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The connexion of nonlinear wave equations with the dynamics of barotropic 
fluids by Madelung's transformation is reviewed in the case of fluids with ar­
bitrary equations of state. Numerical simulations of the Nonlinear Schrodinger 
Equation (NLSE) reproducing the instabilities of non rotating and rotating cylin­
drical jets are presented. It is shown that NLSE, a dynamical model of super­
flows, reproduces many flow features usually obtained in the context of Euler or 
Navier-Stokes equations. 

A generalization to relativistic wave equations and superfluids is reviewed. 
The Galilean limit is shown to be NLSE. A model for a relativistic self-gravitating 
superfluid is obtained by minimally coupling the wave equation to Einstein's 
gravity. Applications corresponding to static stars and isotropic cosmologies are 
discussed. 

1 Introduction 

It has been known for some time that Madelung's transformation maps the (defo­
cusing) Nonlinear Schrodinger Equation (NLSE) into hydrodynamical equations 
for a compressible fluid with dispersion. In the early 80's [1], E. Spiegel empha­
sized that the dynamics ofirrotational barotropic fluids, with arbitrary equations 
of state, can be linked to NLSE-type equations with suitable nonlinearities. Fur­
thermore NLSE contains topological defects that are known to follow Eulerian 
dynamics in the incompressible limit [2, 3, 4]. These topological defects corre­
spond to the quantum vortices of superfluid Helium [5]. In this context, NLSE 
is the correct dynamical equation of motion for superfluids [6]. 

More recently [7, 8, 9,10,11]' numerical simulations of NLSE have been used 
to probe its ability to reproduce typical fluid dynamical phenomena. One of the 
motivations behind this recent surge of interest is the possibility of understanding 
the details of intricate dynamical mechanisms, such as vortex nucleation [7] and 
vortex-sound interaction [12], in superfluid Helium. 
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A special relativistic generalization of the NLSE dynamics, using the nonlin­
ear Klein Gordon equation (NLKGE), has been studied by J .C. Neu [3, 13] with 
emphasis on the derivation of equations of motion for vortices, without taking 
into account the acoustic sector of the dynamics. In a general relativistic frame­
work, static solutions of this wave equation describing boson stars have already 
been considered by various authors [14, 15], but without a Madelung-like cor­
respondence to usual hydrodynamics. Such a correspondence was recently given 
in [16]. 

The purpose of this paper is to synthesize some of the recently obtained 
results. It is organized as follows. Section 2 is devoted to the fluid dynamical 
representation of NLSE. Numerical simulations of NLSE in the context of free­
shear flows instabilities are presented in section 3. Section 4 concerns the special 
relativistic generalization of the material presented in section 2. Section 5 con­
tains applications to general relativistic self-gravitating fluids. And section 6 is 
our conclusion. 

2 Fluid dynamical representation of NLSE 

In this section, we present the hydro dynamical form of NLSE with an arbitrary 
nonlinearity, corresponding to a barotropic fluid with an arbitrary equation of 
state. Basic hydrodynamical features such that acoustic propagation and time 
independent solutions are also discussed. 

2.1 Formal correspondence 

Perhaps the most direct way to understand the scope and generality of the con­
nexion between nonlinear waves and fluid dynamics is to consider the following 
action [1] : 

(1) 

with 
(2) 

where 1/J(z, t) is a complex wave field and ¢ its complex conjugate, a is a positive 
real constant and f is a polynomial in 11/J12 == ¢1/J with real coefficients: 

(3) 

The NLSE is the Euler-Lagrange equation of motion for 1/J corresponding to 
(I), it reads 

or 
(4) 
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Madelung's transformation [5, 1) 

(5) 

maps the nonlinear wave dynamics of 1f; into equations of motion for a fluid of 
density p and velocity v = "VI{). Indeed with the help of (5), (1) can be written 

and the corresponding Euler-Lagrange equations of motion read 

ap - + "V . (pv) = 0 at 
al{) + ~("VI{)? + 2aJ'(p) _ 2a2L1JP = 0 at 2 JP 

(7) 

(8) 

Without the last term of (8) (the so-called "quantum pressure" term), these 
equations are the continuity and Bernoulli equations [17) for an isentropic, com­
pressible, irrotational fluid. 

It is possible to use this identification to define the corresponding "thermo­
dynamical functions" . Being isentropic, the fluid is barotropic, and there is thus 
only one independent thermodynamical variable. The Bernoulli equation readily 
gives the fluid's enthalpy per unit mass as 

h = 2aJ'(p). (9) 

On the other hand, the ~p("V1{)2 term of (6) is seen to correspond to kinetic 
energy. Thus the fluid's internal energy per unit mass is given by 

2al(p) 
e= ---. 

p 
(10) 

The general thermodynamical identity 

h = e + pip, ( 11) 

gives the fluid's pressure 

p = 2a(pJ'(p) - I(p». (12) 

The physical dimensions of the variables used in (2) and (3) are fixed by the 
following considerations. Madelung's transformation (5) imposes that [11f;1 2) = 
[p] = M L-3 and [a) = L2 T- I . Using (10), one gets [J(p)lp] = T- 1 and thus, 
from (3), [ill = T-l, [,B] = T- I p-l and [Ii) = T- 1 pI-i. Note that, in the case 
of a Bose condensate of particles of mass m, a has the value h/2rn [6). 
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2.2 Acoustic regime 

Dispersion relation The nature of the extra quantum pressure term in (8) is 
best understood by looking at the dispersion relation corresponding to acoustic 
waves propagating around a constant density level PO. Setting P = Po + 8p (with 
!'(Po) = 0), 'l<p = 8u in (7) and in the gradient of (8), one gets (keeping only 
the linear terms) : 

or 

Ot8p+ po'l8u = 0 
'l8p 

Ot 8u + 2af"(po)'l8p - 2a2 Ll-2 - = 0 
Po 

The dispersion relation for an acoustic wave 8p = f(exp(i(wt - k . z)) + c.c.) 
(with f ~ 1) is thus 

(13) 

This relation shows that the quantum pressure has a dispersive effect that be­
comes important for large wave numbers. For small wavenumbers, one recovers 
the usual propagation, with a sound velocity given by 

c = (~) t = J2apoJII(po). 

The length scale e = Jaj(pof"(po)) at which dispersion becomes noticeable is 
known as the "coherence length". 

Note that, in the context of superfluid helium modelling, it has been sug­
gested [18] to replace (2) by a non local term of the form 

Fnl = J d3xa1'l7fi12 + J d3xld3X2~17fi12(zdV(lzl - :l:21)17fi12(:l:2). 

It is easy to check that with such a term, one gets the following dispersion 
relation 

where V(k) is the fourier transform 

V(k) = J d3xeik ·", V(I:l:I)· 

The function V can then be chosen such that the dispersion relation fits the one 
experimentally known for helium. Let us remark here that the same goal can 
be achieved in a local framework by Taylor expanding the function V(k). This 
amounts to add to (2) dispersive terms of the form: 

Fd = J d3xl7fi1 2g(Ll)I7fi1 2, 

where g(Ll) is a polynomial in the laplacian operator. We shall not consider such 
dispersive terms in the rest of this paper. 
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Nonlinear acoustics The description given by linear acoustic can be some­
what improved by including the dominant nonlinear effects. Such an equation 
was derived in [9]. 

Numerical simulations of NLSE in one space dimension using a standard 
Fourier pseudo-spectral method [19] can be used to study the acoustic regime 
triggered by an initial disturbance of the form: 

A simulation result is displayed in Figures 1. The nonlinear effect present in 
these Figs can be distinguished from a purely linear dispersive effect by the scale 
of the generated wave-trains. In the nonlinear case, the scale of the wave-train 
is much smaller than the scale of the initial perturbation. The pulses travel at 
supersonic speed. The propagation speed can be explained [9] as a nonlinear 
renormalization of sound velocity. 

The data presented in Figs 1 also show that the shocks that would have 
appeared under compressible Euler dynamics (i.e. following Eq. (8) without the 
last term in r.h.s.) have been regularized by the dispersion. There is no evidence 
of finite-time singularity in our numerics. The spectrum of the solution (data 
not shown) is well resolved, with a conspicuous exponential tail. 

2.3 Time independent solutions 

Further insight on the connexion between wave and fluid dynamics can be ob­
tained by considering stationary solutions of the equations of motion. Indeed, 
by inspection of (1), time independent solutions of NLSE (4), are also solutions 
of the Real Ginzburg-Landau Equation (RGLE) 

(14) 

They are thus extrema of the free energy F. 
The simplest solution of this type corresponds to a constant density fluid at 

rest. In this simple case,1/; is constant in space and (14) reads 

This equation, for given values of the coefficients (3 and J;, i = 3, ... ,n relates 
the fluid density 11/;1 2 to the value of il. Note that the il term of f does not 
playa crucial role in the NLSE dynamics. Indeed, it could be removed from the 
Bernoulli equation (8) by the change of variable if' ---> if' + 2Ctilt that amounts 
to a change of phase 1/; ---> 1/;eWt in NLSE (4). We will however, by convention, 
not perform these changes of variable, in order that stationary solutions of (14) 
coincide with stationary solutions of (4). The il term of f will thus be fixed by 
the fluid's density through (15). 



38 

1.3 

1.4 1.2 

~ 1.3 

" 
- .. 1.1 ." .e ;:; 

Q, i 
~ ~ 1.2 

1.1 

-100 

.J 
a 
x 

1.3 

1.2 

.. 1.1 ." 

" ;:; 
Q, 

~ 

0.9 

0.6 

0.9 

0.6 
100 -100 a 100 

x 

-100 a 100 
x 

Fig. I. Numerical integration of NLSE in ID with an initial perturbation of amplitude 
(a = 0.5) and large width (1 = 10 e): (a) amplitude of the initial data. (b) amplitude 
of the solution at t = 20. (c) amplitude of the solution at t = 30. 

Note that scales significantly smaller than the length scale on the initial data have been 
generated through nonlinear effects. 
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Another important type of time-independent solutions of NLSE are the vor­
tex solutions. Madelung's transformation is singular when p = 0 (i.e. when both 
~('¢') = 0 and SS('¢') = 0, see Figure 2 (a)). As two conditions are required, the 
singularities generically happen on points in two dimensions and lines in three 
dimensions. The circulation of v around such a generic singularity is ±411'a. 
These topological defects are known in the context of superfluidity as "quan­
tum vortices" [5]. Solutions of (14) with cylindrical symmetry can be obtained 
numerically [20]. The profile of a vortex is shown on Figure 2 (b). The density 
admits a horizontal asymptote near the core (see Figure 3 (c)) while the ve­
locity diverges as the inverse of the core distance (see Figure 3 (d)). Then the 
momentum density pv is a regular quantity shown on Figure 4 (f). 

1m 1/1=0 11/11 

-------
... --"" 1-1 

: r2 

t-r 
I ... 

(a) o l,; (b) r 

Fig. 2. Nodal point of the condensate wave function and vortex profile. 

-'It 
---~ 

-o r r 
(c) (d) 

Fig. 3. Vortex density and velocity profile. 
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Fig. 4. Quantum vortex momentum versus classical vortex momentum (vorticity patch 
ofradius a). 

3 Numerical study of vortex dynamics 

Under compressible fluid dynamics, an arbitrary chosen initial condition will 
generally lead to a regime dominated by acoustic radiation. In order to study 
vortex dynamics using NLSE, we thus need to prepare the initial data in such a 
way that the acoustic emission is as small as possible. 

3.1 Preparation method 

We know that the RGLE (14) starting with an initial data containing a nodal 
line converges towards the exact time independent vortex solution .,pv described 
at the end of section (2.3). 

The ARGLE procedure The procedure we have developed is a generalization 
of this property of RGLE. Our aim is to prepare an arbitrary assembly of moving 
vortices. To do so, we use the (active) Galilean invariance of NLSE that maps 
any solution of NLSE .,p(:J!, t) into another solution of NLSE whose associated 
velocity and density fields are Galilean transforms of those associated to .,p. The 
Galilean transformation of NLSE reads: 

(u being the constant velocity of the boost). Thus, the initial solution ¢(:J!) = 
.,pv (z) exp( i 2~ . :J!) corresponds to a vortex translating with velocity u. It can be 
directly obtained as a stationary solution of the following equation 

(16) 
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that we will call the Advective Real Ginzburg-Landau Equation (ARGLE). This 
equation corresponds to an extremum of the following modified free energy: 

(17) 

Our preparation method consists in using (16) and (17) with a given space de­
pendent divergence less velocity field u(z). Using the Madelung transformation, 
(17) reads: 

:F = 2~ J d3 z (~(2aV\IP? + 2aJ(p) + ~p(\7~ - U(z))2) . 

The last term in the r.h.s will be minimum if the potential velocity \7~ is as 
close as possible to the imposed advective velocity u(z). 

Initial conditions for ARGLE For a constant u, the absolute minimum of 
:F is given by tP = JQ/f3exp(iu. z/(2a)) which corresponds to a fluid moving 
with the imposed velocity u. Another stationary solution of ARGLE is tPo = 
JQ/f3(I- (u 2/4aQ))1/2 which corresponds to a fluid with zero velocity. The 
linear stability study of tPo can be obtained in term of normal modes using 
tP = tPo{1 + Uo exp(m + ikx) + Vo exp(l1t - ikx)). We find: 

11 = -Q (1 -~) -ak2 ± 
4aQ 

u2k2 + Q2 (1- ~)2 
4aQ ' 

(18) 

Note that this stability computation is formally identical to the one leading to 
the Eckhaus instability of convective rolls [21]. Therefore, in the stable Eckhaus 
region (u/c = u/( J2aQ(I- (u2 /4aQ))) < 1), the stationary solution tPo corre­
sponds to a local minimum of :F. In general, with a variable u( z), we also expect 
several branches of stable solutions for (16) corresponding to local minima of :F. 

3.2 Numerical results for 3D free-shear flows 

To carry out the numerical integration, we use standard pseudo-spectral codes 
[19]. In the lateral directions, we use sine-cosine transforms to implement free­
slip boundary conditions away from the flow's center. Our codes were validated 
by cross-checking with general periodic codes and linear theory [10]. 

Round jet The jet's profile is that studied by [22] : 

u(r) = (Uo/2)[1 + tanh(R(I- r/ R)/(26))], 

where Uo is the centerline velocity on the x jet's axis, r = Jy2 + z2 is the radial 
coordinate, 6 is the momentum thickness and R is the jet radius. The initial 
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data for ARG LE, 1/;0, is obtained by interpolating between a fluid moving with 
the velocity Uo at the center of the jet to a motionless fluid far from the jet: 

1/;0 = n [~ (1 - th (r ~ R) ) exp (i ~~) + ~ (1 + th (r ~ R) )] (19) 

The ARGLE converged solution consists in a periodic array of vortex rings 
of radius R, separated by a length I = 47rcx/Uo. Under NLSE dynamics, this 
ARGLE converged solution yields a moving periodic array of vortex rings, with 
little acoustic emission. Adding a small non-axisymmetric perturbation, we ob­
tain a behavior similar to that experimentally observed by Kambe[23] (see Figs 
5). The motion of each azimuthally perturbed vortex ring is a rigid rotation in 
the direction opposite to that of peripheral fluid rotation around the filament. 

Swirling jet We have also studied a swirling jet [24] : 

u(r) = Uo exp( -(r/ R)2), 
zR 

v(r) = --2 q (1- exp( -(r/ R)2)), 
r 

yR 
w(r)=-2 q(1-exp(-(r/R)2)), 

r 

where q is the rotation rate. The initial data for ARGLE, 1/;0, is obtained by 
multiplying a scalar field corresponding to the jet, as described above (19), with 
a field containing as many axial defect filaments as there are quantized quanta 
47rCX in the global circulation 27rqR. 

The ARGLE converged solution consists in locked-up helices. Under NLSE 
dynamics, the helices undergo a cork-screw like motion, with little acoustic emis­
sion. The dynamics corresponding to an helix with a (small) random perturba­
tion is rich and complex and includes reconnection phenomena (see Figs 6). These 
reconnection events and the corresponding rapid spreading of the rotating jet 
can be related to vortex breakdown observed in turbulent flows [25]. 
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Fig. 5. Azimuthal perturbation of the jet (m = 2 azimuthal wave number) : slantwise 
views at different times (the phenomenon is time-periodical). The jet. parameters are: 
Uo = 1, () = 0.16 and R = 1 with a vortex core size ~ = 0.07. 
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Fig. 6. Swirling jet flow: a) slantwise view of the initial data for the NLSE, b) Recon­
nection event : before, d) after the reconnection. The jet parameters are the same as 
in Figure 5 with q = 0.8 and ~ = 0.047. The amplitude of the random perturbation is 
0.1. 



4 Fluid dynamical representation of NLKGE III flat 
space-time 
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This section contains the special relativistic generalization of the material pre­
sented in section 2. 

N otation8: Throughout the two last sections, the space-time coordinates will 
be written xJ1. = (ct, x), corresponding to the Minkovskian metric given by 
diag(l, -1, -I, -1). 

4.1 Formal correspondence 

Let us now consider the following action [16, 26]: 

1 J 4 Ar = ~ d xL 

2 

L = 20: 2 <1> v <1> v * - 20:f(I<1>12) - C2 1<1>12 (20) 

where <1> is a complex scalar field and 0: and f have already been defined III 

section (2.1). Extremizing Ar with respect to <1>*, we obtain the NLKGE: 

2 

20:2<1>: + 20:<1>1'(1<1>1 2) + c2 <1> = 0 (21) 

Equations (20) and (21) are the special relativistic generalizations of (1) and (4). 
As a matter of fact, if one introduces a new field 1jJ by the relation: 

1jJ = <1>exp (i ;: t) (22) 

Equations (20) and (21) give back (1) and (4) (for 1jJ) if one lets c tend to infinity. 
As in the Galilean case, a formal correspondence between (21) and special 

relativistic potential flows of barotropic fluids can be achieved by using the 
Madelung transform: 

(23) 

If one defines [16] the velocity of the fluid u, the scalar particle density nand 
the enthalpy density w by 

U - _ uJ1. 
J1. - (ul'ul')1/2 

n = L(u ul')1/2 
mc J1. 

w = p(uJ1. ul') 

(24) 

(25 ) 

(26) 

the conserved current j associated to the phase invariance of Ar takes, after a 
convenient normalization, the usual hydrodynamical form: 

(27) 
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and one also obtains from (24), (25), (26) the normal special relativistic condition 
for potential flows: 

(28) 

It should be noted at this point that, for the preceding identifications to be 
meaningful, the current j has to be time-like in the space-time region under con­
sideration. This is in particular the case if the relativistic effect only constitutes 
corrections to the main Galilean phenomena. This point is further discussed in 
[16]. 

The equation of motion (21) delivers the following relations between n, W 

and p, separating real and imaginary parts: 

n = -.jP (pe2 + 4ap!, (p) + 4a2 -IP (-IP):) 1/2 
me 

W = pe2 + 4ap!,(p) + 4a2 -IP (-/P): 

so that the enthalpy per particle H reads 

( (-.jP) 1") 1/2 
H = me e2 + 4a!,(p) + 4a2 ~I" 

(29) 

(30) 

(31) 

If quantum pressure terms were absent, i. e. for ordinary barotropic fluids, it 
would be possible to deduce automatically from (29), (30) and (31) the correct 
expression for the pressure p, using the standard thermodynamical relation (with 
vanishing entropy): 

dp = n dH (32) 

This would give: 
p = 2a(p!,(p) - J(p)) (33) 

However, if the dispersive terms are taken into account, it is no longer possible 
to eliminate p from (29) and (30) to obtain the enthalpy density as a functional 
of the particle density and its derivatives. It is convenient to retain (33) as the 
definition of p and to further define the internal energy density c by the usual 
relation: 

c = w-p (34) 

The definitions (29), (30), (31), (34) neglecting the dispersive quantum pressure 
term give valid thermodynamical relations. However we keep this dispersive term 
in order for (28) to hold exactly. 

Let us now rapidly investigate how the correct Galilean thermodynamics 
can be recovered from the preceding results. The Galilean particle density is 
equivalent to n as e tends to infinity [16]. From (29), we therefore deduce that 
the Galilean particle density is represented by p/m. The Galilean counterpart of 
H is obtained for c tending to infinity. (31) gives immediately that: 

(35) 
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The first term represents a rest-mass energy, the third one is clearly a dispersive 
term, not usually included in the Galilean definition of thermodynamical quan­
tities. Recalling that the thermodynamical enthalpy (31) is defined per particle, 
whereas the Galilean one (9) is defined per unit mass, the second term coincides 
with (9). Similarly, the Galilean equivalent of cln is: 

£ ~ mc2 + 2am f(p) _ 2a2m iJ...fP 
n p ..fP 

(36) 

In the same way as for H, the second term, divided by m, coincides with the 
Galilean internal energy per unit mass (10). Finally, using the preceding results, 
(28) implies that, in the Galilean limit, 

v = \1(1 = \1r.p (37) 

as it should be. One can also investigate how the Galilean limiting procedure 
works on the stress-energy tensor as a whole. This has been done in [16] and we 
refer the reader to this article for further insights on the question. 

4.2 Acoustic phenomena 

Dispersion relation In section (2.2), acoustic phenomena were introduced to 
help in the understanding of the extra quantum pressure dispersive terms present 
in A. The corresponding relativistic dispersion relation is obtained [16] by lin­
earization of (21) around (22) with f'(I4>oI2) = O. It reads 

(38) 

Letting c tend to infinity, one obtains (13). 

Nonlinear acoustics If one takes as the definition of an acoustic wave that 
the corresponding density perturbation and 3-velocity are both small quantities 
of the same order, conventionally chosen to be the first, it can be easily shown 
[26] that there actually exist an infinity of different acoustic sectors, both for 
the NLKGE and the NLSE. Each sector is characterized by a real number 7], 

o ::; 7] ::; 1, such that the phase (1 is of order 7], and the 4D gradient, when acting 
on p and (1, is of order 1- 7]. The scaling studied in section (2.2) corresponds to 
1] = 1, and is the one most commonly worked with in hydrodynamicalliterature. 
However, that this is clearly not the only interesting one comes from the fact 
that the ID NLKGE and NLSE admit soliton solutions which, in the acoustic 
regime, correspond to 1] = 1/2. 

It turns out that it is possible, for all sectors for which 7] i= 1, to obtain [26] a 
variational principle involving the single field (1, capable of delivering a non-linear 
equation for this field alone which completely describes the wave propagation at 
any desired perturbation order and the associated conserved quantities as well. 
We will not dwell into further details here. 
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4.3 Time-independent solutions 

Let us now elaborate on the special relativistic generalization of the RGLE and 
on some particular 'static solutions' that can be found with its help. Since time 
is naturally not a Lorenz scalar, the concept of a static solution and the de­
velopments that follow presuppose the choice of a particular inertial frame ab 
initio. 

The NLSE and the NLKGE can be put under a hamiltonian form which 
naturally simplifies the obtaining of the associated RGLE. Let 1-l{p, q) be the 
Hamiltonian under consideration. The equations of motion generated by 1-l take 
the well-known form: 

81l . 
-=q 
{)p 

{)1-l . 
-=-p 
{)q 

and the corresponding RGLE simply read: 

{)1-l . 
-=-p 
{)p 

{)1-l . 
-=-q 
{)q 

(39) 

(40) 

Starting from the Lagrangian density L, considered as a function of 8 = pl/2and 
(1: 

( 41) 

one finds the following expression for the conjugate momenta (with respect to 
time) associated to these quantities: 

(42) 

The Hamiltonian 1-l = pqt - L reads then: 

(43) 

and the RG LE are given by (40) with p = (Ih, II (7) and q = (8, (1). In particular, 
it is then easy to verify that the Galilean limit of these equations coincide with 
equation (16) in section (2.3) and that the static special relativistic solutions 
also minimize the free energy :F introduced in section (2.1). 
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One can wonder what the special relativistic equivalent of the vortices intro­
duced in section (2.3) are [16]. Let us say that a solution of the NLKGE is a 
vortex if there exists an inertial frame in which it is static and has cylindrical 
symmetry (with the density vanishing on the symmetry axis). Using (21), this 
definition automatically implies that a solution of the NLKGE is a vortex if, and 
only if, it is also a vortex for the NLSE. Let now f and 0 be polar coordinates 
around the axis. The phase (j of a vortex solution is an integral multiple of 2a:O 
and the circulation I of the 4-gradient of (j around a closed space-like contour 
which 'surrounds' the vortex takes the form: 

1= 41Ta: q (44) 

where q is a positive or negative integer. Moreover, the enthalpy per particle H 
reads: 

H = me ( 1 - C:in fr/ 2 

where 1'min is related to q and a by: 

2a 
fmin = q­

e 

( 45) 

(46) 

This clearly shows that, in the special relativistic case, no hydrodynamical rep­
resentation of the vortex is possible for f smaller than fmin. In particular, the 
special relativistic vortex cannot be interpreted as a line-like distribution of vor­
ticity. 

5 General relativistic self-gravitating fluids 

This section is devoted to applications of the material developed in section 4 to 
self-gravitating fluids. This is achieved by extending the formalism to general 
relativity. 

If the fluid is a Bose condensate of particles of rest-mass m, two characteristic 
length-scales can be defined: the Compton length njme and the gravitational 
radius 20mj e2 . These two length-scales would be equal for a particle with a 
Planck mass Jncj20. At such scales, a quantum theory of gravity would be 
required for consistency. 

For the temptative applications that we consider in this section, the quan­
tum wave-length is much smaller than the gravitational radius and the theory 
presented here should be of some relevance. 

5.1 Fundamentals 

The correct action Ag describing the minimal coupling between the complex 
scalar field if> and Einstein's gravitational field reads: 

A = ~JF9d4x (L- ~R) 
9 e 161TG 

( 47) 
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where G is Newton's gravitational constant, 9 stands for the determinant of the 
metric tensor and R for the scalar curvature of the metric-compatible connection. 
Variation of Ag with respect to rJ> gives the curved space-time generalization of 
equation (21): 

2 

2a2\7 I' \71'rJ> + 2arJ>f'(IrJ>1 2) + C2 rJ> = 0 ( 48) 

and the variation with respect to the metric furnishes Einstein equations [27). 
One could also consider more general coupling between gravitation and the scalar 
field, as for example the so-called conform coupling [28). This will not be done 
here. 

5.2 Spherically symmetric 'soliton stars' 

A first interesting application of the formalism just presented lies in the study 
of spherically symmetric solutions to the equations of motion. This has been 
done by various authors [14, 15) with a pure semi-classical field theory point 
of view, their principal aim being to describe yet unobserved astrophysical ob­
jects usually known as boson stars. In the light of section (4.1), it is rather 
clear that the structure of this type of stars and, more generally, of any star 
made out of a barotropic, possibly dispersive fluid (in potential motion), should 
admit a rather simple description in hydro dynamical language. As a matter of 
fact, it is possible [26) to derive for these stars an equivalent of the well-known 
Tollmann-Oppenheimer-Volkoff (TOV) equation. This derivation and the exist­
ing supplementary relations between the different unknown functions which are 
necessary to its solution are fully discussed in [16). The standard Newtonian limit 
of the TOV-like system can be shown [16] to be a NLSE equation coupled to a 
gravitational potential obeying a Poisson equation with a source term -47rpG. 
This Newtonian self-gravitational system has been considered independently by 
S. Rica [29). 

5.3 Homogeneous isotropic cosmological models 

An interesting application of the relativistic formalism is the study of the equa­
tions governing the evolution of an isotropic 'toy-universe'. They are presented 
in [16), where it is shown that they give back, in suitable regimes, a stan­
dard Friedman-Robertson-Walker cosmology as well as Linde's chaotic inflation 
model. 

6 Conclusion 

The formalisms we have reviewed in this paper make it possible to deal with 
both Newtonian and Einsteinian perfect barotropic fluids with nonlinear wave 
equations. 

In the case of simple Galilean free shear-flows, the numerical computations 
we have presented show the ability of NLSE to capture subtle hydro dynamical 
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mechanisms such as vortex reconnection. Furthermore, in the case of superflu­
ids modeled as weakly interacting Bose condensates, NLSE-type descriptions 
present the interest of naturally containing quantum vortices. This is an impor­
tant advantage over the more conventional description of superflows in term of 
classical Euler equations supplemented with a quantification condition on the 
velocity circulation. As we have demonstrated, NLSE-type descriptions can be 
tuned to accommodate arbitrary equations of state and dispersion relations. It 
seems to us that they thus have a great potential for the quantitative explana­
tion of phenomena in real superfluids such as Helium He II, provided that the 
temperature is low enough for the normal part of the flow to be neglected. 

We have shown that the Galilean results can be quite simply extended to spe­
cial relativity, thereby obtaining a natural description of relativistic barotropic 
fluids. Such a description is a necessary step to obtain a general relativistic con­
sistent theory of a self-gravitating superfluid. The temptative results concerning 
self-gravitating bodies presented in section 5 show that this is perhaps the sim­
plest way to introduce a non trivial fluid into general relativity. We are confident 
that careful studies of such toy models can shed new light on fundamental cos­
mological problems. 
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