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4.2.4 A validity condition of the result: that of the golden rule . . 417
4.3 Some explicit results on !(2)

q . . . . . . . . . . . . . . . . . . . . . . . 419

4.3.1 Summary: all analytical results on !(2)
q and numerical il-

lustrations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 419
4.3.1.1 Classification by running variable (tending to 0 or

+1) . . . . . . . . . . . . . . . . . . . . . . . . . . . 420



CONTENTS xiii

4.3.1.2 Numerical illustrations after reduction to a single
integral . . . . . . . . . . . . . . . . . . . . . . . . . . 423

4.3.1.3 Complement: Calculation of integrals over ∏ in
equations (4.160), (4.162) and (4.167) . . . . . . . . 429

4.3.2 Case T = 0: expansion of !(2)
q at low q to order 4; the result

is real but requires a multiscale expansion . . . . . . . . . . 429
4.3.2.1 Initial motivation: what speed of sound? . . . . . . 429
4.3.2.2 A too naive expansion under the integral sign . . . 431
4.3.2.3 The correct method is multiscale . . . . . . . . . . 432
4.3.2.4 A smooth reconnection as a test . . . . . . . . . . . 433
4.3.2.5 The final result to order 4 . . . . . . . . . . . . . . . 435

4.3.3 Case T = 0: expansion of !(2)
q at low q to order 5; the result

becomes complex and a logarithm of q appears . . . . . . . 435
4.3.3.1 A real physical motivation . . . . . . . . . . . . . . 435
4.3.3.2 A model integral for practice, which shows the im-

portance of the curvature of the dispersion relation 436
4.3.3.3 Back to the real problem . . . . . . . . . . . . . . . 442
4.3.3.4 The result to order 5 . . . . . . . . . . . . . . . . . . 447

4.3.4 Case T 6= 0: linearization of !(2)
q at low q . . . . . . . . . . . 447

4.3.4.1 Motivations and overview . . . . . . . . . . . . . . . 447
4.3.4.2 Expansion in the area k < Aq . . . . . . . . . . . . . 450
4.3.4.3 Expansion in the area k > Aq . . . . . . . . . . . . . 452
4.3.4.4 A more pleasant final form . . . . . . . . . . . . . . 453
4.3.4.5 At low temperature . . . . . . . . . . . . . . . . . . . 454
4.3.4.6 At high temperature . . . . . . . . . . . . . . . . . . 455
4.3.4.7 At any temperature . . . . . . . . . . . . . . . . . . . 457

4.3.5 What is !(2)
q for large q? . . . . . . . . . . . . . . . . . . . . . 458

4.3.5.1 Physical Motivation . . . . . . . . . . . . . . . . . . 458
4.3.5.2 What intuition suggests about the real part . . . . 459
4.3.5.3 What intuition suggests about the imaginary part 461
4.3.5.4 Expansion of !(2)

q at large q at T = 0 . . . . . . . . . 463
4.3.5.5 At T > 0: large-q expansion of the thermal part of

fl!(2)
q . . . . . . . . . . . . . . . . . . . . . . . . . . . 468

4.3.6 Study of the thermal part!(2)th
q of!(2)

q at low and high tem-
peratures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 471
4.3.6.1 Low-T limit at fixed number wave number q . . . 472
4.3.6.2 Low-T limit at fixed ratio flcGPq/kBT . . . . . . . . 473
4.3.6.3 High-T limit at fixed wave number q . . . . . . . . 476
4.3.6.4 High-T limit at fixed ratio fl2q2/mkBT . . . . . . . 479

4.3.7 Complement I: Sectorization of Beliaev and Landau pro-
cesses in wave vector space . . . . . . . . . . . . . . . . . . . 482



xiv CONDENSATS DE BOSE-EINSTEIN

4.3.8 Complement II: Boundary singularities of the integrand of
R

dk in !(2)
q . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 485

4.4 Moral of our calculation of !(2)
q . . . . . . . . . . . . . . . . . . . . . 490

Main Notations 493

Index 499

Bibliography 511

5 Application II: Spin Squeezing and Its Limits; Schrödinger Cat States 537
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 537

5.1.1 Principle of an atomic clock . . . . . . . . . . . . . . . . . . . 537
5.1.2 Standard quantum noise . . . . . . . . . . . . . . . . . . . . 538
5.1.3 Squeezed States . . . . . . . . . . . . . . . . . . . . . . . . . . 540
5.1.4 Some Points for Further Study . . . . . . . . . . . . . . . . . 540
5.1.5 Objectives of this Chapter . . . . . . . . . . . . . . . . . . . . 541

5.1.5.1 A Giant Spin Thanks to Condensates... . . . . . . . 541
5.1.5.2 ... but a multimode problem . . . . . . . . . . . . . 542

5.2 Squeezing in the Kitagawa-Ueda model . . . . . . . . . . . . . . . . 543
5.2.1 Position of the Problem . . . . . . . . . . . . . . . . . . . . . 543
5.2.2 Solution of the operator equations of motion . . . . . . . . 544
5.2.3 Bosonic representation and phase states . . . . . . . . . . . 545
5.2.4 Mean spin, collapse and revival, Schrödinger’s cat . . . . . 547
5.2.5 Spin variances and covariances . . . . . . . . . . . . . . . . . 548
5.2.6 Optimization of ¢S?,min over time . . . . . . . . . . . . . . . 550

5.2.6.1 A first time scale . . . . . . . . . . . . . . . . . . . . 551
5.2.6.2 A second time scale time . . . . . . . . . . . . . . . 552

5.2.7 Optimization of ª2(t ) over time . . . . . . . . . . . . . . . . . 553
5.3 Effect of a stationary random dephasing environment . . . . . . . 556

5.3.1 Motivation and presentation of the model . . . . . . . . . . 556
5.3.2 Larmor fluctuations and spin squeezing factor . . . . . . . 557
5.3.3 What scaling law for the Larmor fluctuations at large N ? . . 559
5.3.4 Optimization of squeezing over time . . . . . . . . . . . . . 559

5.3.4.1 What can be expected . . . . . . . . . . . . . . . . . 559
5.3.4.2 Analysis at the first time scale . . . . . . . . . . . . 560
5.3.4.3 Analysis at the second time scale . . . . . . . . . . 561
5.3.4.4 From one regime to another: competition between

noise and the thermodynamic limit . . . . . . . . . 563
5.4 Implementation in Bose condensed atomic gases in the two-mode

approximation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 564
5.4.1 Nonlinear dynamics in the homogeneous case . . . . . . . 566
5.4.2 Nonlinear dynamics in the trapped case . . . . . . . . . . . 568



CONTENTS xv

5.4.2.1 For stationary ¡æ modes . . . . . . . . . . . . . . . 568
5.4.2.2 For unstationary ¡æ modes, difficulties and way out571

5.4.3 Physical consequences of model Hamiltonians (5.114) and
(5.127) and N fluctuations . . . . . . . . . . . . . . . . . . . . 572

5.5 Realistic and multimode study of the limits of spin squeezing in
Bose condensed atomic gases . . . . . . . . . . . . . . . . . . . . . . 575
5.5.1 Simple considerations and effect of losses . . . . . . . . . . 575

5.5.1.1 Motivations and a heuristic calculation of the squeez-
ing limit with the phase operators µ̂æ . . . . . . . . 575

5.5.1.2 Effect of particle losses in the case gaa = gbb and
gab =0 . . . . . . . . . . . . . . . . . . . . . . . . . . 578

5.5.2 The proper Bogoliubov multimode study . . . . . . . . . . . 584
5.5.2.1 Description of the experimental setup and proce-

dure . . . . . . . . . . . . . . . . . . . . . . . . . . . 584
5.5.2.2 How to carry out the calculation: contextualiza-

tion of the Bogoliubov method, evolution equa-
tion of the variables b̂æk , b̂†

æk and µ̂æ¡̄ and their
values at t = 0+ . . . . . . . . . . . . . . . . . . . . . 587

5.5.2.3 Observables at t > 0 participating in spin squeezing593
5.5.2.4 The final result on the spin squeezing factor . . . . 603
5.5.2.5 What happens at long times t > 1/∞coll? Ergodic

Limit . . . . . . . . . . . . . . . . . . . . . . . . . . . 605
5.5.3 Complement: Effect of Branching the Interaction on a Con-

densed Gas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 611
5.5.4 Application of Multimode Theory to the Spatially Homo-

geneous Case . . . . . . . . . . . . . . . . . . . . . . . . . . . 613
5.5.4.1 Squeezing Optimum . . . . . . . . . . . . . . . . . . 613
5.5.4.2 Time Dependence of the Squeezing Factor . . . . . 616

5.5.5 Application of Multimode Theory to the Trapped Case: The
Limit of Spin Squeezing in an Isotropic Harmonic Trap with
WKB . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 622
5.5.5.1 Motivation, Problem Formulation, Macroscopic Lim-

it . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 622
5.5.5.2 WKB Approximation for Bogoliubov Modes . . . . 625
5.5.5.3 Classical Interpretation . . . . . . . . . . . . . . . . 627
5.5.5.4 The WKB Quantization Condition for energy levels 631
5.5.5.5 Justification of the reflection coefficient(°i)of WKB

waves at turning points . . . . . . . . . . . . . . . . 633
5.5.5.6 Implementation of WKB in the calculation of ª2

opt 637
5.5.6 Complement: calculation of semiclassical integrals I , J , K . 641

5.5.6.1 Case 1 < 2 j °1 < "̌< j 2: external trajectories . . . . 642
5.5.6.2 Case 0 < j 2 < "̌: hybrid trajectories . . . . . . . . . 643



xvi CONDENSATS DE BOSE-EINSTEIN

5.5.7 Complement: calculation of ¬Bog, values of D̂ and its vari-
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