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Overview

» Finite size effects in Kitaev honeycomb
lattice model.

» Other work.

» Thin torus limit.

» Fendley quantum loop gas models.
» Numerical tools.
» Conclusions.
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Kitaev Honeycomb Lattice Model

» Alexei Kitaev (2006). y
» Exhibits two topological phases. . | | . Sl

» In the A phases the model is gapped y link
and there is an abelian topological : , ' ' .

phase Zz X ZQ. . . . ! z link

» In the B phase there is a gapless

phase.

» In the B phase in the presence of an Jz=1.0

external magnetic field there is a non

abelian topological phase exhibiting
Ising anyonic excitations SU(Q)Q. AZ
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Toric Code Mapping

A phases can be mapped to the Toric code model. Will explore

mapping in Az phase here (Ax and A, phases are unitarily
equivalent).

» In the A; phase where J; = 1, Jx = Jy = O, the model becomes
a system of non interacting z-dimers whose ground state
degeneracy is 2V/2 (where N is the number of spins).

H=Hot¥V

>—links non-interacting z-dimers.
R r T _ y Ly
% E 0,07 — Jy E 0;0;
x—links y—links

» Ground state of Ho made up of ferromagnetic dimers can be
treated as effective spins.

M =
| 11>

dimers as effective spins.
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Toric Code Mapping °

Non constant elements of the fourth order effective Hamiltonian are given by

(0 HO) = 3 (V)G IVIE) (E[VID{TV]b) e

. (Bo — E;)(Fo — B )(Bo — By)- WIS

where

a #= b

p 3
£y + LR
p 1

+>° i
D
5. p 3
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Toric Code Mapping °

Non constant elements of the fourth order effective Hamiltonian are given by

(a|HO By = 3 (a|V]7) g |VI]E)(EVID{LV]b) Al

7kl (EO_Ej)(EO—Ek)(EO—EZ)’ . - 3 .

where

a # b

Jz0705 (Jz0407%)

5. =k T
& _g (4J>) (SJZ) | 4
+ ) e O
+ 2 A
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Toric Code Mapping °

Non constant elements of the fourth order effective Hamiltonian are given by

(a|HO By = 3 (a|V]7) g |VI]E)(EVID{LV]b) ot

7kl (EO_Ej)(EO—Ek)(EO—EZ)’ . - 3 .

where

a # b

o~ (20105 (Jzog05 X Jyosay)
R @Jd.) . (8J:) (4(}1)4 1

+ 2 S
p | .1 |
+ 2 P
p
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Toric Code Mapping °

Non constant elements of the fourth order effective Hamiltonian are given by

(a|HO By = 3 (a|V]7) g |VI]E)(EVID{LV]b) ot

7kl (EO T EJ)(EO o Ek)(EO — El) " . e - 5

where

a # b

H@W — Z (‘]ﬂfgfgg)(Jfofgg)(Jyagaz)(Jyg%gg)
(A1) A8 R4 by

+ 2 S
p | .1 |
+ 2 P
p
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Toric Code Mapping °

Non constant elements of the fourth order effective Hamiltonian are given by

(a|HO By = 3 (a|V]7) g |VI]E)(EVID{LV]b) ot

7kl (EO T EJ)(EO o Ek)(EO — El) " . e - 5

where

a #= b

(ngfgg)(ngigg)(Jyaggz)(Jyo'%o'g)

(s .
= ; (4J>) (8J>) (4J.) R
p
+3 " (Jzo103) Sl R 0
zp: (4J.,) . |
+Z o
p
5. p 3
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Toric Code Mapping

Non constant elements of the fourth order effective Hamiltonian are given by

(a|HO By = 3 (a|V]7) g |VI]E)(EVID{LV]b) ot

7kl (EO T EJ)(EO o Ek)(EO — El) " . e - 5

where

a # b

ngfgg)(ngZgg)(JyaggZ)(Jyg%ag)

W
FU=2 Thny ) e A

+Z(Jxaf0§)(Jya§aZ) SRt G e I
po e AdE) (4J,) . .1

£y -
p
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Toric Code Mapping

Non constant elements of the fourth order effective Hamiltonian are given by

(a|HO By = 3 (a|V]7) g |VI]E)(EVID{LV]b) ot

7kl (EO T EJ)(EO o Ek)(EO — El) " . e - 5

where

a #= b

@ _ Z (JooT 05 (Jz0y05 )\ Jy0507)(Jy010g) :
~  (4J2) (&) 2(4J,) Al
T P
+Z(Jw0102)(JyUgUZ)(JyU%U(yS) s e A £ o R
p (L) AL (&) Lb Tk
+Z g
p
0 p 3
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Toric Code Mapping °

Non constant elements of the fourth order effective Hamiltonian are given by

(a|HO By = 3 (a|V]7) g |VI]E)(EVID{LV]b) ot

7kl (EO T EJ)(EO o Ek)(EO — El) " . e - 5

where

a # b

pon _ 5~ Usot o8N SaoioE yodod)(yotod) |
~ . (AJ) . (8)) #(4J,) | Pl
e s L
+ 3 (Jo0705)(Jyo80) (Jyoiad) (Jeoios) +o - o o
p (4J,) (4J,) (4J.,) | .1
+ 38 i -
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Non constant elements of the fourth order effective Hamiltonian are given by
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Toric Code Mapping °

Non constant elements of the fourth order effective Hamiltonian are given by

(a|HO By = 3 (a|V]7) g |VI]E)(EVID{LV]b) ot

7kl (EO T EJ)(EO o Ek)(EO — El) " . e - 5
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Toric Code Mapping °

Non constant elements of the fourth order effective Hamiltonian are given by

(a|HO By = 3 (a|V]7) g |VI]E)(EVID{LV]b) ot
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Toric Code Mapping °

Non constant elements of the fourth order effective Hamiltonian are given by

(a|HO By = 3 (a|V]7) g |VI]E)(EVID{LV]b) ot

7kl (EO T EJ)(EO o Ek)(EO — El) " . e - 5

where

a # b

pon _ 5~ Usot o8N SaoioE yodod)(yotod) |
~ . (AJ) . (8)) #(4J,) | Pl
0o s .
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Toric Code N\applng

Can project each of these terms to the effective spin basis with

PloY @ 0¥] — —07, Plo* @ I| — +07,
Plo® @04 &l

The results of this projection is

Plo® @ ok |=ttigh, Plo” @ o e

L Z( 8J2J 005050 4 8J2J2010203UZ
eff 1283 64.J3
(4)

Herr o rese ZQP
where

Y y
@, =.9,0;0, 0

d=down, r=right, u=up,|=left.
T B
b &g
3
16.J7]

These operators act on the effective spins.

and

Jefie
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forth order terms in effective spin picture
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» When the lattice of effective spins can be
bicolored a suitably chosen unitary

transformation can be applied. 4
e e or
- fHeex AT
horizontal links vertical links £y O_Z : =
» When applied we get the Toric code Hamiltonian.
O_Z
/ o 4 Shl
Lrr = UHe g =12, ¢ 0 R AT S~ By)
vertices plaquettes
= T ot eile= IF %
jeboundary(p) jEstar(s)

» On a torus if the lattice cannot be bicolored we get the Wen model where the
ground state is known to be two fold degenerate.

» In the A phase on a lattice which can be bicolored a mapping can be made to the

Toric code thus in the thermodynamic limit we know that the ground state is four
fold degenerate on a forus.

Kitaev A, 2006 Ann. Phys. 321 2
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» Each configuration is labelled by two
lattice vectors. n = (i + ~/3j)/2 we see
that the configurations:

(a) (2i, 2j) and (b)(2i, 2n) contain 8 spins.

(c) (2i, 4j), (d) (4i, 2j) and (e)(4i, 2n) contain 16-
spins.

(f ) (3i, 4j) is a 24-spin system.

(g) (3i, 3n) is an 18-spin system.

(h) (4i, 4j) and (i) (4i, 4n) contain 32-spins.
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>

J
Skl




» When the effective lattice can be
bicolored the fourth order perturbative 8
term can be mapped to the Toric code 8
Hamiltonian.

» When it cannot it can be mapped to the 12
Wen model.

» This table shows for each configuration in 14
each A phase which it can be mapped to. 16

» Hw signifies Wen's model and Hk signifies 18
the Kitaev's toric code model.

Configuration Mapping

N  Configuration

k2

16

20 i,2n)
24 (2i, 6§)
24 (3, 4j)
24 (6i,2))

24

28
28

(

(

(

(

(

(

(

(
20 (51, 2j)

(5i

(

(

(

(

(

(
B304 |
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Second Order Terms

For the 8 spin (2i, 2n) configuration there exist the
second order non-constant terms given by

<CL ’H(2>|b> = Z <CL Hglojﬁjgj/‘bx

J

second order non constant terms for (2i, 2n) configuration.

H® — ——[J2(0%6% + 0%0%) + J;(agag + aiay)].

Also for any (ai, 2j) configuration in the A; phase
the second order effective system is governed by a
simple Ising spin chain Hamiltonian.

N/2
SOy Jo4
e QL]‘ oY On0n+1;
second order non constant terms for (ai, 2j) configuration. < o 1
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Third Order Terms

Third order terms are found in much the same way as

the second order terms. For (ai, 2j) configurations with
a > 2 in the Ax and Ay phases we have third order non-
constant terms as illustrated in the figure below.

(@|HOp) = (alVIj) {5 [V]E) (k [V]b)

" (D (B "B )

non-constant 3rd order terms for (ai, 2j) configurations in Ax phase (top) and Ay phase (bottom).

In all the A phases of the 18-spin (3i, 3n)
configuration there are third order non-
constant terms.

This 18-spin system is 3 X 3 plaquetftes and it
cannot be mapped fo the Toric code in any of
its A phases.

graphical representations of two of the six third-order finite size corrections
terms for the 18-spin (3i, 3n) configuration.
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Fourth Order Terms

We will now look at additional
non-constant fourth order
terms which appear in finite
sized systems. As an example
we consider the 16-spin (2i,
4j) configuration in the A,
phase.

Some different four terms sequences that non-trivially connect up the dimer basis vectors on the 16-spin (2i, 4j)
configuration lattice. Type (a) is a plaquette term Qn and is valid for all non-horizontal configurations. Types (b) and
(c) are horizontal string terms Rn and Z, respectively. Type (d) and (e) are vertical strings Yn and An respectively.
Types (f ) and (g) are vertical X, strings.

(4) J2J2 8 J2J2 4
H = —— n iy An IS = Zn Yn

2 4
5

e I Sian - FRNead
P e 2Kt Sy ) Xn)
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Numerical Case Study

» Taking a 24-spin (6i,4j) toroidal configuration in the A; phase.
» Effective Hamiltonian given by:
(4) 6
Hx is toric code Hamiltonian on effective spins “‘
(4) 33
Hpg = 5( )

J4
16‘JZ’3 with J =5 e]a; S Jy

Jefp =

» For small values of J diagonalise the full Hamiltonian
with everything raised by dividing by Jeff.

» Diagonalised effective fourth order finite size terms
and subtracted.

» Expect to be left with foric code spectrum and
sixth order effects.

» 0(M) is defined as appropriately ordered spectrum el
of operator M. 0.004  0.006 0.008  0.01

J2
O'(H) R E()
Jogt
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Avoiding Finite Size Effects

» The smallest finite configuration where
the fourth-order perturbative
expansion is equivalent to the foric
code Hamiltonian with no lower order
terms is the 36-spin (3i,6])
configuration.

» An interesting observation is that this
is also the smallest configuration
satisfying the requirement that
plaquette terms share only one
effective spin.
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Thin Torus Limit

» Model compressed in z-link direction - . - -
until only two plaquettes wide. S

» Resulting model is Quasi 1D.

g . e link
» Initial exact diagonalisation yar .

calculations were interesting. Bilats

» Can be treated more effectively . . . . .
numerically (DMRG) and analytically
(CFT).

Jz=1 0

JX=1 .0 Jy=1 .0
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Thin Torus Limit

" “gap1_6.32 ed.plot” —+— "gap1_8.52_ed.plot” ——
ith Jxx = -0,52 —¢—

There is a quantum phase transition at Jxx = 0.5, e iR |
Jyy = Jzz = 025
Xiao-Yong Feng et al , 2007 PRL 98 087204

At this critical point using DMRG (from ALPS) it
was found that the energy gap goes to zero
linearly with one over the system size.

This relation indicates that the critical point can
be described by a conformal field theory.

It was discovered that the central charge is 0.5
indicating that the critical point is described by
an Ising conformal field theory.

@—o open boundary conditions
@ —e periodic boundary conditions

Entropy S(L.)

o—o DMRG Ist gap
~—— ED Ist gap

- ED Ist zero vortex gap
+—= ED Ist 2 vortex gap
~—a ED Ist 4 vortex gap

|
0.1
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Thin Torus Limit

» Early investigations indicate that when an external magnetic field is switched
on a gap opens in the centre of the phase diagram.

Energy Gap Scaling with Field at v = Jy = 0z = 1/3

Energy Gap

8,16
8,14
8,12

8.1
8,88
8,86
B8.84
a.82
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Fendley Quantum Loop Gas Models

» Freedman loop gas models have a d = \/2
barrier.

» Prevents realization of topological phases with
k > 2 (e.g. Fibonacci anyons). ( < Tl e R ) 5 ( 1% ) ol i1
. . . < H{ARERSERN || e VRS VRl O e Sy
» Barrier can be overcome by using choosing a

different inner product. (G R 3
P Htom’c == Z WV S Z WF
» Perturbed toric code. % F
W 1 (1 Z 24 7 2, )
= Tl 0l 0} 0}
= Htoric L. UHU _V 21 V19v29v3Ovy
Wg = 5(1 P 0%10%20%3‘71@4)
4 4
Ho=3 W3 oi, + 3 Wr of,
Vv a—1 F a=1
_ Y

Can add Jones-Wenzl projectors provides SO(3), theory at arbitrary level of theory k.

d =2 cos(T1/(k+2))
A, =0

A, =1

A=d A, -4,

Annals of Physics 323 (2008) 3113
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Fendley Quan’rum Loop Gas Models
[ H ZWV+ZWF

H . HtO’I“iC fUJHu WV:§(1_U€/1UXZ/20€/SU€/4)

) 1
Wg = 5(1 i 0%10%20%30%4)

4
b ZWVZU\Z/a —I—ZWFZU%G
%4 a—1: F a=1

Gap Plot for 3 ® 4 Faces
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Numerics

» Table summarising numerical tools.

%)
IS
S =
4 apAe 2
:? % .g <2 S
¢ = e Q2
5 5 g Sl G © 9
"t @ )
(4] %) Q Q ¥y [o] %)
3 v %) > -2 "E' > - o
()] 0 o O Q
v & & 5 & 2 v Q *
Sel e Jab [ .S @RV eS| 5 [ 2] 2
< 7 7 S A 3 G i I Ot [das 9
T ] B Sile e je s s T ol & o
- R B L R e U S ey SR L
In-House Exact
Diagonalisation Code UD EXp(N) =208
ALPS Exact Diagonalisation exp(N) =70
ALPS DMRG S 80+
PEPS G g
Quantum Monte Carlo poly(N) 2
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Numerics

» Table summarising numerical tools.

=4
e
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N
£
G k7
T 7]
) %) 2 >
%] E E @)
—~— q’ Q) —
S o Jib S e
@) o ~
S e R
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hy ~ N iy Q’

%)
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2 > IS
NS ) S
) v Q
R TR
Oy S 3
— @ (@] Q
) S Q 2
3] 2y L o <
%) _B [o] c Q
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S 7] ) 07
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Numerics

» Table summarising numerical tools.
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Numerics

» Table summarising numerical tools.
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Numerics

Exact diagonalisation code has been
developed.

» The code is written in C.

» It makes use of the PETSc and
SLEPc libraries.

» It is capable of running efficiently
on massively parallel distributed
memory machines.

» Can be used for large range of spin
1/2 systems without modification.

Seventh Mini-Symposium on Topological Quantum Computation

BGP Scaling of Kitaev Honeycomb Lattice Model
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Conclusions

» Showed non-constant finite size corrections
appearing up to the order of the tforic code mapping
in Kitaev honeycomb model.

»Numerical case study demonstrates accuracy of
numerics and demonstrates how corrections can be
applied.

»Can be used to aid in understanding of fermionization
approaches. (arXiv:0903.5211)

» Interesting critical point in thin torus limit described
by Ising conformal field theory.

»Evidence of gap opening with magnetic field.
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Exact diagonalisation on Blue Gene/P

was used to verify approximate
DMRG calculations.
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Thank Youl!

Questions?
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