
Quantum Hall Hierarchy 

and the 2nd Landau Level

Parsa Bonderson
Microsoft Station Q

7th Mini-Symposium on TQC, Paris

March 30, 2009

work done in collaboration with Joost Slingerland,

Adrian Feiguin, and Gunnar Möller

arXiv:0711.3204 (PRB ’08) and arXiv:0901.4965



Introduction

• 2nd Landau level physics is perplexing.

• Experimental determination of the nature of the 
observed FQH states is just now being obtained!

• Viable proposals for the observed states are desirable. 
(So far, there is: Laughlin, HH, MR, and RR.)

• Moore-Read (`91) is expected (from numerics and 
now experiments) to describe n=5/2 and is relatively 
well understood.

This leads us to believe that non-Abelian anyons
emerge in the FQHE!

• What about the rest of the 2nd LL?



Fractional Quantum Hall Effect

• 2DEG

• large B field (~ 10T)

• low temp (< 1K)

• gapped (incompressible)

• quantized filling fractions
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Xia et al. `04



• n=5/2 is the strongest state in the 2nd LL.

• Correlation functions for                             have non-Laughlin 
pairing/clustering character similar to n=5/2. Outside this 
region is Laughlin-like. (Wojs `01)

• The Haldane-Halperin hierarchy (`83,`84) seems to work quite 
well in the lowest Landau level.

• Can we construct a similar hierarchy built on MR?
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Generalized Hierarchy Picture

1) start with a QH state
(can be non-Abelian)

2) add quasiparticles
changes density, but in a localized manner

3) project qps onto a QH state
delocalizes and produces uniform 

incompressible gas at different filling

PB and Slingerland `08



e.g. Haldane-Halperin states

1) start with Laughlin

2) add qps

3) project onto a QH state
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Build hierarchy on MR
(PB and Slingerland `08)

• Form a FQH state with qps and project qps

into a new FQH state

• MR e/4 quasiholes are non-Abelian, and 

have two fusion channels:
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Form gas of MR e/4 qps?

• Mathematically well-defined by forming trivial 

representation of the braid group.

• But physically…

• resulting filling fraction are experimentally non-existent

• next layer “particles” must be non-Abelian,

i.e. carry conjugate of Ising  charge

• gas of qps are strongly interacting and not well-separated, 

non-Abelian degeneracy cannot be preserved

• resulting states have same universality class as other 

previously constructed Abelian states
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Build hierarchy on MR
(PB and Slingerland `08)

• Form a FQH state with qps and project qps

into a new FQH state

• MR quasiholes are non-Abelian, and 

have two fusion channels:

• Pair into preferred fusion channel     and form 

a gas of bound pairs, i.e. e/2 quasiparticles
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 1,I
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Add e/2 quasiparticles

Now project paired-qhs onto new FQH state.

(Forms hierarchy on charge sector of MR.)
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2/31/3 BS of conjugate hole-particleBS 

 

channel-  in the condensed quasiholeswith 

11

12
  with  1U IsingBS1/3















 KK C

uzw ,



 

8/3    

210

121

012

with 

1U IsingBS

























nK

KK C

Other filling fractions?

5/4    

2100

1210

0121

0012

with 



























 nK



  

  

n

nzzLLL

nzzLLL

ji

ji







1
1CF)-(BS

3

1
1CF)-(BS

Pf

Pf

1n
n

1-3n
n











P

P

Composite Fermion Picture of BS States





,,,,

,,,,

5
4

4
3

3
2

2
1

1n
n

11
4

8
3

5
2

2
1

1-3n
n






n

n

n filled Landau levels

Attachment of SU(2)2 and U(1) CS flux to IQH.



How will we know?

• Numerical evidence…
Morf et al., Rezayi et al., Wojs et al., 

Feiguin et al., Möller et al., Peterson et al.



Go to Gunnar’s 

talk on 

Wednesday!!

PB, Feiguin, Möller, Slingerland `09



How will we know?

• Numerical evidence.

• Experiments must determine:

– Quasiparticle electric charge tells us something 

(though not nearly enough).

– Braiding statistics (determined e.g. by 

interferometry) tells us almost everything.

– Scaling relations from tunneling tells us practically 

everything else.

Morf et al., Rezayi et al., Wojs et al., 

Feiguin et al., Möller et al., Peterson et al.



1PC Tunneling

Scaling relations:

Shot noise gives qp charge.



Dolev et al. `08
for n=5/2

also, for n=8/3 they find e*=e/3

e*=e/4



Radu et al. `08
for n=5/2



Radu et al. `08
for n=5/2



Other filling fractions



2PC Interferometer
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Abelian.-non is braiding  theiff  1 

and braidingAbelian   toscorrespond  2
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FQH interferometer

Willett et al. `08
for n=5/2

(also progress by: Marcus, Eisenstein, 

Kang, Heiblum, Goldman, etc.)



Even/Odd Alternation



Even/Odd Alternation



Temperature Dependence



• Tunneling of e/2 quasiparticles
- Abelian: can be treated as inert background for TQC

• Also very small contribution from double 

passes of e/4 quasiparticles
- have order t2 relative amplitude suppression from additional tunneling

- have coherence length and temperature exponential suppression

- temperature dependence also indicates e/2 qps is the source

PB, Shtengel, Slingerland `07

Bishara, Nayak `08

Bishara, PB, Nayak, Shtengel, 

Slingerland `09

Why are there e/2 oscillations?
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Reproducibility

terror ~ 1 week!!

24 hrs/run



Conclusion

• Hierarchy of states that takes the n=5/2 pairing as its 
fundamental physics.

• Produces states at all the observed 2nd Landau level 
filling fractions, with n=7/3, 12/5, 8/3 occurring at the 
first level of hierarchy.

• HH and RR have competition from BS at n=12/5 .

• Appears that TQC will be achievable!!! 

• No RR at n=12/5 would be unfortunate for TQC.  

• First attempts to experimentally determine the nature 
of 2nd LL FQH states are currently under way, so we 
should know more soon!


