: 2205.07695.

[Ber21] D. Bernard. “Can the Macroscopic Fluctuation Theory be Quantized?” J.
Phys. A 54, 433001, (2021) 54.43 (July 9, 2021), p. 433001. arXiv: 2107.
04442.

[BH23] D. Bernard and L. Hruza. “Structured random matrices and cyclic cumu-
lants: A free probability approach”. Random Matrices: Theory and Applica-
tions, 2450014 (2024) 13.03 (Sept. 25, 2023). arXiv: 2309.14315.

[BH25] D. Bernard and L. Hruza. “Addition to "Structured random matrices and
cyclic cumulants: A free probability approach"” (May 27, 2025). arXiv: 2505.
21376.

[BJ19] D. Bernard and T. Jin. “Open Quantum Symmetric Simple Exclusion Pro-
cess”. Phys. Rev. Lett. 123.8 (2019), p. 080601. arXiv: 1904.01406.

[BJ21] D. Bernard and T. Jin. “Solution to the Quantum Symmetric Simple Exclu-
sion Process: The Continuous Case”. Commun. Math. Phys. 384.2 (2021),
pp. 1141–1185. arXiv: 2006.12222.

[BJSW25] D. Bernard, T. Jin, S. Scopa, and S. Wei. “Large deviations of density fluctua-
tions in the boundary driven Quantum Symmetric Simple Inclusion Process”
(2025). arXiv: 2503.18763.

[BDGJL07] L. Bertini, A. De Sole, D. Gabrielli, G. Jona–Lasinio, and C. Landim. “Sto-
chastic interacting particle systems out of equilibrium”. J. Stat. Mech. The-
ory Exp., (2007) P07014 2007.07 (May 9, 2007), P07014–P07014. arXiv:
0705.1247.

[BDGJL01] L. Bertini, A. De Sole, D. Gabrielli, G. Jona-Lasinio, and C. Landim. “Fluc-
tuations in Stationary non Equilibrium States”. Phys. Rev. Lett. 87 (2001),
040601 87.4 (Apr. 9, 2001), p. 040601. arXiv: cond-mat/0104153.

[BDGJL03] L. Bertini, A. De Sole, D. Gabrielli, G. Jona-Lasinio, and C. Landim. “Large
deviations for the boundary driven symmetric simple exclusion process”.
Math. Phys. Anal. Geom. (2003) 6, 231-267 6.3 (July 11, 2003), pp. 231–
267. arXiv: cond-mat/0307280.

[BDGJL05] L. Bertini, A. De Sole, D. Gabrielli, G. Jona-Lasinio, and C. Landim. “Cur-
rent Fluctuations in Stochastic Lattice Gases”. Phys. Rev. Lett. 94 (3 Jan.
2005), p. 030601. url: https://link.aps.org/doi/10.1103/PhysRevLett.
94.030601.

[BDGJL14] L. Bertini, A. De Sole, D. Gabrielli, G. Jona-Lasinio, and C. Landim. “Macro-
scopic fluctuation theory”. Reviews of Modern Physics, Volume 87, 593-636,
2015 87.2 (Apr. 25, 2014), pp. 593–636. arXiv: 1404.6466.

[Bia25] P. Biane. “Combinatorics of the quantum symmetric simple exclusion pro-
cess, associahedra and free cumulants”. Ann. Inst. Henri Poincaré D, Comb.
Phys. Interact. 12.1 (2025), pp. 189–206. arXiv: 2111.12403.

[BD22] T. Bodineau and B. Dagallier. “Large deviations for out of equilibrium corre-
lations in the symmetric simple exclusion process”. Electron. J. Probab. 29:
1-96 (2024). 29.none (Dec. 22, 2022). arXiv: 2212.11561.

[BC23] C. Bordenave and B. Collins. “Norm of matrix-valued polynomials in random
unitaries and permutations” (Apr. 12, 2023). arXiv: 2304.05714.

[CG93] G. Casati and V. Girko. “Generalized Wigner law for band random matrices”.
Random Oper. Stochastic Equations 1.3 (1993), 279?286.

https://arxiv.org/abs/1706.03984
https://scipost.org/10.21468/SciPostPhys.3.5.033
https://scipost.org/10.21468/SciPostPhys.3.5.033
https://arxiv.org/abs/2205.07695
https://arxiv.org/abs/2107.04442
https://arxiv.org/abs/2107.04442
https://arxiv.org/abs/2309.14315
https://arxiv.org/abs/2505.21376
https://arxiv.org/abs/2505.21376
https://arxiv.org/abs/1904.01406
https://arxiv.org/abs/2006.12222
https://arxiv.org/abs/2503.18763
https://arxiv.org/abs/0705.1247
https://arxiv.org/abs/cond-mat/0104153
https://arxiv.org/abs/cond-mat/0307280
https://link.aps.org/doi/10.1103/PhysRevLett.94.030601
https://link.aps.org/doi/10.1103/PhysRevLett.94.030601
https://arxiv.org/abs/1404.6466
https://arxiv.org/abs/2111.12403
https://arxiv.org/abs/2212.11561
https://arxiv.org/abs/2304.05714


REFERENCES 28

[Col02] B. Collins. “Moments and Cumulants of Polynomial random variables on
unitary groups, the Itzykson-Zuber integral and free probability”. Int. Math.
Res. Not., (May 7, 2002). arXiv: math-ph/0205010.

[DLS01a] B. Derrida, J. L. Lebowitz, and E. R. Speer. “Free Energy Functional for
Nonequilibrium Systems: An Exactly Solvable Case”. Phys. Rev. Lett. 87,
Issue 15, 150601 (2001) 87.15 (May 4, 2001), p. 150601. arXiv: cond-mat/
0105110.

[DLS01b] B. Derrida, J. L. Lebowitz, and E. R. Speer. “Large Deviation of the Density
Profile in the Steady State of the Open Symmetric Simple Exclusion Pro-
cess”. J. Stat Phys. 107, 599–634 (2002). 107.3/4 (Sept. 19, 2001), pp. 599–
634. arXiv: cond-mat/0109346.

[DS81] P. Diaconis and M. Shahshahani. “Generating a random permutation with
random transpositions”. Z. Wahrscheinlichkeitstheor. Verw. Geb. 57 (1981),
pp. 159–179.

[FKNV23] M. P. Fisher, V. Khemani, A. Nahum, and S. Vijay. “Random Quantum
Circuits”. Annual Review of Condensed Matter Physics 14.1 (Mar. 2023),
335?379. arXiv: 2207.14280. url: http://dx.doi.org/10.1146/annurev-
conmatphys-031720-030658.

[FK19] L. Foini and J. Kurchan. “The Eigenstate Thermalization Hypothesis and
Out of Time Order Correlators”. Phys. Rev. E 99, 042139 99.4 (Apr. 2019),
p. 042139. arXiv: 1803.10658.

[Gir12] V. L. Girko. Theory of stochastic canonical equations: Volumes i and ii.
Vol. 535. Springer Science & Business Media, 2012.

[Gui] A. Guionnet. “Large deviations, upper bounds and central limit theorems for
band matrices and noncommutative functionals of Gaussian large random
matrices”. preprint ().

[GH19] M. J. Gullans and D. A. Huse. “Entanglement Structure of Current-Driven
Diffusive Fermion Systems”. Physical Review X 9.2 (Apr. 2019). arXiv: 1804.
00010. url: http://dx.doi.org/10.1103/PhysRevX.9.021007.

[HT05] U. Haagerup and S. Thorbjørnsen. “A new application of random matrices:
Ext(C∗

red(F2)) is not a group”. Ann. Math. (2) 162.2 (2005), pp. 711–775.
arXiv: math/0212265.

[Han16] R. van Handel. “Structured Random Matrices”. In Convexity and Concen-
tration (Carlen et al., eds.), IMA Vol. 161, Springer, 2017, pp. 107-165
(Oct. 17, 2016), pp. 107–156. arXiv: 1610.05200.

[Han25] R. van Handel. The strong convergence phenomenon. 2025. arXiv: 2507.
00346.

[Hay20] B. Hayes. “A random matrix approach to the Peterson-Thom conjecture”
(Aug. 27, 2020). arXiv: 2008.12287.

[HB22] L. Hruza and D. Bernard. “Coherent Fluctuations in Noisy Mesoscopic Sys-
tems, the Open Quantum SSEP and Free Probability”. Physical Review X
13.1 (2023): 011045 13.1 (Apr. 25, 2022), p. 011045. arXiv: 2204.11680.

[IZ80] C. Itzykson and J. B. Zuber. “The Planar Approximation. 2.” J. Math. Phys.
21 (1980), p. 411.

[JKB20] T. Jin, A. Krajenbrink, and D. Bernard. “From Stochastic Spin Chains
to Quantum Kardar-Parisi-Zhang Dynamics”. Phys. Rev. Lett. 125 (4 July
2020), p. 040603. arXiv: 2001.04278. url: https://link.aps.org/doi/
10.1103/PhysRevLett.125.040603.

[KL98] C. Kipnis and C. Landim. Scaling limits of interacting particle systems.
Vol. 320. Springer Science & Business Media, 1998.

https://arxiv.org/abs/math-ph/0205010
https://arxiv.org/abs/cond-mat/0105110
https://arxiv.org/abs/cond-mat/0105110
https://arxiv.org/abs/cond-mat/0109346
https://arxiv.org/abs/2207.14280
http://dx.doi.org/10.1146/annurev-conmatphys-031720-030658
http://dx.doi.org/10.1146/annurev-conmatphys-031720-030658
https://arxiv.org/abs/1803.10658
https://arxiv.org/abs/1804.00010
https://arxiv.org/abs/1804.00010
http://dx.doi.org/10.1103/PhysRevX.9.021007
https://arxiv.org/abs/math/0212265
https://arxiv.org/abs/1610.05200
https://arxiv.org/abs/2507.00346
https://arxiv.org/abs/2507.00346
https://arxiv.org/abs/2008.12287
https://arxiv.org/abs/2204.11680
https://arxiv.org/abs/2001.04278
https://link.aps.org/doi/10.1103/PhysRevLett.125.040603
https://link.aps.org/doi/10.1103/PhysRevLett.125.040603


REFERENCES 29

[Lac16] H. Lacoin. “Mixing time and cutoff for the adjacent transposition shuffle
and the simple exclusion”. Ann. Probab. 44(2) (2016), pp. 1426–1487. arXiv:
1309.3873.

[MDGV23] E. McCulloch, J. De Nardis, S. Gopalakrishnan, and R. Vasseur. “Full Count-
ing Statistics of Charge in Chaotic Many-Body Quantum Systems”. Phys-
ical Review Letters 131.21 (Nov. 2023). arXiv: 2302 . 01355. url: http :
//dx.doi.org/10.1103/PhysRevLett.131.210402.

[Mél24] P.-L. Méliot. “The cut-off phenomenon for Brownian motions on symmetric
spaces of compact type”. Potential Analysis 40 (2024), pp. 427–509. arXiv:
1210.0480.

[Mey95] P.-A. Meyer. Quantum probability for probabilists. 2nd ed. Vol. 1538. Lect.
Notes Math. Berlin: Springer-Verlag, 1995.

[MS17] J. A. Mingo and R. Speicher. Free Probability and Random Matrices. New
York, NY: Springer New York, 2017. url: https : / / rolandspeicher .
files.wordpress.com/2019/02/mingo-speicher.pdf.

[NS06] A. Nica and R. Speicher. Lectures on the Combinatorics of Free Probability.
London Mathematical Society Lecture Note Series. Cambridge: Cambridge
University Press, 2006. url: https://www.math.uni-sb.de/ag/speicher/
publikationen/Nica-Speicher.pdf.

[PFK22] S. Pappalardi, L. Foini, and J. Kurchan. “Eigenstate Thermalization Hy-
pothesis and Free Probability”. Phys. Rev. Lett. 129, 170603 (2022) 129.17
(Apr. 25, 2022), p. 170603. arXiv: 2204.11679.

[RE21] J. Robertson and F. H. L. Essler. “Exact solution of a quantum asymmetric
exclusion process with particle creation and annihilation”. J. Stat. Mech.
2110 (2021), p. 103102. arXiv: 2105.08828.

[Sal04] L. Saloff-Coste. “On the convergence to equilibrium of Brownian motion on
compact simple Lie groups”. J. Geom. Anal. 14.4 (2004), pp. 715–733.

[Shl96] D. Shlyakhtenko. “Random Gaussian band matrices and freeness with amal-
gamation.” IMRN: International Mathematics Research Notices 1996.20 (1996).

[Spe19] R. Speicher. “Lecture Notes on "Free Probability Theory"” (Aug. 2019).
arXiv: 1908.08125.

[Spe23] R. Speicher. “High-Dimensional Analysis: Random Matrices and Machine
Learning”. Lecture Notes, Department of Mathematics, Saarland University
(2023). url: https://rolandspeicher.files.wordpress.com/2023/08/
hda_rmml.pdf.

[SW24] R. Speicher and A. Wendel. “Entrywise application of non-linear functions
on orthogonally invariant matrices” (Dec. 9, 2024). arXiv: 2412.06943.

[Ste20] J.-M. Stephan. “Extreme boundary conditions and random tilings”. SciPost
Phys. Lect. Notes 26 (2021) (Mar. 13, 2020). arXiv: 2003.06339.

G. Barraquand, Laboratoire de Physique de l’Ecole Normale Supérieure, Ecole Nor-
male Supérieure, PSL University, CNRS, Sorbonne Université, Université Paris-Cité, 24 rue
Lhomond, 75005 PARIS

Email address: guillaume.barraquand@ens.fr

D. Bernard, Laboratoire de Physique de l’Ecole Normale Supérieure, Ecole Normale
Supérieure, PSL University, CNRS, Sorbonne Université, Université Paris-Cité, 24 rue Lhomond,
75005 PARIS.

Email address: denis.bernard@ens.fr

https://arxiv.org/abs/1309.3873
https://arxiv.org/abs/2302.01355
http://dx.doi.org/10.1103/PhysRevLett.131.210402
http://dx.doi.org/10.1103/PhysRevLett.131.210402
https://arxiv.org/abs/1210.0480
https://rolandspeicher.files.wordpress.com/2019/02/mingo-speicher.pdf
https://rolandspeicher.files.wordpress.com/2019/02/mingo-speicher.pdf
https://www.math.uni-sb.de/ag/speicher/publikationen/Nica-Speicher.pdf
https://www.math.uni-sb.de/ag/speicher/publikationen/Nica-Speicher.pdf
https://arxiv.org/abs/2204.11679
https://arxiv.org/abs/2105.08828
https://arxiv.org/abs/1908.08125
https://rolandspeicher.files.wordpress.com/2023/08/hda_rmml.pdf
https://rolandspeicher.files.wordpress.com/2023/08/hda_rmml.pdf
https://arxiv.org/abs/2412.06943
https://arxiv.org/abs/2003.06339

	1. Introduction
	2. Quantum Symmetric Simple Exclusion Process
	3. Open QSSEP and free probability
	4. Ensembles of structured random matrices
	References

