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We constructfunctional integralandoperatorformalismsfor the stochasticprocessgeneratedby a modifiedLangevin
equationwhich containsa white noiseandan independentmarkovianprocesstakingdiscretevalues.

Functionalintegral [1—4]andoperatorformalisms [5—7]havebeendevelopedfor themarkovianprocesses
describedby Langevinequations.We studyherethe stochasticprocessgeneratedby a modifiedLangevinequation
and we treatthecaseof oneslow variableto simplify the discussion(thegeneralizationto severalslowvariablesis
straightforward).We considerthe stochasticprocessq(t) definedby the Langevinequation4(t) +A(q(t), m(t))=

f(r), wheref(t) is a gaussianwhite noisewith {f(t)} = 0 andcorrelation{f(t)f(t’)} = c ~(t — t’) andm(t) is an in-
dependentlydefinedmarkovianprocesstaking valuesv = 1,2, ...,Nandcharacterizedby theNXNmatrixM~
in the sensethat if m(t) = ji the probabilitythatm(t + s) = p is [exp(—sM)]~. Theprocess(q(t),m(t)) is markovian
andthe conditionalprobabilityP(q,p, t; q0,v0,t0)= W~’(q,t) satisfies(wekeeptheinitial conditionsat t0 fixed)
a Fokker—Planckequationthatwe candeterminediscretizingthe original Langevinequationputting tn = t0 + flE,

n EN=(0, 1,2, ...) andtaking at theende -+0. We divide the realaxis in cells [ji~,(j + 1)~)andwesayq(t) =jn
if/t~~ q(t) <(/ ÷1)~.Puttingq(fl) q(t~),f(~~)f(tn), m(n) = m(tn),the Langevinequationis

q(~~)= q(~~l)+ ~(f(nl) — A(q(PiA) m(’~
1))) (1)

and {f(t)f(t’)} becomes{f(fl)f(n’)} = (c/e)6~~~andwe canthen replacef(~~)by a randomvariable takingvalues
±(c/e)112withprobability 1/2. In thediscretizationwe note (k, v, nIO) Wv(q,t) whichmeansthatat t = t

0 + ne
one hasq(t) = k~,m(t)= v. Then

(k, i.”, n + 110) = EP/~,k~’(i,v,nlO), (2)

whereP/v,k~’is the probabilityof goingin the intervalof time e from (j, v) to (k, v’). OnehasPjv,kv’ =

— ~ where is theprobabilitythatq(t + e) = 1ct~if q(t) j~,m(t)= v.Observingthat the termef(~1)in
eq.(1)just causesajumpfrom cell /to / — 1 or I + 1, in bothcaseswith probability 1/2 (thisis the motivationto
choosecells of length~)onecanwritep~)= ~(~,~_i+~v~÷i), where is definedas but whenf(t) does
not act.We notenowthat

ICA(j7?,v)/nH IA(/ti,v)/c’/
2Ie’12~1, e-~0

andthenif A(f17, p) >0 (if A(j~,v) <0 theargumentis similar) the term—EA(/17,v) in eq.(1) causesa change
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to cell / — 1 if q(t) is in thesubintervalof lengtheA(f77,v) at the left of [/ii, (/ + 1)~)andno changeof cell if q(t)
is in the complement,consequently

= (1 — eA(j~,~)/fl)~/k + (eA(/~,~)Ifl)~/,k+1

We cannow computeP/v,kv’ and replaceit in eq.(2). In the limit e -÷ 0 onehas

~

e1 [(k,v’,n + 110)— (k,v’,nIO)] —~ Wv’(q,t)

etc.,andoneobtains

W~’(q,t) = (a/aq)(A(q,v) + ~c(a/aq))W~(q,t) — E M~~W~(q,t). (3)

An operatorformalism cannow beintroducedwhichis the analogueof quantummechanicswith spinandfor

whichwe usethe usualnotation.Let ~i be a Hilbert spacein which theoperators4~,~ actwith commutation
relations [41’‘~~]= i, andEa vectorspaceof dimensionNwith theorthonormalbasis Iv>, 1 ~ p ~N. In 9C~we
havethe basis lq>, 4~Iq> = q Iq) andthebasis Ip>, ~ I p)= pip>,bothnormalizedto as-function.Considerthe
tensorproduct~ = ® E anddefinein ~� the operatorsq q1 ®IE, ‘-i’ Pi® ‘E (JE = identity inE). The
vectors

Iq, v>~Iq)®Iv), 4Iq, ~>qiq, i’>, (q’, v’Jq, ~‘>= ~~‘~(q — q’)

form a basis in 9~,aswell as lp, p> Ip> ®Iv>, and(q, Pip, r’> = ~~~,(2n)_hI
2 exp(ipq).We define in ~ the

“hamiltonian” operatorH withmatrix elements

(q’, v’lHIq, p>= ~ — A(q, v)(q’1j3
11q>) — ~

andthe evolutionoperatorU(t’, t) by

iaU(t’, t)/at’ = HU(t’, t) , U(t, r) = 1

Thenoneeasilychecksthat

P(Q, v, t; Q0, v0, t0)(Q, vlU(t, t0)1Q0,v0).

We canwrite a functionalintegral representationfor P. Using~ f dq I q,p) (q,p I = 1 onehas (t1 = t0 +1�,t,~.1= t)

q~+~=Q
n n+1

<Q, viU(t, t0)1Q0, ~o>= ~ f I 1t’~J1 (qp ii1iU(t,, t,_1)1q1_1, Pj_i> . (4)
Ml~~Mfl qo=Qo i—i j~1

MOVO

But from U(t1, t1 — 1) = 1 — ieH(only termsup 0(e) areneededin the limit n -~~o, ~ -+ 0) andusingthe known
matrix elementsofHwe obtain for eq. (4)

n n+1 n+1

~ f U dq~[I [1exp ie[p1(q1 — q1_1)/e— ~ (p1, q,1)] , (5)

where~ q) 6,j~(—~icp
2— pA(q,v)) — ~ If we definetheN X N matrix h(p, q) of elementsh,~(p,q)

thenthe productof exponentialsin (5) (eachtermis neededonly up to 0(e))is the element(p~+
1po)of aprod-

uct of matricesandin the limit n -÷°° onecanformally write thefunctionalintegral

t

P(Q, v, t; Q0,p0, t0) = f ~bq~p Texp if dr [p4 — ~(p(r), q(r))] ~(q(t) — Q)~q(t0)— Q0)~ , (6)

t0 l.Ln+11~O
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whereTmeansthatwhendiscretizingeq.(6) theproductof matricesis to bedonechronologically,i.e. asin (5)
whichis the definitionof eq.(6). We note thatin eq.(6) the discretizationof functionsof q is in theprepointas
indicatedin (5), this meansthatwe are usingthe ‘y(O) discretization[3,8] andwe shouldwrite y(0) as a subscript
in eq.(6),but asweshall only use this discretizationherewe omit the7(0). We definenow the operators4(t)
= U—’(t)4U(t), j~(t) = U—’(t)~U(t),whereU(t) U(t, 0) and thevectors

IQo,po,to>R~U~(to)IQo,po>,(LI~Efdq(q,vi.

Theconservationof probabilityimplies(LIU(t) = (LI for all t, whereonehasused~ M~,,
2= 0. Oneshowsin the

samewayaswe did for eq.(6)that (t> t, t1 > t0, t ~ t1)

(LIT,5(t’1) ... j3(t~)4(t1)... 4(t,~)iQ0,p0, t0>R = f qjqC7~pTp(t’1) ... q(t,~)expi fdr (p4 — ~).
(7)

whereTin theleft-handside is the usualchronologicalproduct.Note that theright-handside of eq.(7)(which
we denoteby (p(t~)... q(t~)>)is, beforethelimit n -~00, a matrix element(/.Ln+1PO) wherep0 v0 is fixed, and
we mustsumover ~ dueto the definitionof(Li. The functionalintegralsin eqs.(6) and(7) are foundin quan-
tummechanicsin the treatmentof problemswithspin [9] andhavebeenstudiedin thatcontextin ref. [10];
theyare knownin mathematicsas productintegrals.Whenonly q(t1) is presentthe left-handside of eq.(7) is
(putting~ = t0, q~~i= Qo’ v~+i= v0 andsupposingt1 ~ t2 ... ~ t,~> t0)

E fdq (q, vi U(t1)U
1(t

1)4U(t1) ... U—
1(t~)4U(t~)U—’(t

0)jQ0,v0>

= E f I dq~fi (q;., v1I4U(t1, t1~1)Iq1÷1, v/+1>. (8)
vi...v~ i=1 j=1

Using(q,, v1i4 = q1(q,, v,I oneobtainsfrom eq.(8) that

(q(t1) ... q(t~)>=fU dq~q1... q,~ E H P~q1,v1,t1q1~1,v1~1,t1~1). (9)
i1

But ~ H P(q~,v1, t1 q1~1,p1.~.1,t~.1)is just the joint probability W~(q1,t1 ...;q~,t~)(for fixed initial conditions
Q0, p0 at time t0) of the non-markovianprocessq(t) andthen(q(t1) ... q(t~)>are correlationfunctions.In order
to interpreteq.(7)whenp(t) is also presentwe modify in our original Langevinequationthedrift A(q(t), m(t))
to A(q(t), m(t))+K(t), this modifiesH to H’ = H — K(t)~r9andthenh~.~, .1(p1,q1_1) in (5) is replacedby

h’ =h —~ K(t. \ / wgj’
11/M/_i 11/11/—i 11/11/_i ‘j—1J

Let (q(t1) ... q(tfl)>~be thenewcorrelationfunctions,then from eq.(7) with h replacedby h’ we obtain

(1/i)(5J~K(t”))(q(t’)>~= (LIT1Ô(t”)4(t’)IQ0, p0, t0>~ = (p(t”)q(t’)> , (10)

whichshowsthat (p(t”)q(t’)) is the linearresponsefunction correspondingto a modification of the drift (the
sameappliesfor severalp(t)). Obviouslyeq.(7)vanisheswhenonehasonly p(t) or whena time t isgreaterthan
all t1 (causality).Weremarkthat in eq.(10) the T-productis not definedat t” = t’ while (p(t”)q(t’)>, beingde-
finedby the functionalintegral in eq.(7), is definedanddueto the7(0) discretization[3] we are usinghasthe
value (p(t”)q(t’)), t” -+ t’ + 0, that is, it vanishes.In general,whenin (p(t’1) ... q(t,~)>a time t = t1, thevalueis the
limit t,~-+ t, + 0. Onecannow useoperatoror functionalintegraltechniquesto studythe processq(t). In particular,
a systematicperturbationexpansioncanbeobtainedin the operatorformalism usingtheWick theorem[7,11], or
moreeasilywith functionalintegral techniques[4] starting from the generatingfunctionalZ[/~/*] for correlation
and responsefunctionswhich is
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Z[/,j*] = f d7~qCDpTexp i f dr [p4 — ~ +/(r)q(r) ÷j*(T)p(T)] . ~(q(t0) -.- Q0), (11)

wherethesourcetermscorrespondto changingH toH — /(t)4 — j*(t),3. The averagingoverthe initial conditions
at t0 is easilydone: if one is given the probabilitybØ.’, q), f dq b(v,q) = 1, at time t0, thisjust changesthevec-
tor I Q0, i.’0, t0>R to f dq b(v,q) Iq, v, t0>R. Applicationsof thepresentformalism will be presentedelsewhere.

Previousworks on particularprocessesof the type we considerherecanbe foundin refs. [12,13]. The process
generatedby the Langevinequationwithoutwhite noise (f(t) = 0) is treatedin detailin ref. [14].

References

[1] R. Phytian,J. Phys.AlO (1977) 777.

[2] R. Graham,Z. Phys.B26 (1977) 281, 397.
[3] F. Langouche,D. RoekaertsandE. Tirapegui,Physica95A (1979)252.
[4] F. Langouche,D. RoekaertsandE. Tirapegui,Ontheperturbationexpansionfor Fokker—Pianckdynamics,preprintKUL,

Leuven(November1978).
[5] P.C.Martin, E.D. Siggiaand H.A. Rose,Phys.Rev.A8 (1973)423.
[6] C.P.Enz,Physica89A (1977)1.
[7] L. Garridoand M. SanMiguel, Prog.Theor.Phys.59 (1978)40, 55.

[8] F. Langouche,D. RoekaertsandE. Tirapegui,Functionalintegralsandthe Fokker—Planckequation,preprintKUL-TF-

78/015, Leuven.
[9] G. Rosen,Formulationsof classicalandquantumdynamicaltheory (AcademicPress,1969) pp.

40,41.
[10] J.F.Hamilton and L.S. Schulman,J. Math.Phys.12 (1971) 160.
[11] H. Leschke,A.C. Hirschfeldand T.Suzuki, Phys.Rev.D, to be published.
[12] R.C. Bourret,U. Frischand A. Pouquet,Physica65 (1973) 303.
[13] N.G. vanKampen,Physica70(1973)222.
[14] N.G. vanKampen,Phys.Rep.24(1976)171.

182


