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ON THE CRITICAL BEHAVIOUR OF THE SCHLöGL MODEL
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Thecriticalbehaviourof theSchlöglmodelis studiedusingfield theoreticalmethods.It is shownthatfor theequaltime
correlationfunctionsthis behaviouris thatof thewell-knowngç~4model.

We shall give here a field theoreticaltreatmentof awell-knownmodel in chemicalreactions:the Schlaglmodel.
Thereaction is

k
1 k

A+2X~3X, X~B, (1)k2

wherethe concentrationsof A andB arekeptconstant.In orderto makea local studyof (1) we establisha master
equationin which we treatthe chemicalpart asa birth anddeathprocessandthe diffusion contributionasa ran-
domwalk. Forthe chemicalpartwe imposethe extensivityof thetransitionprobabilities.One first dividesthe
spaceincellsofvolume Vandcalling N,. thenumberofmoleculesX in thecellwithpositionvectorronewritesdown

a multivariatemasterequationfor theprobability densityP~{Nr},t] [1]. From this masterequationonecanob-
tain afunctionalFokker—Planckequationfor the probabilitydensityp [n(r), t], wheren (r) is now the concentra-
tion at the pointr. That oneexpectsto obtaina correctdescriptionof the systembelowandat the bifurcation
pointhasbeenshownin refs. [2,3]. The Fokker—Planckequationis (p[n(r), t] is of coursea functionalof
n (r)):

~[n(r),t] = [p(n(r’))-X(n(r’))-DV
2n(r’)]

~n(r)

+~- fcir’ dr” —~— ~ {[p(n(r’)) + X(n(r”))J~5(r’ — r”) (2~
~n(r ) ~n(r )

+ 2DVr’ Vr”6(r’ — r” )n(r’)}JP[n(r)~ t],

wherein p — X termsup to 0(1/u) shouldbe kept while in p + X thesetermscanbeomitted. Herep(n) isthe
probabilityof deathandX(n) that of birth, andD is the Fick diffusion constant.Usingtheusualparametrization

(which involvesfixing the unit of time) onehas [4],
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p—X=n3/a2—3n2/a+(3+6)n—(l+6’)a, (3)

p+X=n3/a2+3n2/a+(3+6)n+(l+6’)a, (3’)

wherea is theconcentrationof A, and6 and6’ are dimensionlessnumbers.The deterministicequationis

dn/dt= X(n)—p(n). (4)

To treattheproblemwe cannow introducean operatorformalismand a functional integralformalismaswe have
explainedin ref. [5]. Writing the transitionprobabilitydensityP[n(r), t I n

0(r), t0] as (n (r) I U(t, t0) I n0(r)>, one ob-
tainsfor theevolutionoperatorU(t, t0) theequationiaU(t, t’)/at = HU(t, t’), U(t, t) = 1, wherethe“hamiltonian”
H is obtainedfrom eq.(2) by theusual replacements—i6/6n(r)—~1(r), n(r) -* ñ(r). Theseoperatorssatisfythe
usualcommutationrelations

[h(r), ñ(r’)} = [1(r), l(r’)] = 0 , [ñ(r), l(r’)] = i6 (d)(r — r’)

The hamiltonianH hasa chemicalpartH~anda diffusion partHD, H = +
1D~givenby

Hc_fdI~c

(5)

=_f~r)[~(n(r~_Mn(r~] —~ if drdr’1(r)ir(r’)[p(n(r))+X(n(r’))]6(’1)(r_r’),

(6)
HD= fC1r~D D fcII.ui(r)v2n(r)~~~ifdrd/1(r)l(r’)VrVr’6(’1)(r_r’)ñ(r),

whered is the dimensionof space.Putting6 = 6’ > 0 we havefrom eq.(4) the stationarystaten(r) = a which is a
simpleroot of (X — p)(n)= 0 for 6 > 0, and a triple root for 6 = 0 (thecritical point). We areinterestedin the
field 0(r) = n(r) — a,consequentlywe makethis translationin (5) and(6) to obtain

— fdr 1[~3/a2+ 6~]— ~i fdr 12 [~3/a2+ 6~2/a+ (12 + 6)~+ a(8 + 26)] , (7)

HD = f drD[1V2~— i(V1)2a — i(Vl)2~]. (8)

The correlationfunctionsaregeneratedby afunctionalderivation6/6/(t, r) of the generatingfunctional(yi(0)
standsfor prepointdiscretization[6]):

Z[j,/*] = f ~~exP{i.fdrdr ~ (9)

7~(O)

where~ = + ~ andis readdirectly from (7)and (8). Splitting off the quadraticpart9~in orderto generate
theperturbationexpansionwe write ~( = + 9t~with

~(
0DirV

2p—6irp—~ia(8+26)ir2 , (10)

= — ID(Vir)2p — inp3/a2-~ ~ iir2 [p3/a2÷6p2/a+ (12 + o)~p]. (11)

The perturbationexpansionis generatedby writing

Z[/,j*] exp[_i fdr dr~(~] .Z
0[j,/*], (12)

with
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Z0[/,j*] f~~exP{ifdrdr ~ (13)

WecomputeZ0 [1~/ *] in orderto havethe propagatorsin the stationarycaseandwe obtain:

Z0[/,/*] = exp[_~fdx’dx”/(x’)L~(x’— x”)/(x”) — fdx’ dx~j*(x~)S(xl— x”)f(x”)], (14)

with (k x = t — k x)

S(k) = (2ir)_(d+l)[w — iDk
2 — i6]~ (15)

~(k) = (
2~)_(d+

1)a(8+ 26)/[w2 + (6 + Dk2)2] , (16)

whereS(x) = f dk exp(ik• x)S(k), 11.(x) = f dk exp(ik x) i~(k).In the Feynmanrulesobtainedfrom (12), (15)
and(16)oneshouldrecall that thereisa naturalcut-off for big 1k I due to the finite volumeof theoriginal cells.
The correlationfunction(Ø(t’, r’)Ø(t, r)> isgivenby

(~p’~)= —[62/61(t’, r’)6/(t, r)]Z[/,/*] ~ . (17)

Oneshouldnote that theloopexpansionhere is anexpansionin powersof thedimensionlessquantity(aD°’12)1.
Onecaneasily checkby powercountingthat the critical dimensionof themodel isd~= 4, andmoreoverthat at
d = 4 — e theonly relevantcouplingfor the infraredbehaviour(weareinterestedin the longrangebehaviourof

(Ø’Ø)) is —ircb3/a2.This meansthat we canuseanew generatingfunctionalZ[j,/*] to obtainthedominantin-
fraredbehaviour.Onehas

Z[j,j*]f~~exptifdrdr ~ (18)

Thisnow correspondsto a newFokker—Planckequationwith constantdiffusion,which is

j3[~p, tJ = —fdr (6/6~~(.r))[DV2~,— 6~— p3/a2 — (6/6p)a(4+ 6)]p[~p, t] . (19)

The conditionsof detailedbalanceare now satisfiedby eq.(19)andthis implies that the stationarysolutioncan
becomputedas a solutionof

= [a(4 + 6)]~[DV2~ — — p3/a2] , (20)

whosesolutionis (N is a normalizationfactor):

P~t[~]= N exp [D/a(4 ÷6)f dr [~(V~)2+ ~6D1~2+ ~4/4a2D]). (21)

We canstill makea scalingof thefield ~ as0’ = [D/a(4 + 6)] 1/20to obtain

Pst[~’] Nexpt_fdr [!(%7ç~’)2+~6D’~’2+g
0~14]), (22)

withg0 = (4 +6 )/4~)2.Thisshowsthen that the criticalbehaviourof the equaltimecorrelationfunction (Ø(t,
r’)çb(t, r)) is determinedby theknown criticalbehaviourof the0 model [7], a resultthathasalsobeenobtain-
edin ref. [1], seealso ref. [8]. Thismeansthatat the critical pointonehasalongrangecorrelationfunctionbe-
having in dimension3 as(Ii— r’ I 1~)1,wherei~ is a knowncritical exponent.The methodsusedherecanof
coursebeappliedto moregeneralchemicalreactions.
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