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Abstract

The analyticity strip method is used to trace complex singularities in direct numerical simulations of the Kida—Pelz
and Taylor—Green flows, performed with up to 2848llocation points. Oscillations found in the Kida—Pelz energy
spectrum are attributed to interferences of complex singularities. A generalized least-square fit that separates out
the oscillations from the measure of the width of the analyticity stigontroduced. Using the available resolution,

d is found to decay exponentially in time up#e= 1.25. It is argued that resolutions in the range 16382768
(within reach of the Earth Simulator) are needed to really probe the Pelz singularity 2t
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1. Introduction

The existence of a finite-time infinite-vorticity singularity in three-dimensional incompressible Euler
flow developing from smooth initial conditions is still an open mathematical prolfeisoh et al., 2008
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One possible approach to this problem is the so-called analyticity strip meShteht et al., 1983 The
basic idea of this method is to trace complex singularities numerically on direct numerical simulations
(DNS) of the Euler equation with enough spatial resolution to capture the exponential tails in the Fourier
transforms. The logarithmic decrement of the energy spectrum atkhgkwice the widthd(z) of the
analyticity strip of the velocity field and the problem of blowup reduces to cheéi Jfvanishes in a
finite time.

This method has been applied to three-dimensional Euler flows generated Tyytbheand Green
(1937)(TG) initial conditions, with resolutions 286Brachet et al., 1983and 864 (Brachet et al.,

1992. It was observed that, after an early transient period, the width of the analyticity strip of the velocity
field decayed exponentially in time.

The Kida—Pelz (KP) flow was introduced Kyda (1985) It has all the symmetries of the TG vortex and
also displays additional symmetries that make it invariant under the full octahedral ¢telzp ZOO)

This flow was used byelz (2003) Pelz and Gulak (1997a, bBoratav and Pelz (199410 study the
problem of Euler blowup, using temporal Taylor series expansions. It was also uBeddigv and Pelz
(1994a)to make DNS of viscous turbulence.

It has been argued byerr (1993)that more symmetries than the ones present in the TG vortex are
needed in order to observe a singularity. Thus, the KP flow could well be a better candidate for finite time
singularity than the TG flow.

The main purpose of this paper is to apply the analyticity strip method to DNS of the TG and KP flows
with resolutions up to 2048 It will turn out to be necessary to generalize the least square fit used to
extracté(¢) from the energy spectrum so that the fit takes into account oscillations that are found in the
KP energy spectrum.

The paper is organized as follows. Section 2 contains a short description of the (standard) numerical
methods used to integrate the Euler equation. Section 3 contains the generalization of the least square fi
and numerical results. Finally Section 4 is our conclusion.

2. Numerical approach

The three-dimensional incompressible Euler equations,

ov
a-|—(v-V)v=—Vp, (1)
V.v=0 (2

with (2z-periodic) initial data are solved numerically using stand&aittlieb and Orszag, 197 pseudo-
spectral methods with resolutidh Time marching is done with a second-order leapfrog finite-difference
scheme. The solutions are dealiased by suppressing, at each time step, the modes for which at least on
wave-vector component exceeds two-thirds of the maximum wave-numpr(thus a 2048 run is
truncated akmax=682). Symmetries are used in a standard vBxg¢het et al., 19830 reduce memory
storage and speed up computations.

Two types of computations, corresponding to different initial conditions, are carried out. The first
type concerns the Taylor—Green vorteXaylor and Green, 1937which is the incompressible
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three-dimensional flow developing from the single-mode initial data

uTG TG

=sin(x)cogy)coqz), v~ = —uTG(y, —x,2), w'®=0. 3)

The second type of runs concerns the Kida—P€idd, 1985; Pelz, 2001; Boratav and Pelz, 1900w,
that develops from the initial data

uKP=sin(x)(cos3y) cogz) — cogy) cos3z)), v =ukP(y, z,x), WP =ukP x,y). @)

Series of runs are made for the two flows by varying the resoliMion
Two quantities are extracted from the runs, in order to monitor the time-evolution of the flows. The

energy spectrum is defined by averagirig’, r) (the spatial Fourier transform of the solution to Eq. (1))
on spherical shells of widthk = 1,
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Fig. 1. Enstrophy2(r)and its normalized time derivati&(r) (see Eq. (7)) for the TG flow (left) and KP flow (right) at various

resolutions.
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and the enstroph@(z) = fooo k2E (k, t) dk, that is computed directly (i.e. without shell averaging) as

1 ~ 21,12
o) =3 kZ V(K D)2k, (6)
Fig. 1displays the time variation of the enstropfayr) and of its normalized time derivative
135\1/2 do
St)=|———= Q322" 7
0=(s5) " ™

(which identifies with the skewness when isotropy is assurBeachet et al., 1983.

Note that (7) implies2(r)~%/2 = @(0) =2 — (392/135%2 ] ds S(s). ThusS(r) should tend to zero
whent goes to infinity in order to prevent a finite-time blowup of the enstrophy. Such a decay is not
visible inFig. 1 The integration time is in fact too short to reveal the asymptotic behavi®ant Q. We
will see below that more resolution is needed to extend the integration time.

3. Tracing complex singularities

When the velocity field is analytic, the energy spectrkith, t) decays exponentially at larggwith a
possible algebraic prefactor). The logarithmic decrement is twice the widtof the analyticity strip of
the solution continued to complex spatial variables. The basic idea of the analyticity strip netihermh (
et al., 1983 is to trace the temporal behavior &) in order to obtain evidence for or against blowup.

In order to extract(¢) from the numerical integrations a least-square fit is performed on the logarithm
of the computed energy spectrum, using the functional form

log(E(k,t)) = C — nlog(k) — 26k. (8)
The error on the fit intervaly <k <k,
= > (0g(Eki.1) — (C — n log(k;) — 26k;))? (©)
k1 <k; <kz

is minimized by solving the equatiofg?/0C = 0, d;2/dn = 0 anddy2/05 = 0. Note that these equations
are linear in the fit paramete@ n andJ.

Examples of KP and TG energy spectra to be fitted in such a way are presehRigddnt is apparent
on the figure that resolution-dependent spectral even—odd oscillations are present, at certain times, on the
TG energy spectrum. Note that this behavior is controlled by the round-off ertd—1°. For a given
precision and resolution, the maximum time up to which the simulation is reliable should be the first
instance at which the value of the spectrum at the highest wavenumber becomes comparable to the squar:
of the round-off error. However, these round-off errors only affect the highest wavenumbers of the TG
energy spectrum. They are eliminated by averaging the TG spectrum on shells oiWigt? before
performing the fit Brachet et al., 1983Note that longer period oscillations are visible on the KP energy
spectra, but that no strong resolution-dependent effect can be seen.

The measure af(z) is reliable as long as it remains larger than a few mesh sizes, a condition required
for the smallest scales to be accurately resolved and spectral convergence ensured. Thus only the fits
giving a value o6 such thatkmax> 2 will be considered.
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Fig. 2. Energy spectra at resolutions 856128, 1024 and 2048; the spectral cut-off is indicated, for each resolution, by the
vertical dotted-lines. Left TG flow at= (1.3, 1.9, 2.5, 2.9, 3.4, 4.0); right KP flow atr = (0.25, 0.5, 0.75, 0.9, 1.1, 1.5).
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Fig. 3. Time evolution of decrementand prefacton for TG flow (left) and KP flow (right) at various resolutions (see Eq. (8)).
Fits are performed within the intervats= 5 to min(k*, N/3), wherek* = minE(k)<10732(k) marks the beginning of roundoff
noise at short times.

Fig. 3displays the values af andn for the TG and KP flows. It is visible that, after a short transient
period, the TG flows(¢) decays like

5(r) = 55Ce!/TTe (10)
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with a characteristic decay tinférg = 0.56 andd}® = 2.70, up to a time = 3.7 at resolution 2048
when it becomes comparable to twice the smallest resolved scale.
In contrast, it is apparent on the right pannels-f. 3that the behavior o andn in the KP flow is
erratic and that their values are not stable when the resolution is changed. This happens even though the
higher resolution energy spectrum has identical low-wavenumber values than the lower resolution energy
spectrum (se€ig. 2). This kind of behavior is possible only if some kind of systematic error is present
in the fit procedure. It is plausible that this error comes from the long period oscillations slightly visible
on the KP energy spectra displayedHig. 2
In order to take this oscillation into account, we generalize the functional form of (8) to

log(E (k, 1)) = C — nlog(k) — 26k + a cos(Zn kk> . (11)
p

The least square fit equations determining the values of the parar@eterd anda are linear but the
one determining, is non-linear. In practice we determi@gn, 6 anda for an assumed value &f, and
search for the minimum of the sum of the square of the errors as a functign of

Note that assuming interferences from two complex singularities with the same vallreio$patial
positions differing by 2; and contrast factas would yield contributions to the energy spectrum of the
form

E(k) ~ e 21 4 a cos D;k). (12)

Expanding the log of this expression to the first ordea yelds the additional term presentin (11), with
kp=m/é;.

The presence of a contrast factor may be understood, as in optics, by considering interfering singularities
that are not punctual but extended objects. Indeed there is good numerical evigesaiedt al., 2008
that complex singularities of the two-dimensional Euler equations arere situated on regutanifolds.

Note that, in the case of the viscous 1-D Burgers equation, where the nature of the complex singularities
(isolated poles) is well-understood, there is another way than the present fitting procedure to disentangle
the information ord from the oscillating energy spectrumdifia, 1986. However in the Burgers case the
contrast factor is constantly high.

The residual oscillating part of the data, together with the fit, are display&ayind. It is clear by
inspection of the figure that the quality of the fit is correct.

It is apparent irFig. 5that the erratic behavior af andn manifest inFig. 3 has been corrected by
the extended fit (11). Perhaps the most salient effect is observadTdre resolution dependent sharp
maxima ofn visible in Fig. 3are not present ifig. 5. The corresponding behavior 6fhas also been
smoothed out.

The fitted singularity separation paramedge= n/k, and amplitudes are also presented Iig. 5.

d; appears to decay exponentially in time (wdftiz) = 0.30e /9271 yp to a timer = 1.25 at resolution

2048). The amplitudes have resolution dependent maximathat happen at the same time than the resolution
dependent maxima of the uncorrecte(seeFig. 3). It is easy to check out that these maxima happen
whenk, ~ kmax.

This point is easily understood as follows. When<kmax the oscillations are averaged out in the
uncorrected fit (8) and both corrected and uncorrected fits give the same vatesdsf In the opposite
regimek, > kmax N0 oscillations can be detected on the available data. In the intermediate regime, when
k, approachegmax from below, the curvature of the spectrum caused by the oscillation is seen by the
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Fig. 4. Left: Fit of spectral oscillations of KP flow+0.8, resolution 204@3) dots: residual=Ilog(E (k, 1)) — (C —n log(k) — 20k);
solid line: amplitude terna cos(ani) (see Eqg. (11)). Right: time evolution of uncorrected decrenig(fitq. (8): cross+),

corrected decrement (Eq. (11), cirelpand its exponential fit from= 0.1 tor = 1.25 (solid line).
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Fig. 5. Time evolution of corrected decremeéntorrected prefactar, oscillation amplitud@and separation parameter=n/k
for KP flow at various resolutionbl (see Eq. (11)). Fits are performed within the intervals: 5 to min(k*, N/3), where
k* = mi”E(k)<1(r32(k) marks the beginning of roundoff noise at short times.
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Fig. 6. Left: quadratic errog?, normalized by the number of fitted points, corresponding to the 3 different least-square fits at
resolution 2048. Right: comparison of amplitudes Square, Eq. (8); cross, Eqg. (11); circle, Eq. (12).

uncorrected fit as a change in théerm in (8). The corrected fit (11) does a better job separating out, in
this regime, the oscillation from the curvature.

Using the data oi obtained from the corrected fit (s€@. 4), we obtain that(¢) decays like

(1) = okPe !/ Tke (13)

with a characteristic decay tin#p = 0.24 andskP = 1.02, up to a time = 1.25 at resolution 2048
where the corrected fit begins to be affected.

By inspection ofFig. 5it is apparent that the amplitudeof the fit near its maxima almost reaches
one, which is not consistent with the approximation (i.e. ugirgl to expand the log of (12)) needed to
derive (11). This suggests that a fit using the logarithm of (12) may give an even better result. In order to
investigate this point, we have performed these logarithmic fits. Note that this necessitates to search for
the minimum of a 2-parameter function (see the discussion below Eq. (11)).

The results are presentedkiy. 6. It is apparent, by inspection of the figure, that the quality of the fit,
measured by the quadratic ersdr, normalized by the number of fitted points, is much improved when
the oscillations are taken into account. However, the level of improvement is not sensibly changed by
replacing the 1-parameter non-linear fit Eq. (11) by the 2-parameter non-linear fit Eq. (12). The behavior
of 4 andn are not sensibly affected (data not shown) but the amplitudedecreased when using the
logarithm of (12).

4. Conclusion

In summary, complex singularities in DNS (resolutions up to 2p48 TG and KP flows, have been
traced, using the analyticity strip method. The energy spectra fit procedure had to be generalized to take
into account oscillations caused by interferences between complex singularities. Exponential-in-time
decay ofé is found for both flows.

The temporal Taylor series expansions estimates for the Pelz singularitsstgiven byPelz (2003)

Pelz and Gulak (1997a, Boratav and Pelz (1994layer} ~ 2.
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We now estimate, using data generated by the present DNS with resolution up f Béd48nuch
resolution is needed to reag}) assuming that the exponential regime (13) persists in time. The condition
that dkmax = 2 readskmax = N /30KPe~%/TkP = 2 and its solution isV = 6€/TkP /6KP = 24 472. Note
that the same conditiod;kmax = 2 applied to the imaginary part of singularities yiells= 32074,

a more stringent condition.

Thus DNS performed with resolutions in the range 16382768 would really probe the Pelz sin-
gularity atz5 ~ 2. Assuming a real singularity at this time, they should display a numerically-reliable
faster-than-exponential decay &f).

General periodic turbulent flows have been simulated with resolutions up td 4696e Earth Sim-
ulator Kaneda et al., 2003 Efficient implementation of the TG and KP symmetries reduce memory
storage and speed up computation allowing a gain in resolution up to a factor 4 in each spatial direc-
tion (Brachet et al., 1983 Thus KP simulations with resolutions 16384re within reach of the Earth
Simulator.
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