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We suggest a way to characterize the coherence of the split Cooper pairs emitted by a double-quantum-
dot based Cooper pair splitter (CPS), by studying the radiative response of such a CPS inside a microwave
cavity. The coherence of the split pairs manifests in a strongly nonmonotonic variation of the emitted
radiation as a function of the parameters controlling the coupling of the CPS to the cavity. The idea to
probe the coherence of the electronic states using the tools of cavity quantum electrodynamics could be

generalized to many other nanoscale circuits.
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Entanglement is now accepted as an intriguing but
available resource of the quantum world. However, it is
still unclear whether this phenomenon can survive in nano-
scale electronic circuits, because an electronic fluid is
characterized by a complex many-body state in general.
Producing and detecting entangled electronic states are
therefore important goals of quantum electronics. The
spin-singlet (Cooper) pairing of electrons, naturally
present in conventional superconductors, appears as a
very attractive source of electronic entangled states.
Recently, the splitting of Cooper pairs could be demon-
strated in Y junctions made out of nanowires [1-3]. But
how to distinguish between a singlet state broken into a
product state due to decoherence and the desired coherent
singlet state is not addressed in these experiments. Here,
we show that the radiative response of such devices can
reveal the presence or absence of entangled states. The split
Cooper pairs are shown to decouple from the electromag-
netic field conveyed by a photonic cavity (subradiance) if
coherent. These findings add a new twist to quantum
optoelectronics, and could be applied to any source of
on-demand entangled electronic states.

The analogy between a beam splitter for electronic states
and a beam splitter for photons calls for the use of corre-
lation measurements to characterize the degree of entan-
glement of pairs of electrons, via the noise cross
correlations of the electrical current [4—10]. The use of a
double-quantum-dot circuit connected to two normal elec-
trodes and one superconducting electrode gives a practical
realization of an electronic entangler and simplifies the
diagnosis of entanglement from transport, as originally
suggested by Recher er al. [7]. Nevertheless, measuring
cross correlations in such a setup is a formidable task
because the conditions for useful entanglement correspond
to a regime where the system is almost isolated from the
leads. In this case, the Cooper pair current is too small to
yield measurable current fluctuations with present ampli-
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fication techniques [11]. These difficulties stem from the
fact that probing directly a quantum system with transport
measurements is not natural since one needs the system to
be open and closed at the same time. On the contrary, as
known in atomic physics [12], the use of light-matter
interaction is very well adapted to probe closed quantum
systems. Here, we show how to use the coupling between
electrons and photons from a microwave cavity, to assess
the coherence of Cooper pairs emitted by a Cooper pair
splitter (CPS) implemented with a double-quantum-dot

circuit.
i S
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FIG. 1 (color online). Scheme of the CPS embedded in a
photonic cavity. The CPS is made out of a double-quantum
dot coupled to a central superconducting contact (S) connected
to ground, and two outer normal metal contacts (N) biased with a
voltage V. This circuit is placed inside a photonic cavity (rep-
resented schematically by mirrors). The Cooper pairs spread
over the K and K’ orbitals of the dots, represented by the
horizontal lines in the circles. The low energy level structure

of the system allows photon emission which can be amplified
through a lasing effect.
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We consider a CPS made out of a single wall carbon
nanotube in which a double dot is defined by a central
superconducting contact connected to ground and two
outer normal metal contacts biased with a voltage V.
This CPS is inserted inside a photonic cavity (see Fig. 1)
which is assumed to be implemented in a coplanar wave-
guide geometry using a superconducting metal, as in the
circuit quantum electrodynamics architecture [13]. Very
recently, it has been demonstrated experimentally [14,15]
that one can extend this architecture to quantum dot cir-
cuits [16—19], bringing our proposed setup within experi-
mental reach.

Our aim is to find an effect which reveals qualitatively
the coherent injection of Cooper pairs. Thanks to Coulomb
blockade, the states participating to electronic transport
can be reduced to the double-dot empty state |0, 0), the
singly occupied states |70, 0) = d{m|o, 0) and |0, 7o) =
d,EWIO, 0) of the left (L) and right (R) dot, and the nonlocal
doubly occupied states |70, 70’y = d} _ d} 0, 0), with
7 €{K,K'} and o € {], |} being orbital and spin indices,
respectively (see Supplemental Material [20], part A for
details). For biasing conditions like the one depicted in
Fig. 1 with eV < A (A being the gap of the superconduct-
ing contact) Cooper pairs are injected from the supercon-
ductor into a singlet state |S). The coupling to the
superconductor hybridizes the |S) state with the empty
state |0,0) forming two states which we call |V;) and
|V,). These states can relax to a single particle state via
electron tunneling into the normal leads, and then via a
second tunneling process into the state |V,) or |V,), which
closes the usual operation loop of the CPS, as depicted in
Fig. 2(b). However, when the CPS is placed in the resonant
cavity there is an additional transition to a triplet state (two
electronic states with equal spin) through the emission of a
cavity photon. It is the aim of this work to study these
photon emission processes and show that they can be used
to characterize the coherence of the split pairs injected into
the CPS.

The relevant energy scales of the CPS are the position &
of the energy levels on each dot, which we assume sym-
metric for the sake of simplicity, the Cooper pair coherent
splitting rate t., [21,22], the effective spin-orbit coupling
constant Ay, and the coupling between the K and K’
orbitals, Ak, g, which arise from weak disorder in the
nanotube [23-26]. For t,, = 0, A, = 0, and Ag_x = 0,
the doubly occupied states cost an energy 2& = 6.

For t, < Ago g, Ay [11, the regime 6§ ~ 2A,, with A, =

‘/ASO + A%_ ., is the most adequate for producing

entangled states. It allows one to isolate, in the double-
dot even charge sector, a subset £ of five lowest energy
eigenstates which are at a distance ~2A, from the other
even charge states, at least. These five states include three
spin-triplet states |Ty), |7 ), and |T_) with energy Eyipie, =

8 — 2A, and the two hybridized even states [27,28] |V,,) =
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FIG. 2 (color online). (a) Spectrum of the subset £ of even
charge states of the CPS near 6 = 2A,. It comprises three spin-
triplet states, and two states |V;) and |V,) which are a coherent
mixture of the empty state and a spin-singlet state |S).
(b) Dynamics of the CPS near the working point 6 = 2A,. We
consider a bias voltage regime such that the various transitions
between the CPS states occur together with the transfer of one
electron towards the normal contacts, apart from the transition
from |V,) to the triplet state |T_), which occurs due to the
emission of a photon towards the cavity. We have checked that
the radiative transition from |T_) to |V,) is not active in the
regime of parameters we consider.

V1 =v:10,0) + v,|S) with energy E; =3(6 —2A,—
(—1)"y/822, + (8 — 2A,)?) for n € {1,2} (see [20], part
B.4, for the expression of the v/s). Here, the definition
of the spin-singlet state |S) and the spin triplets takes into
account the twofold orbital degeneracy of each dot (see
[20], part B.4). The energies of |V;) and |V,) show an
anticrossing with a width £, = 2\/§teh at 6 = 2A,, while
the energy of the triplets lies in the middle [see Fig. 2(a)].
Let us first discuss the current /cpg through the super-
conducting lead, without considering the effect of the
photonic cavity. We call I'y the bare tunnel rate of an
electron between one dot and the corresponding normal
metal contact, while P, denotes the probability of a state
|A) of the double-dot even charge sector and P the
global probability of having a double-dot singly occupied
state. In the sequential tunneling limit I'y << kg7, these
probabilities follow a master equation %P = MP with
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Equation (1) corresponds to a bias voltage regime such that
single electrons can go from the double dot to the normal
leads but not the reverse (see [20], part C). We disregard
the states |T,) and |T, ), which are not populated in the
simple limit we consider. The states |V;) and |T_) can
decay towards several different singly occupied states.
The sum of the corresponding transition rates equals
2T yv? and 2Ty, respectively, which explains the presence
of the factors 2 in the three first columns of M. To calculate
Icps, one first has to determine the stationary value Py, of
P from M Py, = 0. Then, one can use Icpg = R.Pg, With
R = el'y[2v3, 203, 2, 1]. If the double dot is initially in the
state |V,), with n € {1, 2}, there can be a transition to a
singly occupied state while an electron is transferred to the
normal leads, because |V,) has a |S) component. Then,
there can be a transition from this singly occupied state to
|V,.), with m € {1, 2}, because |V,,) has a |0,0) compo-
nent. This leads to the existence of state cycles which
produce a flow of electrons towards the normal leads [see
Fig. 2(b)]. On the left (right) of the anticrossing point 6 =
2A,, the state |Vy()) is the most probable. Exactly at the
anticrossing point, the states |V;) and |V,) contribute
equally to current transport and Icpg iS maximum (see
Fig. 3, main frame).
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FIG. 3 (color online). Main frame: current /gpc at the input of
the Cooper pair splitter. The peak at 6 = 2A, is due to the
anticrossing between |V|) and |V,). Left inset: zoom on the
current peak due to lasing transitions between the |V,) and |T_)
states. Right inset: number of photons versus 6. We have
used realistic parameters 7, =9 ueV, Ay = 0.15 meV,
Ag/xp = 0.9 meV, vy =3.64 GHz, Q = 2whv,/x = 500000,
D, =92ns, [y =72MHz, T =35mK, and [A;, — Ag| =
2.5 X 107°A, = 0.55 MHz.

Electronic spins are naturally coupled to photons thanks
to the spin-orbit interaction, which exists in many types of
conductors, including those used to demonstrate Cooper
pair splitting. In our case, we will take into account a spin-
photon coupling with the form (see [20], part F)

Hso = (a + aT) Z /\i(rd;rrg-dirﬁ' = (a + aT)hso (2)

i7,0

with d;fm the creation operator for an electron with spin o
in orbital 7 of dot i € {L, R} and a' the creation operator
for cavity photons. We use A;, = igA;. Inside the £ sub-
space, the term H, couples |V,,) to |T_) only, i.e., for n €
{1, 2},
Y
<T—|hso|Vn> =V A— ()\L )\R): (3)
r

whereas (T[o1|hs|V1(2)) = 0. The presence of the minus
sign in Eq. (3) is crucial. It reveals the coherent injection of
singlet pairs inside the CPS. If |V,) was resulting from the
hybridization of a product spin state with the |0, 0) state,
the matrix element (3) would depend only on A; or Ap. We
will show below that the peculiar structure of the element
(3) can be revealed by measuring the lasing effect associ-
ated to the transition |V,) — |T_).

In order to study current transport and the photonic
dynamics simultaneously, one can generalize the above
master equation description by using a semiquantum de-
scription of lasing [29]. This consists in adding inside the
matrix M rates accounting for photonic emission and ab-
sorption processes, i.e., M — M + Mph with

0 0 Wyr 0
0 —-w 0 0
My, = (n)
0 WT, V, - WV] T 0
0 0 0 0
- WV] T O O 0
0 0 w 0
+ N (G V)
WV| T O - WT, V, O

0 0 0 0

and (n) the average number of photons in the cavity. The
master equation must be solved self-consistently with a
photonic balance equation

0= Py Wy (n)+1) = Py, W y,(n)
+ Pr [Wr_y,(n) + 1) = Wy 7 ()] — k({n) — (n)),
&)

with (n)y, = (exp(hwy/kzT) — 1)~!. The photonic transi-
tion rates Wy r and Wy _y, appearing in the above equa-
tions can be expressed as

W 2K plhg|lg)I*(5 + D,,)
pa (Ep —E, - 2mhyy)? + 5+ qu)2

(6)
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where « is the damping rate of the resonator and D, the
decoherence rate associated to the p < ¢ resonance. The
above description is valid provided the transitions |V) —
|T_) and |T_) — |V,) are not both resonant with the cav-
ity; i.e., one does not have simultaneously 6 = 2A, and
2mhyy = \/Eteh. The left inset of Fig. 3 shows a zoom on
ICPS around 6 = 5[(1/()) = 2Ar - 27Th1/0 + (l%h/ﬂhllo). A
current peak occurs at 8 = §;(v), due to the lasing effect
which involves the |V,) — |T_) transition. Note that the
population inversion necessary for the lasing effect is
achieved without any ac excitation thanks to the dc bias
voltage. The tunnel transition rate from |7_) to the singly
occupied states is larger than the transition rate from |V;)
to the singly occupied states [see Eq. (1)], which explains
the increase in Icpg while the system lases. However, for
typical parameters, the current peak due to lasing corre-
sponds to ~100 fA over a strong background of ~10 pA.
The lasing effect is more clearly visible through the aver-
age number (n) of photons in the cavity, which can be
measured with microwave amplification techniques [30]
(see right inset of Fig. 3).

The peculiar shape of the matrix element (3) is particu-
larly interesting if one can tune independently the cou-
plings Ay g), €.g., tune A, while Ax remains constant (see
[20], part F.2). The main frame of Fig. 4 shows (n) versus
Ap . Strikingly, this curve is not monotonic. When A; is too
close to Ap, the average number of photons in the cavity
collapses, because the element (T_|h|V,) becomes too
small. Two lasing thresholds appear, one for A; < Az and
one for A; > Ag. This nonmonotonic behavior is directly

(n)(8=8,(v,))
1000 . oo
N
3 1500
(m <
< 1000,
= 500
100 | 10 ]
06 10 14 18
2mvy/ Ep
Ag=510°A,
10 subradiance 2nv,=0.59E,,
0 1.105
ALIA,

FIG. 4 (color online). Main frame: number {n) of photons in
the cavity for the same parameters as in Fig. 3, as a function of
the coupling A;, for constant values of 6 and Ap. The vanishing
of (n) for small values of |A; — Ag| is a direct signature of
coherent injection of split Cooper pairs inside the CPS. Inset:
maximum number of photons which can be obtained at 6 =
8,(vy), as a function of the cavity frequency v, and [A;, — Agl. If
|A;, — Ag| is sufficiently large, the lasing effect can be obtained
for a broad range of v.

due to the presence of the minus signs in Eq. (3) and it
therefore represents a smoking gun for coherent Cooper
pair injection inside the device. Note that for a typical CPS,
the range of cavity frequency v, leading to the lasing effect
is rather broad, because the parameter 6 can be tuned to
8;(vg) with the dots’ gate voltages. The inset of Fig. 4
shows the maximum number of photons in the cavity,
obtained at 6 = §,(v), as a function of v, and |[A; —
Ag|. For the parameters of Fig. 3 and in particular |A; —
Agl = 2.5 X 107%A,, the range 3.3 GHz < v, < 5.9 GHz
allows one to have (n) = 40. Interestingly, for &, > 2A,,
the state |V,) is more probable than |V;), but it cannot
produce any lasing effect. In this case, one can imagine to
test the existence of the minus sign in Eq. (3) by applying
to the CPS a classical ac gate voltage with frequency
(Eyipler — E»)/27h instead of coupling it to the electric
field of a cavity. The current through the CPS should
show a nonmonotonic dependence with respect to A; or
Ag. However, the current variations corresponding to this
effect might be very small. The lasing effect discussed in
this Letter presents the advantage of providing an intrinsic
and powerful amplification mechanism for the coefficient
(T_|hg|V;). This contrasts with a previous proposal where
a cavity was not used [31].

Before concluding, we discuss our findings on a more
general level. In principle, spin-flip processes induced by
the magnetic coupling g;g) between the cavity photons
and spins in dot L(R) can also lead to the subradiance
effect. Using a generic single orbital model for each
dot, which leads to CPS doubly occupied states |o, o),
we find transition amplitudes between the singlet state
[, — 11 1) and the triplet states | 1,T) and | |, |) which
are directly proportional to g; — gg. This illustrates that
the subradiance phenomenon studied here is a property of
the injected states rather than of the spin-photon coupling
mechanism. Nevertheless, in practice, g, g) is expected to
be extremely small [32]. One thus has to consider a spin-
photon coupling term mediated by the cavity electric field,
like, e.g., the term of Eq. (2) caused by spin-orbit coupling.
In principle, our findings can be generalized to other types
of quantum dots with spin-orbit coupling like InAs quan-
tum dots (see, e.g., Ref. [33]), but the detailed analysis of
these cases goes beyond the scope of the present work. In
our case, we have found a coupling element (3) which
vanishes for Ag_ g = 0. However, Agx_x # 0 is not a
fundamental constraint to obtain a subradiant lasing tran-
sition. Indeed, at another working point 6 ~ —2A ., we find

a third hybridized even state |V3) = 4/1 — 30, 0) + v;|S)
which can decay radiatively to a triplet state |T,). One can
check that the coupling element (T, |hy,|V3) has a subra-
diant form but remains finite for Ag_x = 0. Here, we
have chosen to discuss the lasing transition |V;) — |T_)
at & = §;(vg) ~ 24, because its frequency is more likely
to match with a microwave cavity resonance frequency in
practice (see [20], section D for details).
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In conclusion, we have shown that the coherence of
entangled states produced by a Cooper pair splitter can
be proven by the lasing properties of the device when
coupled to a microwave cavity. The idea to probe the
coherence of electronic states using the tools of cavity
QED could be generalized to many other nanoscale
circuits.

We acknowledge fruitful discussions with J.M.
Raimond, J. Klinovaja, and B. Braunecker. This work
was financed by the EU-FP7 Project No. SE2ND[271554].
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