Contents

1 General Introduction, Basic Concepts and Tools: Quantum Statistics

and Interaction 1
1.1 TheIdeal Bose Gas: Reminders and Appetizers . ... ....... 3
1.1.1 Inthe Grand Canonical Ensemble . ... ... .. ... ... 4
1.1.1.1 Condensation by saturation of excited modes . . . 5

1.2

1.3

1.4

1.1.1.2 One-body signatures: density profile, g; function. 8
1.1.1.3 Two-body signatures: g, function, giant fluctua-

tions of ny, symmetric partition noise . ... ... 12
1.1.2 In the canonical then microcanonical ensemble . . . . . . . 14
1.1.2.1 Experimental motivation . .............. 14
1.1.2.2 Elimination of the condensate mode and the never-
empty condensate approximation. . . . . ... .. 15
1.1.2.3 Canonical fluctuations of Np: first moments and
probability distribution . . . . ... ... ... ... 16
1.1.2.4 Microcanonical fluctuationsof Ny . . . . . . .. .. 20
What model for the interaction . . . . ... .. ... ......... 22
1.2.1 The problem of metastability, the solution by universality
and the discretizationof space . . . ... ........... 22
1.2.2 The T matrixas aguidingthread . . . . ... ... ... ... 27
1.2.3 The notion of s-wave scatteringlength . ... .. ... ... 29
1.2.3.1 Inthreedimensions . ................. 29
1.2.3.2 Inreduced dimensionality . ............. 31
Scattering amplitude, T matrix and link with cold atoms for the
Wigner-Bethe-Peierls model of a zero-range interaction . . . . .. 32
1.3.1 Inthreedimensions ... .................... 32
1.3.2 Inreduced dimensionality . .................. 37
1321 Cased=2 . ... ... .uiiienninn.. 37
1322 Cased=1...... ... ... 41
The Simplest Contact Interaction: The Lattice Model . . . . . . .. 43
1.4.1 InDiscretized RealSpace . ... ................ 43
1.42 InMomentumSpace . .. .................... 45

1.4.3 T matrix, bare coupling constant and Hamiltonian . . . . . 46



vi CONDENSATS DE BOSE-EINSTEIN
2 The pure condensate regime: Gross-Pitaevskii equation 49
2.1 Stationarycase . . . . . . . ...t 52
2.1.1 Inthreedimensions ....................... 52

2.1.1.1 Avariational formulation . . ... .......... 52

2.1.1.2 Case a>0andhealinglength¢ . .......... 53

2.1.1.3 Case a <0 and collapse instability . . . .. ... .. 54

2.1.1.4 Trapped case and Thomas-Fermi limit . . . .. .. 54

2.1.2 Intwodimensions . .. ............ ... ... 57

2.1.2.1 Aquestionable scale invariance . .......... 57

2.1.2.2 Thomas-Fermilimit . . ................ 59

2.1.3 Inonedimension: the brightsoliton. . . . .. ... ..... 59

2.1.3.1 Critical analysis of the coupling constant. . . . . . 61

2.1.3.2 Applications: equation of state, Thomas-Fermi limit,
bright soliton and breaking of translational invari-
ANCE . . . o e 62
2.1.3.3 What we learn from the Bethe ansatz: high or low
density, condensate or not, quantum soliton, Schro-

dinger’s cat, liquid-gas transition ... .... ... 64
2.1.4 Complement: local energy minimization condition . . . . . 69
2.2 Applications: stationary condensates with phase defects . . . . . . 73
2.2.1 Anequation enriched by arotationterm .. ... ... ... 73
2.2.2 Inone dimension: gray soliton and second Lieb branch . . 76
2.2.2.1 Asavingformulation. .. ............... 76
2.2.2.2 Integrability of the nonlinear Schrodinger equation 78
2.2.2.3 Inthe thermodynamiclimit ............. 79
2.2.2.4 Obtaining the second Lieb branch by energy ... 80
2.2.2.5 Obtaining the second Lieb branch by phase shift . 81
2.2.2.6 Andinthe attractivecase? . ............. 83

2.2.3 Intwo dimensions: rotating trapped condensates with quan-
tumvortices . . . .. ... 84
2.2.3.1 A Thomas-Fermi trial wavefunction with vortices. 85
2.2.3.2 Meanenergyofnvortices. . .. ........... 87
2.2.3.3 Physical discussionatfixedQ ............ 89
2.2.3.4 Physical discussionatfixed L;forn=1.... ... 92

2.2.3.5 Neither condensates in the strict sense nor super-

fluids . . . .. ... . 93
2.2.4 Inthree dimensions: the curved vortexline ... ... ... 95
2.2.4.1 Asimple reasoning by cutting into slices . . . . . . 95
2.2.4.2 Numerically tested predictions. . . . ... ... .. 97
2.2.4.3 Atfixed angular momentum L, . .......... 98
2.3 Time-dependentcase . ... ... .........ueneenien.. 99
2.3.1 Form of the equation and its dimensional reductions . . . . 101



CONTENTS

2.4

232

233

234

2.3.5

vii

Hydrodynamic equations as an equivalent of the Thomas-
Fermi approximation in the time-dependent case, and how
tosolvethem . ............ ... . ... . ... .. 102
2.3.2.1 Obtaining by switching to phase-modulus repre-

sentation . .. .. .. ... .. oL 102
2.3.2.2  Solution of the hydrodynamic equations . . . . . . 104
2.3.2.3 For a Lagrangian specification of the flow field . . 106
2.3.2.4 Linearized hydrodynamic equations . ... .. .. 107
2.3.2.5 Eigenmodes in the absence of rotation . . . . . . . 109
Some exact solutions of the Gross-Pitaevskii equation . . . 115
2.3.3.1 1D case: setting the bright soliton in motion . . . . 115
2.3.3.2 2D case: reducing to a trap of constant stiffness by

changing gaugeandscale . . . . ... ........ 117

2.3.3.3 General case: modifying the overall motion in a trap121
Application: elucidating the mechanism of vortex lattice

formation in the ENS experiment . .. ............ 122
2.3.4.1 The ENS experimental procedure and the failure

of thermodynamic scenarios . . . .. ........ 122
2.3.4.2 A new two-step mechanism, resonance and dy-

namicinstability . . .. ... ... ... .. L. 125
2.3.4.3 Averification procedure: slow rotation . . . . . . . 129
2.3.4.4 The Landau thermodynamic scenario, continued

andconcluded . ............. .. ... .. 134
2345 Moral . . . ... .. Lo 136

2.3.4.6 Complement: General stationary solutions of the
hydrodynamic equations in a harmonic trap ro-

tating around one of its eigenaxes . . . . . ... .. 137
Study of dynamic stability . . . ... ... ... ........ 140
2.3.5.1 Averysimplecalculation . .............. 141
2.3.5.2 Amorerigorous derivationof £(¢) . ... ... .. 143

2.3.5.3 Time-independent case: normal and anomalous
eigenmodes, Bogoliubov transformation, dynamic

and thermodynamic stability . . . . ... ... ... 144

2.3.5.4 Time-dependentcase . ................ 153
Limitations to the validity of the Gross-Pitaevskii equation for the

timeevolution . . . ... ... .. ... .. L L o 154

2.4.1 Evolution of a bright soliton «atrest» . . . . ... ... ... 155

2.4.2

2.4.1.1 By Heisenberg equations for the quantum field . . 156
2.4.1.2 By linear stability analysis for the classical field . . 157
A phase scrambling mechanism omitted by the Gross-Pitaevskii

equation . . . .. ... e e 159
24.21 Two-ModeModel. . ... ............... 159



viii

243

244

2.4.5

2.4.6

CONDENSATS DE BOSE-EINSTEIN

2.4.2.2 Classical Field versus Quantum Field . . . . .. .. 160
2.4.2.3 Improvement of the Classical Field by Adding Wigner
Noise to the initial State . . . . ... ......... 163
Generalities of this scrambling mechanism: breathing mode
in an isotropic harmonictrap . . . . ... ... .. ... ... 164
2.4.3.1 Excitation by change in trap stiffness . . . ... .. 164
2.4.3.2 Stability of the breathing mode: effect of scale fac-
torfluctuations . . . ... ... . L oL 166
2.43.3 Stabilityofothermodes . . . . ... ... ...... 169
Absence of the spontaneous emission mechanism in the
Gross-Pitaevskiiequation . . ... ............... 170
2.4.4.1 Ananalogy with quantum radiation. . . . .. ... 170
2.4.4.2 Fast quantum depletion in a two-mode model . . 171
2.4.4.3 Inclassical field improved by Wigner noise . ... 175
Another, multimode example dominated by spontaneous
pair emission: twinbeams . . .. ... ............ 176
2.4.5.1 1D model with time-modulated coupling constant 176
2.4.5.2 Linear stability analysis for classical fields . . . . . 178
2.4.5.3 Statistical properties of twinbeams . . . . ... .. 181

Moral of the discussion on the validity of Gross-Pitaevskii . 182

3 Bogoliubov’s theory: first corrections to the pure condensate in dimen-

sion three and the condensate phase operator 183
3.1 General idea of the Bogoliubovmethod . . . . ... ... ... ... 184
3.1.1 The non-condensed field ¥, as a perturbation . ... ... 184
3.1.2 Implementation: Hamiltonian expansion, elimination of
the condensate mode, phase operator 6 and redefined non-
condensed field A, correction to Gross-Pitaevskii . . . . . . 185
3.1.3 Ahistoric breakthrough . ... ... ......... .. ... 188
3.2 Spatially homogeneous stationarycase . . .. ............ 189
3.2.1 Thelatticemodelcase . ... .................. 190
3.2.1.1 Implementation of the Bogoliubov method and first
physical interpretations . . . . .. ... ....... 190
3.2.1.2 Ahiddenexpansion . ................. 193
3.2.1.3 Final form of Bogoliubov Hamiltonian; excitation
spectrum, ground stateenergy . . . . . . ... ... 195
3.2.2 For atrue interaction potential V(r) . . ... ... ...... 199
3.2.3 Simple applications: statistics of 1y, anomalous noncon-

densed density, equation of state, momentum distribution
and correlations, g; and g» functions, time coherence of
the noncondensedfield . . ... ................ 202
3.2.3.1 Statistics of ng at equilibrium ... ......... 202



CONTENTS

3.3

ix
3.2.3.2 The anomalous noncondensed density pan . . . . 210
3.2.3.3 Theequation of state of the weakly interacting Bose
gas in Bogoliubov approximation . ...... ... 211
3.2.3.4 First-order coherence function g, and wavevector
distribution nlc(in of the gas; correlation function
inmomentumspace . . . . . . . ... ... 221
3.2.3.5 Pairdistribution functiongy, . ............ 225
3.2.3.6 Spatio-temporal coherence function g; in the Bo-
goliubov approximation . . . . .. ... ....... 229
3.2.4 The special case of superfluidity . . .............. 237
3.2.4.1 Superfluidity is not Condensation . . . . ... ... 237
3.2.4.2 Landau Critical Velocity and Beyond . .. ... .. 238
3.2.4.3 Metastable Currents and Their Bogoliubov Analysis 242
3.2.4.4 Thermodynamic Definition of the Normal Fraction 249
3.2.4.5 Energy-based Variant and Leggett Bound . . . .. 252
3.2.5 Complement I: Presentation and implementation on the
normal and anomalous noncondensed densities of a gen-
eral high- and low-temperature expansion method, and chal-
lenging the Hartree-Fock theory . . . ... ... ... .... 256
3.2.5.1 Thenoncondenseddensity . . .. .......... 256
3.2.5.2 Atleadingorder in temperature . . ......... 258
3.2.5.3 Howto go beyond leadingorder . . . ... ... .. 259
3.2.5.4 The anomalous noncondensed density . . . . . . . 262
3.2.5.5 What is the point of high-temperature expansion? 264
3.2.5.6 Application: challenging Hartree-Fock . . ... .. 264
3.2.6 ComplementIl: Quantum adiabaticity and thermodynamic
adiabaticity .. ... . ... ... ... o 267
Stationarycaseinatrap . .. ... ... .. ... 271
3.3.1 Motivation and specificities . . . . .. ... ... ... .... 271
3.3.1.1 Which spatial mode of the condensate? . ... .. 271
3.3.1.2 Which Bogoliubov modes? Semi-classical limit . . 272
3.3.2 A simplified case to understand why order-3 terms in f,1/2
in the Hamiltonian can affect mean values atorder2 . . . . 274
3.3.2.1 Bogoliubov calculation for a single degree of free-
dom .......... .. ... . i . 274
3322 Moral. . ... .. . 277
3.3.3 Cubic Approximation of the Hamiltonian . . . . . . .. ... 277
3.3.3.1 FirstStep of Cubization . ............... 277
3.3.3.2 Second Step of Cubization .............. 278
3.3.3.3 Final Result and Its Interpretation . . . . . ... .. 279
3.3.4 Relationship between A®, (A(Vy and <p(f) .......... 282
3.3.5 Explicit expansion of the theory to order 3in £}/ . . . . .. 283



CONDENSATS DE BOSE-EINSTEIN

3.3.5.1 Overview of the rest of the expansionin f}/2 . .. 283
3.3.52 AtorderOinfl/2 .. ... ... .. ... ... ... 283
33,53 Atorderlinfl/2 .. ... ... ... ... ... .. 284

3.3.5.4 Atorder 2 in f1/?: the discrete Bogoliubov Hamil-
tonian and itsreduced form . .. ....... ... 284

3.3.5.5 Atorder 3 in f}/2: condensate wave function be-
yond Gross-Pitaevskii . . ... ............ 290

3.3.5.6 Calculation of (f\(l)(r)>fl)(0_2)+ﬁ(3) and physical in-
terpretation by depletion-interaction . . . . . . .. 292

3.3.6 Expansion of gy to order one in a/b and passage to the
continuous limit (or negligible range interaction) b/ — 0 . 296
3.3.6.1 Contextand motivation . . .. ............ 296
3.3.6.2 Geometry considered for the continuous limit . . 297
3.3.6.3 Case of the ground stateenergy . .......... 298
3.3.6.4 Case of the condensate wave function . ... ... 301

3.3.7 Summary: Direct formulation in continuous space of the
time-independent Bogoliubovtheory . . . . ... ... ... 303
3.3.7.1 Motivation and derivation . ............. 303

3.3.7.2 Case of ¢, first correction to Gross-Pitaevskii on
the spatial mode of the condensate . . . ... ... 305

3.3.7.3 Case ofthe Bogoliubov Hamiltonian and its ground
energylevel . . ... ... ... .. ... .. ... .. 308
3.3.7.4 Case of amore general observable. . . . ... ... 310
3.3.7.5 Continuous Space Summary: Main Steps and Equa-

tons .. ... . 310
3.4 Bogoliubov Theory in the Time-DependentCase . . ... .. ... 312
3.4.1 Physical Motivations and Overview . . ............ 312
3.4.1.1 A Useful Question and a Fundamental Problem . . 312
3.4.1.2 Afirst step beyond Gross-Pitaevskii . . . . ... .. 313
3.4.1.3 Asecond step beyond Gross-Pitaevskii . . . . . . . 314
3.4.14 OverviewoftheMethod . .. ... ... ... .... 315
3.4.2 Equation of Motion for the Field A to Order 2in f}/2 . . .. 315
3.4.3 Wavefunction of the condensate to order 0 in f1/2 . .. .. 321

3.4.4 Evolution of the non-condensed field and correction to ¢®
toorder 1in fl/2 . ... ... ... L 323

3.4.5 Contribution of order 2 in f1/? to the wavefunction of the
condensate . .. .... .. ... ... 325

3.4.6 Expansion of gj to first order in a/b and continuous (or
negligible range) limit b/ —0 . . .. ... ... ... .... 327

3.4.7 Summary: direct formulation of the time-dependent Bo-
goliubov theory in continuous space . ............ 331

3.4.7.1 Whatsmall parameter? . ............... 332



CONTENTS

3.5

3.4.7.2 Zeroth order: the Gross-Pitaevskii equation recov-

ered. . ... ... 332
3.4.7.3 First order: modes of non-interacting quasiparticles332
3.4.7.4 Second order: first correction to Gross-Pitaevskii . 335

3.4.7.5 The importance of (/)(f) in observables . ... ... 336
3.4.7.6 Whatif N fluctuates? . . ............... 338
3.4.8 Connection with classical field physics and the truncated
Wigner approximation . . . . .. ... ... ... .. 339
3.4.9 Different scenarios for exiting the validity regime of the time-
dependent Gross-Pitaevskii equation . .. .......... 344
3.49.1 Failure by depletion divergence . .......... 345
3.4.9.2 Failureatthelevelofp® . ... .. ... ...... 348
The condensate phase operator . . ... ............... 349
3.5.1 Introduction of the phase operator é¢ ............. 350
3.5.2 Evolution equation of é(p whend;p=0 ... ......... 352
3.5.3 Temporal smoothing dé(/,/ dtt of the equation of evolution 354
3.5.3.1 Motivation and implementation . . . . . ... ... 354
3.5.3.2 Smoothing quadratic terms in dé(p/ de ....... 356
3.5.3.3 Smoothing linear terms in d9¢/ dt: it is necessary
to know the quadratic terms $® of dA o /dt . . . 357
3.5.3.4 Smoothing the source operator $? and an opera-
tor@ .. 359
3.5.3.5 Smoothinglinear terms in dé(p/ d¢: continued and
end . ....... ... . o R 360
3.5.4 Recognizing a chemical potential operator in d9¢/ dr ... 362
3.5.4.1 Recognizing derivatives with respectto N . . . . . 362
3.5.4.2 Manipulating Derivatives in Three Steps . . . . . . 364
3.5.4.3 Collecting terms, Final Result, and Interpretation . 366
3.5.5 Beyond the Bogoliubov Approximation: The Spatially Ho-
mogeneous Case . . . ... ... 367
3.5.5.1 Purpose, Idea, and Implementation of the Calcu-
lation . . . ... .. . L 367
3.5.5.2 Theresult; its diagonal terms; its non-diagonal terms,
phase diffusion and temporal smoothing . . . .. 369
3.5.6 Case where the particle number fluctuates . . . . ... ... 371
3.5.6.1 Motivation. ... ............. g 371
3.5.6.2 Extension of the calculation of déd,/ d¢ from the
previoussections . . . .. ... .. ... 372
3.5.6.3 Further simplification for a large system . . . . . . 374

3.5.6.4 The result and its application to a statistical mix-
ture of canonical ensembles . . ... ... ... .. 375



3.5.7

3.5.8

CONDENSATS DE BOSE-EINSTEIN

In the spatially homogeneous case, without temporal smooth-

ing (with oscillatingterms) . .................. 376
3571 Atfixed N . ... ... ... 376
3.5.72 When Nfluctuates . ................. 378
Complement: The paradoxes of the phase operator . . . . . 379

4 Application I: Damping and energy shift of the excitation modes of a

spatially homogeneous condensate 381
4.1 Obtaining by analysis of a Bragg excitation of low amplitudee .. 383
4.1.1 Athoughtexperiment . ..................... 383
4.1.2 Solution of the Gross-Pitaevskii equation at first orderine . 385
4.1.3 Evolution of the Bogoliubov modes at first order in €, and
amplitudes d,ff Ky Dhikoks © o 387
4.1.4 Correction ¢ to the Gross-Pitaevskii wave function at first
orderine . . . ... ... .. e 390
4.1.4.1 Structure of the result and general considerations 390
4.1.4.2 Explicit calculation of ¢® atlongtimes . ... .. 393
4.1.5 Result: the first correction to Gross-Pitaevskii on the eigen-
frequencies of the condensate . . . .............. 399
4.1.5.1 Three equivalent expressions. . . . ... ... ... 400
4.1.5.2 Overview of the literature on this topic . . . . . . . 402
4.1.5.3 Conditions of applicability of result (4.84) . . . .. 403
4.2 Obtaining and physical interpretation in terms of interaction be-
tween Bogoliubov quasiparticles . . . . ... ... ... ... ... 405
4.2.1 Bragg signal and correlation functions of the unperturbed
SYStEIM . . . L L e 405
4.2.2 Calculation by the quantum master equation and the quan-
tum regressiontheorem . . . . ... ... ........... 407
4.2.2.1 Interaction process between quasiparticles and re-
covered amplitudes « . . . . ... ... ... .. 408
4.2.2.2 The quantum master equation in the Born-Markov
approximation . . ........... ... . ..., 410
4.2.2.3 The quantum regression theorem . . . . ... ... 412
4.2.3 Recovering the result of section4.1.5 . ... ... ...... 414
4.2.3.1 An apparent disagreement . . .. .......... 414
4.2.3.2 Resolutionbyinclusionof Ay . ........... 415
4.2.4 Avalidity condition of the result: that of the golden rule . . 417
4.3 Some explicit results on wflz) ....................... 419
4.3.1 Summary: all analytical results on wflz) and numerical il-

lustrations . . . . ... ... ... .. 419
4.3.1.1 Classification by running variable (tending to 0 or
) 420



CONTENTS

43.2

433

434

4.3.5

4.3.6

4.3.7

xiii

4.3.1.2 Numerical illustrations after reduction to a single

integral . . . . ... ... . L 423
4.3.1.3 Complement: Calculation of integrals over A in

equations (4.160), (4.162) and (4.167) . . . . .. .. 429
Case T = 0: expansion of wilz) at low g to order 4; the result
is real but requires a multiscale expansion . ... ... ... 429
4.3.2.1 Initial motivation: what speed of sound? . . . . . . 429
4.3.2.2 Atoo naive expansion under the integral sign . . . 431
4.3.2.3 The correct method is multiscale . ......... 432
4.3.2.4 Asmoothreconnectionasatest . . ......... 433
4.3.25 Thefinalresulttoorder4 . .............. 435
Case T = 0: expansion of w((f) atlow ¢ to order 5; the result
becomes complex and a logarithm of g appears . . . . . . . 435
4.3.3.1 Areal physical motivation . ............. 435

4.3.3.2 A modelintegral for practice, which shows the im-
portance of the curvature of the dispersion relation 436

4.3.3.3 Backtotherealproblem ............... 442
4334 Theresulttoorder5 . ................. 447
Case T # 0: linearization of wflz) atlowg . .......... 447
4.3.4.1 Motivationsand overview. . . . ... .. ... ... 447
4.3.4.2 Expansionintheareak<Aq............. 450
4.3.4.3 Expansionintheareak>Aq............. 452
4.3.4.4 Amorepleasantfinalform .............. 453
4.3.45 Atlowtemperature. . . ... ... .......... 454
4.3.4.6 Athightemperature . . ... ... .......... 455
4.3.4.7 Atanytemperature. .. ................ 457
What is wflz) forlargeqg? .. ... ... ... .. ... .. ... 458
4.3.5.1 Physical Motivation . ................. 458
4.3.5.2 What intuition suggests about the real part . ... 459
4.3.5.3 What intuition suggests about the imaginary part 461
4.3.5.4 Expansion of w((lz) atlargeqatT=0......... 463
4.3.5.5 At T > 0: large-q expansion of the thermal part of
hol . 468
Study of the thermal part wg)th of wflz) atlow and high tem-
peratures . . . .. ... 471
4.3.6.1 Low-T limit at fixed number wave number g . . . 472
4.3.6.2 Low-T limit at fixed ratio ficgpq/kgT . . . . . . .. 473
4.3.6.3 High-T limit at fixed wave numberqg . . ... ... 476
4.3.6.4 High-T limit at fixed ratio h?q?/mkgT . . ... .. 479

Complement I: Sectorization of Beliaev and Landau pro-
cesses in wave vectorspace . . . . . . . ... ... .. 482



CONDENSATS DE BOSE-EINSTEIN

4.3.8 Complement II: Boundary singularities of the integrand of

Jdkin wﬁf) ............................. 485
4.4 Moral of our calculation of wflz) ..................... 490
Main Notations 493
Index 499
Bibliography 511
5 Application II: Spin Squeezing and Its Limits; Schrédinger Cat States 537
51 Introduction . .. ... .. ... ... .. ... . o 537
5.1.1 Principle ofan atomicclock. . .. ... ... ... ... ... 537
5.1.2 Standard quantumnoise . .. .. ... ... ... ... 538
5.1.3 SqueezedStates . . .. ....... ... ... .. ... 540
5.1.4 Some Points for FurtherStudy . ................ 540
5.1.5 ObjectivesofthisChapter . . . ... ... ... ........ 541
5.1.5.1 A Giant Spin Thanks to Condensates... . . ... .. 541
5.1.5.2 ... butamultimode problem . ............ 542
5.2 Squeezing in the Kitagawa-Uedamodel . . . . ... ... ... ... 543
5.2.1 PositionoftheProblem ..................... 543
5.2.2 Solution of the operator equations of motion . .. ... .. 544
5.2.3 Bosonic representation and phase states . . . ... ... .. 545
5.2.4 Mean spin, collapse and revival, Schrodinger’scat . . . .. 547
5.2.5 Spinvariances and covariances. . . . . ... ... ...... 548
5.2.6 Optimization of AS| mip overtime . . . ... ......... 550
5.2.6.1 Afirsttimescale .................... 551
5.2.6.2 Asecondtimescaletime ............... 552
5.2.7 Optimization of E2(f) overtime . . . .. .. .......... 553
5.3 Effect of a stationary random dephasing environment . . . .. .. 556
5.3.1 Motivation and presentation ofthe model . ... ... ... 556
5.3.2 Larmor fluctuations and spin squeezing factor . ... ... 557
5.3.3 What scaling law for the Larmor fluctuations at large N? . . 559
5.3.4 Optimization of squeezingovertime . ............ 559
5.3.4.1 Whatcanbeexpected . ... ............. 559
5.3.4.2 Analysis at the first timescale . ........... 560
5.3.4.3 Analysis at the second timescale . ......... 561
5.3.4.4 Fromoneregime to another: competition between
noise and the thermodynamic limit . . . . ... .. 563
5.4 Implementation in Bose condensed atomic gases in the two-mode
approximation. . . . ... ... 564
5.4.1 Nonlinear dynamics in the homogeneouscase ... .. .. 566

5.4.2 Nonlinear dynamics in the trappedcase . .. ... ... .. 568



CONTENTS

5.5

5.4.2.1 Forstationary¢py modes . ... ........... 568
5.4.2.2 For unstationary ¢, modes, difficulties and way out571
5.4.3 Physical consequences of model Hamiltonians (5.114) and

(5.127)and Nfluctuations . . . . . . . . . . oo v v v ... 572
Realistic and multimode study of the limits of spin squeezing in
Bose condensed atomicgases . . . . . ... ... ... 575
5.5.1 Simple considerations and effect oflosses . ... ... ... 575
5.5.1.1 Motivations and a heuristic calculation of the squeez-
ing limit with the phase operators Op ... 575
5.5.1.2 Effect of particle losses in the case g, = gpp and
Cab=0 . 578
5.5.2 The proper Bogoliubov multimodestudy . . . . . ... ... 584
5.5.2.1 Description of the experimental setup and proce-
dure ........ .. ... ... . 584
5.5.2.2 How to carry out the calculation: contextualiza-
tion of the Bogoliubov method, evolution equa-
tion of the variables Egk, l@:;k and ém[) and their
valuesat t=0% ... ... ... ... ... . ... .. 587
5.5.2.3 Observables at ¢ > 0 participating in spin squeezing593
5.5.2.4 The final result on the spin squeezing factor . . . . 603
5.5.2.5 What happens at long times ¢ > 1/y? Ergodic
Limit . .. ... . 605
5.5.3 Complement: Effect of Branching the Interaction on a Con-
densedGas. . . . ... ... ... 611
5.5.4 Application of Multimode Theory to the Spatially Homo-
geneousCase . ... ... ... ... 613
5.5.4.1 SqueezingOptimum . ... .............. 613
5.5.4.2 Time Dependence of the Squeezing Factor . . . . . 616

5.5.5 Application of Multimode Theory to the Trapped Case: The
Limit of Spin Squeezing in an Isotropic Harmonic Trap with

WKB .. e 622
5.5.5.1 Motivation, Problem Formulation, Macroscopic Lim-
P 622
5.5.5.2 WKB Approximation for Bogoliubov Modes . . . . 625
5.5.5.3 Classical Interpretation . ............... 627

5.5.5.4 The WKB Quantization Condition for energy levels 631
5.5.5.5 Justification of the reflection coefficient (—i) of WKB

waves at turningpoints . . . ... ... ..., 633

5.5.5.6 Implementation of WKB in the calculation of Egpt 637

5.5.6 Complement: calculation of semiclassical integrals I, J, K . 641
5.5.6.1 Casel<2j—1<Eé&< j? external trajectories . . . . 642

5.5.6.2 Case0< j?<&: hybrid trajectories . ........ 643



xvi

5.6

CONDENSATS DE BOSE-EINSTEIN

5.5.7 Complement: calculation of ypog, values of D and its vari-
ance, expression of Cysc(£) in the homogeneous case . . . . 644
5.5.7.1 Calculationof ygog . . . . . ... .. ... 645
5.5.7.2 A spin-off: value of the operator D and its variance 647
5.5.7.3 Another spin-off: expression of the operator Cosc (1)

in the spatially homogeneouscase ... ... ... 648
Schrodinger cat states and phaserevival . ... ........... 650
5.6.1 Halfway between collapse andrevival . . . . ... ... ... 650
5.6.2 Predictions of the Kitagawa-Ueda two-mode model . ... 652

5.6.3 How to take advantage of the Schrédinger cat state in a
clockexperiment? . ............... ... . ..., 654
5.6.4 Effectofparticlelosses . . ... ... .............. 656
5.6.4.1 Fidelity to the Schrédingercat . . ... ....... 657
5.6.4.2 Revivalofthemeanspin ............... 659

5.6.5 Effect of a non-zero initial temperature: multimode analy-
sis in the Bogoliubov approximation . . . . . ... ... ... 662
5.6.5.1 Motivation. . . ... ... ... ... .. .. ..., 662
5.6.5.2 Proposed multimode protocol . . . ... ... ... 662
5.6.5.3 Evolution over a single realization of the experiment663
5.6.5.4 Fidelity to the spinorial Schrodingercat . . . . . . 667
5.6.5.5 Constraint on temperature in an experiment . .. 671
5.6.5.6 Aniceunderestimate ................. 672
5.6.5.7 Fidelity to the orbito-spinorial Schrédinger cat . . 675
5.6.5.8 Revivals of the meanspinatT#0 .......... 675

6 Temporal coherence of a condensate in an isolated gas: phase scram-
bling due to fluctuations in conserved quantities and phase diffusion

due to interactions between quasiparticles 681
6.1 Introduction, motivations, overview, and measurability . ... .. 681
6.1.1 A parallel between spatial and temporal coherence: con-

densationinspacetime . .................... 681
6.1.2 Objective and overview; scrambling versus diffusion . . . . 683
6.1.3 AlLittle-Studied Problem . . .................. 686
6.1.4 A Measurable Coherence Function g1() . .......... 687
6.2 Definition of the Problem, Its Reduction to Phase Dynamics, and
Central Resultson gi(f) . . ... ... ... .. ... 688
6.2.1 The StateoftheSystem . .................... 688
6.2.2 Some simplifications: omission of fluctuations of 7y, Gaus-
sian approximation . . . .. ... ... . Lo L. 689

6.2.3 Reduction to the microcanonical ensemble: correlation func-
tion of df/d¢, phase shift variance, diffusion coefficient D
anddelaytimefy . . ... .. ... ... .. ... ... 691



CONTENTS xvii
6.2.4 Function g;(#) in the generalized statistical ensemble; Bal-
listic spreading with coefficient A . . ... .......... 694
6.2.5 Explicit results on A, D, fp and the phase shift variance .. 696
6.25.1 ResultsonA....................... 696
6.2.5.2 ResultsonDandfy .................. 698
6.2.6 Consequences on the spreading of the phase shift é(t) - 9(0)701
6.3 Calculating the Correlation Function C(t) of dd/de .. ....... 702
6.3.1 Overview . . . .. ... .. .. 702
6.3.1.1 EverythingrestsonC(#) . . ... ... ........ 702
6.3.1.2 Everything comes down to the microcanonical case704
6.3.1.3 An obvious decorrelation... but false! . . . ... .. 705
6.3.2 In the microcanonical ensemble by kinetic equations . . . 706
6.3.2.1 Statementoftheproblem............... 706
6.3.2.2 Thekineticequations . .. .............. 708
6.3.2.3 Their linearization, their stationary solution . . . . 709
6.3.2.4 The formal expression of Cppe(7) . . . . . . . .. .. 711
6.3.2.5 In the subspace of zero angular momentum fluc-
tuations . ... ...l 717
6.3.2.6 TimedependenceofCpe . . . . o . o v oot 718
6.3.2.7 Complement: behavior of Cy,¢(r) when 7 — +oco . 720
6.3.3 In a generalized statistical ensemble with fixed N . . . . . . 723
6.3.3.1 What resembles the microcanonical case . . . .. 723
6.3.3.2 What differs from the microcanonical case . ... 724
6.3.4 The value of C(+00) : quantum ergodicity versus Marko-
vian quantum masterequation . . . . .. ... ... ... .. 727
6.3.4.1 By quantum ergodicity, i.e., microcanonicality of
eigenstates . . .. .. .. ... ... ... 727
6.3.4.2 Failure of the Bogoliubov approximation on eigen-
states . . . ... 729

6.3.4.3 Failure of the Markovian quantum master equation 731

6.4 Further and Verification Studies of the Function g;(¢) in the Mi-

crocanonical Ensemble . . ... ... ... .. ... .. .. ... 733

6.4.1 Numerical Classical Field Simulations . . . . ... ... ... 734

6.4.2 ResolventMethod . ....................... 736

6.4.2.1 Positionoftheproblem ... ............. 736
6.4.2.2 Link between gy (f) and a probability amplitude

ofpresencein|wy) . . ... ... L L. 737

6.4.2.3 A simple reasoning using Fermi goldenrule . . . . 738

6.4.3

6.4.2.4 Beyond Fermi golden rule: the resolvent method . 741
6.4.2.5 Phase diffusion results from the existence of a pole 745
Complement: Equality of the diffusion coefficients from

the golden rule and the resolvent at extensively long times 745



xviii

CONDENSATS DE BOSE-EINSTEIN

7 A grand-canonical formulation of the Bogoliubov method and calcu-

lation of the ground state energy to Wu order 747
7.1 Introduction, motivation, and grand-canonical advantages . . . . 747
7.2 Hamiltonian model and expansion method . ............ 750
7.2.1 The grand canonical Hamiltonian of the lattice model . . . 750
7.2.2 Elimination of the condensatemode . ... ......... 751
7.2.2.1 Awell-oiled procedure... . .............. 751
7.2.2.2 .. butwhatisthevalueof N? . ............ 752
7.3 Order two in f1/?: Bogoliubovorder. . ... ............. 754
7.3.1 The quadratic Hamiltonian and its reduced form . . . . . . 754
7.3.2 The grand canonical equation of state and the noncon-
densedfraction . . ... ...... ... .. ... .. ... .. 756
7.4 Order fourin f}/2: Wu order for the ground energy level . . . . . . 760
74.1 Motivation . . . ... ... .. L o oo 760
7.4.2 Interaction effective range correction at Bogoliubov order . 761
7.4.3 The grand canonical Hamiltonian at order (fl/)*. . . . .. 763
7.4.4 Correction to the Bogoliubov grand potentialat T=0 . .. 764
7.4.4.1 An application of perturbation theory ... .. .. 764
7.4.4.2 Taking the continuous limit b/{ -0 .. ... ... 768
7.4.4.3 Introduction of the three-body scattering hyper-
volume . ... ........ ... ... ... 769
7.4.44 Finalresulttoorder f2, . .. ............. 772
7.4.4.5 Critical discussionoftheresult. . . ... ... ... 773

7.4.5 Complement I: Correction Q™ (u) to the Bogoliubov grand
potential in the continuous limit b/¢ — 0 of the lattice model775

7.4.5.1 Convergent part Cg)nv, divergent part Jy(¢) . ... 775
7452 Studyof JP(e)fore—0 ... ... ... ... .. 777
7453 Studyof JP(e)fore—0 ... .......... ... 779
7.4.5.4 Conclusionon QW) . .. .............. 782
7.4.6 Complement II : Three-body scattering hypervolume D of
the lattice model in the Bornregime . . . . . . ... ... .. 782
7.4.6.1 TheModel Hamiltonian . . . ... .......... 783
7.4.6.2 Form of the Scattering State: Only Unknown Func-
ton f(r) . ... ... .. ... . 783
7.46.3 AClosed Equationon f(k) . ............. 785
7.4.6.4 Born Expansion of the Regular Part ¢ (k) of f(k) . . 786
7.4.6.5 Thesoughtresult. .. ................. 789
7.4.7 Appendix to Complement I of Section7.4.6 . .. ... ... 789
7.4.7.1 Expansionof A(ky) . ........... .. ..., 789
7.4.7.2 ExpansionofB(k) . .......... ... .. .. 790
7.4.73 Expansionof J(kj) ... ... ... .. ... ... .. 790

74.74 Expansionof K(ky)................... 792



CONTENTS Xix

8 Case of reduced dimensionality: study of quasi-condensates using the

Bogoliubov method in phase-modulus representation 795
8.1 Brief presentation and overview . ... ................ 795
8.1.1 More than a pale reflection of condensates, quasi-conden-

SAES . . .. 795
8.1.2 What theoretical angle ofattack? . . . . . ... ........ 796
8.1.3 Directly connected to the experiments . ... ........ 797
8.2 Position of the problem and regime considered . .. ... ... .. 799
8.2.1 Atgrand-canonical thermal equilibrium . . ... ... ... 799
8.2.2 Quasi-condensates under six conditions . . . ... ... .. 800
8.3 Uncoveringreduced dimensionality with the ordinary Bogoliubov
method . . ... ... ... . . 802
8.3.1 Non-condenseddensity . .................... 803
8.3.1.1 Discussion by dimensionality . ........... 804
83.1.2 AboutTable8.1 ..................... 805
8.3.1.3 Moral on the coherencelength . . . . .. ... ... 806
8.3.2 The pair distribution function .. ............... 806
8.3.2.1 Quantum Contribution, Thermal Contribution . . 807
8.3.2.2 Moral on Density Fluctuations . . . . .. ... ... 808
8.3.3 Conclusion of theuncovering . . . . ... ........... 809
8.4 Construction of the Model Hamiltonian . . . . ... ... ...... 809
8.4.1 Scattering Length and Low-Energy T Matrix in Any Dimen-
SION . . L 809
8.4.1.1 Motivation and Operational Definition . . . . . . . 809
8.4.1.2 Low-Energy Zero-Range Model ... .. ... ... 811
8.4.1.3 Some Peculiarities of DimensionOne . . . . . . .. 814
8.4.2 Lattice Model: Spacing, Coupling Constant, and Hamilto-
NIATL . . .o 816
84.21 TheModel . . .. ... ... .. ... .. .. ... 816

8.5

8.4.2.2 The bare coupling constant gy via the T matrix . . 817
8.4.2.3 Constant gy, scattering length and effective range

in3D . ... 819

8.4.2.4 Constant gy, scattering length and effective range
in2D ... 820

8.4.2.5 Constant gy, scattering length and effective range
inlD ... 822
8.4.2.6 The Hamiltonian in second quantization. . . . . . 823
8.4.2.7 How to choose the lattice spacing . . . . ... ... 825
Implementation of the phase-modulus Bogoliubov method . . . . 826

8.5.1 Switchingto phase-modulus representation and idea of the
method . . ... ... ... .. ... 826



CONDENSATS DE BOSE-EINSTEIN

8.5.2 Expansion of the Hamiltonian Hgc order by orderin §p/p =
blgradél RE v e e e e e e e e e e 829
85.2.1 OrderOine ....................... 830
8522 Orderline ........... .. ... ... ..... 831
8523 Order2ine ........... .. ... ..... 831
8524 Order3ine ........... .. ... .. ..... 832

8.5.3 Iterative solution up to order €? and diagonalization of A, . 833
8.5.3.1 Order €’: macroscopic wave function and nonlin-

ear Schrodingerequation . . . . .. ......... 833
8.5.3.2 Orderel:nothing. ................... 834
8.5.3.3 Order €% fields B(r) and Aqc(r), collective vari-
ablesPandQ .. .................... 835
8.5.3.4 Order €%: Bogoliubov transformation, modal ex-
pansion, excitation spectrum, interpretation of P
and Q. . . ... 837
8535 Inconclusion . ......... ... ... .. ... .. 841
8.6 Applications of Quasi-Condensate Theory . . ............ 841

8.6.1 TheGrandPotential Q . . ... ................. 841

8.6.2 Mean Density and Equation of State of the Gas . . . . . .. 844
8.6.2.1 On the Need to Include a Cubic Correction . ... 844
8.6.2.2 Direct Calculationof (6p)3 . . ... ... ...... 845
8.6.2.3 Another, more elegant method . . . . .. ... ... 847
8.6.2.4 Athird, moredirectway . . . . ............ 848
8.6.2.5 Equation of state: the results, their behavior at high

and low temperatures . . ... ............ 848
8.6.2.6 Thomas-Fermi Approximationin2D .. ... ... 851

8.6.3 Pair Distribution Function g : Formal Expression to Order
€ 851
8.6.3.1 InTermsoftheFieldp®) ............... 852
8.6.3.2 Skillful Transformationsand Result . . . . ... .. 852
8.6.3.3 Whatvarianceof N2 . . . ... ............ 853
8.6.3.4 Relationship with ordinary Bogoliubov theory. . . 854

8.6.4 First-order coherence function g; : formal expression to

order€? . . .. 854
8.6.4.1 Interms of the fields p(r) and O(x) . . .. ... ... 855
8.6.4.2 Inthethermalstateof Flp . . . . . . . v oo oo .. 855
8.6.4.3 Correctiondueto Hz. . . . . oo o v v i .. 856
8.6.4.4 Synthesis and provisional form . .......... 859
8.6.4.5 An awkward factor 1/pg; finalform . ... ... .. 861
8.6.4.6 Overview of results; behavior at large distance . . 862

8.6.4.7 Wicksformula . .................... 865



CONTENTS xxi
8.6.5 Under what conditions are density fluctuations and phase
gradientsmall? . ... ... .. ... .. ... .. .. ... 866
8.6.5.1 Densityfluctuations . . ... ............. 867
8.6.5.2 Phasegradient ..................... 867
8.7 Detailed analysis of the correlation functions gyand gz . . .. .. 868
8.7.1 In the thermodynamic limit for a continuous space . . . . . 868
8.7.2 Long-distancestudyat 7=0 ... ............... 870
8.7.2.1 Obtaining asymptotic expansions . . . . . ... .. 871
8.7.2.2 A simple physical application: fluctuations of the
number of particlesinaball . ... ......... 875
8.7.3 Long-distancestudyat7>0 ... ... ............ 877
8.7.3.1 Case of g?og (@) e 877
8732 Caseof g@20() . « v oo v 882
8.7.4 Short-distancestudy . . . ... ... .. ... ... ...... 887
8.7.4.1 Caseof g;)(: (r); contact coefficient ¢ and Hellmann-
Feynmantheorem . ... ............... 887
8.7.4.2 Caseof g?og (r); momentum distribution; Link with
% and with themeanenergy . . ... ........ 893
8.8 Normal density, BKT transition, local or global superfluidity . . . . 898
8.8.1 Normaldensity .. ....... ... .. ... ....... 898
8.8.1.1 Definition .. .......... ... ... .. ... .. 898
8.8.1.2 Expression to Bogoliubovorder .. ... ... ... 899
8.8.1.3 Limiting behaviors with Temperature . . . . . . . . 900
8.8.1.4 Alocalnormaldensity . . . ... ........... 901
8.8.2 TheBKTtransition . ... ... ... .............. 902
8.8.2.1 Summary presentation: universal discontinuity of
ps(T), quantum vortices and activation energy . . 902
8.8.2.2 Transition temperature at Bogoliubov order: arough
estimate? . .. .. .. ... .. ... .. . ..., 904
8.8.3 Moving quasi-condensates and global superfluidity . ... 906
8.8.3.1 From the stationary case to the moving case . . . . 906
8.8.3.2 Probability of spontaneous overall motion and p, 909
8.8.3.3 New normal densities: global prg,bb, effective pflff(v)
and differential pdif(v) . ... ... ... ... ... 910
8.8.3.4 Useful expression of pﬁlOb and physical discussion 912
8.8.3.5 Seeingtheoverallmotions . ............. 915
8.9 2D ground state energy beyond Bogoliubov-Popov . . .. ... .. 916
8.9.1 Asimple application of chapter7 . .............. 916
8.9.2 Final form of the result and comparison to numerics . . . . 918
8.9.3 Application to the Thomas-Fermilimit . .. ... ... ... 920
8.9.4 Effect of the interactionrange . ................ 920



xxii CONDENSATS DE BOSE-EINSTEIN

8.10 Complement: appearance of superfluid density ps in the asymp-

totic behaviorof gy (r,¥)atT>0 . ... ... ............. 921
8.10.1 Problem statement and motivation . ............. 921
8.10.2 Howtoproceed . . ... ... ... .. ..., 923
8.10.2.1 Logarithm, generating function and cumulants . . 923
8.10.2.2 Simplifyingremarks . ... ... ... ........ 924
8.10.2.3 Coefficient B in ¢p(q) and form of theresult . . .. 926

8.10.3 A calculation neglecting density fluctuations in function g; 927
8.10.3.1 A clear physical motivation, a simple function ¢y (q)927

8.10.3.2 Second-order calculationin F5 . . ......... 929

8.10.3.3 First-order calculationin Hy . . ... ........ 932

8.10.3.4 Synthesis and coefficientBy . . ... ........ 938

8.10.4 Asymptotic calculation on the full formofg; . . . . ... .. 938

8.10.4.1 Formal expression of In(g;/p) to ordere* . . . . . . 938

8.10.4.2 Calculation of averagesinlIn(g;/p) . ........ 940

8.10.4.3 Conclusion . . .. .... ... ... ... ..., 945

Main Notations 947
Index 953

Bibliography 965



