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Probing chiral edge dynamics and bulk topology of
a synthetic Hall system
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Raphael Lopes 1 and Sylvain Nascimbene 1 ✉
Quantum Hall systems are characterized by quantization of the
Hall conductance—a bulk property rooted in the topological
structure of the underlying quantum states1. In condensed matter devices, material imperfections hinder a direct connection
to simple topological models2,3. Artificial systems, such as photonic platforms4 or cold atomic gases5, open novel possibilities
by enabling specific probes of topology6–13 or flexible manipulation, for example using synthetic dimensions14–21. However,
the relevance of topological properties requires the notion of
a bulk, which was missing in previous works using synthetic
dimensions of limited sizes. Here, we realize a quantum Hall
system using ultracold dysprosium atoms in a two-dimensional
geometry formed by one spatial dimension and one synthetic
dimension encoded in the atomic spin J = 8. We demonstrate
that the large number of magnetic sublevels leads to distinct
bulk and edge behaviours. Furthermore, we measure the Hall
drift and reconstruct the local Chern marker, an observable
that has remained, so far, experimentally inaccessible22. In the
centre of the synthetic dimension—a bulk of 11 states out of
17—the Chern marker reaches 98(5)% of the quantized value
expected for a topological system. Our findings pave the way
towards the realization of topological many-body phases.
In two-dimensional (2D) electron gases, quantization of the Hall
conductance results from the non-trivial topological structuring of
the quantum states of an electron band. For an infinite system, this
topological character is described by the Chern number C, a global
invariant taking a non-zero integer value that is robust to relatively
weak disorder1. In a real finite-sized system, the non-trivial topology further leads to in-gap excitations delocalized over the edges,
characterized by unidirectional motion exempt from backscattering3. Such protected edge modes, together with their generalization
to topological insulators, topological superconductors or fractional
quantum Hall states23,24, lie at the heart of possible applications in
spintronics25 or quantum computing26.
In electronic quantum Hall systems, the topology manifests itself
via the spectacular robustness of the Hall conductance quantization to finite-size or disorder effects27. Nonetheless, such perturbations typically lead to conducting stripes surrounding insulating
domains of localized electrons, making the comparison with simple defect-free models challenging. In topological insulators or
fractional quantum Hall systems, topological properties are more
fragile, and can only be revealed in very clean samples23,24. Recent
experiments with topological quantum systems in photonic or
atomic platforms5,28 have created new possibilities, from the realization of emblematic models of topological matter6,29,30 to the
application of well-controlled edge and disorder potentials. In such

systems, internal degrees of freedom can be used to simulate a synthetic dimension of finite size with sharp-edge effects14–21. Encoding
a synthetic dimension in the time domain can also give access to
higher-dimensional physics31,32.
In this work, we engineer a topological system with ultracold
bosonic 162Dy atoms based on coherent light-induced couplings
between an atom’s motion and the electronic spin J = 8, with relevant
dynamics along two dimensions—one spatial dimension and a synthetic dimension encoded in the discrete set of 2J + 1 = 17 magnetic
sublevels. These couplings give rise to an artificial magnetic field,
such that our system realizes an analogue of a quantum Hall ribbon.
In the lowest band, we characterize the dispersionless bulk modes,
where motion is inhibited due to a flattened energy band, and edge
states, where the particles are free to move in one direction only.
We also study elementary excitations to higher bands, which take
the form of cyclotron and skipping orbits. We furthermore measure
the Hall drift induced by an external force, and infer the local Hall
response of the band via the local Chern marker, which quantifies
topological order in real space22. Our experiments show that the
synthetic dimension is large enough to allow for a meaningful bulk
with robust topological properties. Numerical simulations of interacting bosons moreover show that our system can host quantum
many-body systems with non-trivial topology, such as mean-field
Abrikosov vortex lattices or fractional quantum Hall states.
The atom dynamics is induced by two-photon optical transitions
involving counter-propagating laser beams along x (Fig. 1a), and
coupling of successive magnetic sublevels m (refs. 33,34). Here, the integer m (−J ≤ m ≤ J) quantifies the spin projection along the direction
z of an external magnetic field. The spin coupling amplitudes then
inherit the complex phase Kx of the interference between both lasers,
where K = 4π/λ and λ = 626.1 nm is the light wavelength (Fig. 1b).
Given the Clebsch–Gordan algebra of atom–light interactions for
the dominant optical transition, the atom dynamics is described by
the Hamiltonian


^ ¼ 1 M^v2 � ℏΩ e�iK^x^J þ þ eiK^x^J � þ Vð^J z Þ
H
2
2

ð1Þ

where M is the atom mass, ^v is its velocity and ^J z and ^J ± are the spin
I
projection and ladder operators. The coupling IΩ is proportional
to
2

both laser electric fields, and the potential Vð^J z Þ ¼ �ℏΩ^J z =ð2J þ 3Þ
I (see Methods and
stems from rank-2 tensor light shifts
Supplementary Information).
A light-induced spin transition m → m + 1 is accompanied by
a momentum kick −prec ≡ −ħK along x, such that the canonical
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Fig. 1 | Synthetic Hall system. a, Laser configuration used to couple the magnetic sublevels m of a 162Dy atom (with −J ≤ m ≤ J and J = 8; only a few m
values are represented). b, Interpreting the spin projection as a synthetic dimension, the system is mapped to a 2D ribbon of finite width. The photon recoil
prec = ħK imparted on a spin transition leads to complex-valued hopping amplitudes along m, equivalent to the Aharonov–Bohm phase of a charged particle
evolving in a magnetic field. The blue area represents a magnetic unit cell pierced by one flux quantum ϕ0. c, Dispersion relation describing the quantum
level structure for ħΩ = Erec, with flattened energy bands reminiscent of Landau levels. d, The lowest energy band is explored by applying an external force.
We probe the velocity and magnetic projection distributions by imaging the atomic gas after an expansion under a magnetic field gradient. We find three
types of behaviour: free motion with negative (positive) velocity on the bottom edge m = −J (top edge m = J) and zero average velocity in the bulk. Each
panel corresponds to a single-shot image.

momentum ^p ¼ M^v þ prec^J z is a conserved quantity. After a uni^ ¼ expðiK^x^J z Þ, the
tary transformation
defined by the operator U
I
I
Hamiltonian (1) can be rewritten, for a given momentum
p, as
^ 2
^ p ¼ ðp � prec J z Þ � ℏΩ^J x þ Vð^J z Þ
H
2M

ð2Þ

We can make an analogy between this Hamiltonian and the ideal
Landau one, given by
2
ð^px � eB^y2 Þ ^py
^
H Landau ¼
þ
2M
2M

ð3Þ

which describes the dynamics of an electron of charge –e evolving in the x–y plane under a perpendicular magnetic field B. The
analogy between the two systems can be made upon the identifications ^J z $ ^y and prec ↔ eB. The term ^J x in equation (2) plays the
I
role of Ithe kinetic energy along the synthetic
dimension, because it
couples neighbouring m levels with real positive coefficients, similarly to the discrete form of the Laplacian operator / ^p2y in equation (3) (see Supplementary Information). The rangeI of magnetic
projections being limited, our system maps onto a Hall system in a
ribbon geometry bounded by the edge states m = ±J. The relevance
of the analogy is confirmed by the structure of energy bands En(p)
expected for the Hamiltonian (2) describing our system, shown
in Fig. 1c. The energy dispersion of the first few bands is strongly
reduced for ∣p| ≲ Jprec, reminiscent of dispersionless Landau levels. A
parabolic dispersion is recovered for ∣p∣ ≳ Jprec, similar to the ballistic edge modes of a quantum Hall ribbon3. The flatness of the lowest
energy band, for ħΩ ≈ Erec, results from the compensation of two

dispersive effects, namely the variation of ^J x matrix elements and
I
the extra term, Vð^J z Þ (see Supplementary Information).
I
We first characterize
the ground band using quantum states
of arbitrary values of momentum p. We begin with an atomic
gas spin-polarized in m = −J, and with a negative mean velocity
h^vi ¼ �6:5ð1Þvrec (with vrec ≡ prec/M), such that it corresponds to the
I
ground
state of equation (2) with p = −14.5(1)prec. The gas temperature T = 0.55(6) μK is such that the thermal velocity broadening is
smaller than the recoil velocity vrec. We then slowly increase the light
intensity up to a coupling ħΩ = 1.02(6)Erec, where Erec  p2rec =ð2MÞ
is the natural energy scale in our system. Subsequently,
we apply a
I
weak force Fx along x, such that the state adiabatically evolves in the
ground energy band with p_ ¼ F x , until the desired momentum is
reached (see Methods). WeImeasure the distribution of velocity v
and spin projection m by imaging the atomic gas after a free flight
in the presence of a magnetic field gradient.
The main features of Landau level physics are visible in the raw
images shown in Fig. 1d. Depending on the momentum p, the system exhibits three types of behaviour. (1) When spin-polarized in
m = −J, the atoms move with a negative mean velocity h^vi, consistent
with a left-moving edge mode. (2) When the velocityI approaches
zero under the action of the force Fx, the system experiences a series
of resonant transitions to higher m sublevels—in other words a
transverse Hall drift along the synthetic dimension. In this regime
the atom’s motion is inhibited along x, as expected for a quasi
non-dispersive band. (3) Once the edge m = J is reached, the velocity h^vi rises again, corresponding to a right-moving edge mode.
I while exploring the entire ground band under the action
Overall,
of a force along x, the atoms are pumped from one edge to the other
along the synthetic dimension.
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Fig. 2 | Ground band characterization. a, Spin projection distribution Πm as a function of momentum p, with the mean spin projection h^Jz i (grey dots) and
I
the theoretical prediction (p − M∂pE0)/prec (red line). b, Velocity distribution, together with the mean velocity h^vi (grey dots) and the expected
value, given
I
by the derivative of the band dispersion ∂pE0 (red line). c, Local density of states obtained by integrating the measured distributions in (v, m) space over all
momenta. All error bars are the 1 − σ s.d. of typically five measurement repetitions.
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To distinguish between bulk and edge modes, Fig. 2a shows the
spin projection probabilities Πm as a function of momentum p. We
find that the edge probabilities Πm = ±J exceed 1/2 for ∣p∣ > 8.0(1)prec,
defining the edge mode sectors—with the bulk modes in between.
We study the system dynamics via its velocity distribution and
mean velocity h^vi, shown in Fig. 2b. We observe that the velocity of
I
bulk modes remains
close to zero, which shows via the Hellmann–
Feynman relation h^vi ¼ ∂E0 =∂p that the ground band is almost flat.
I
The measured residual
mean velocities allow us to infer a dispk�pk
¼ 1:2ð5Þ Erec in the bulk mode region—nearly
persion ΔE0
2% of theIfree-particle dispersion expected over the same range of
momenta. By contrast, edge modes are characterized by a velocity
h^vi ’ ðp � p0 Þ=M, corresponding to ballistic motion, albeit with
the
I restriction h^vi<0 for edge modes close to m = −J and h^vi>0 at
I We also characterize correlations between
I velocthe opposite edge.
ity v and spin projection m over the full band, via the local density of
states (LDOS) in (v, m) space, integrated over p. We stress here that
the LDOS only involves gauge-independent quantities and could
thus be generalized to more complex geometries lacking translational invariance. As shown in Fig. 2c, it also reveals characteristic
quantum Hall behaviour, namely inhibited dynamics in the bulk
and chiral motion on the edges.
The ideal Landau level structure of a charged particle evolving
in two dimensions in a transverse magnetic field is characterized
by a harmonic energy spacing ħωc, set by the cyclotron frequency
ωc = eB/M. We test this behaviour in our system by studying elementary excitations above the ground band, via the trajectories of
the centre of mass following a velocity kick vkick ≃ vrec. To access the
real-space position of the atoms, we numerically integrate their
centre-of-mass velocity evolution (see Methods). As shown in Fig. 3
(blue dots), we measure almost closed trajectories in the bulk, consistent with the periodic cyclotron orbits expected for an infinite
Hall system. We checked that this behaviour remains valid for larger
excitation strengths, until one couples to highly dispersive excited
bands (for velocity kicks vkick ≳ 2vrec, see Methods). Close to the
edges, the atoms experience an additional drift and their trajectories are similar to classical skipping orbits bouncing on a hard wall.
In particular, the drift orientation only depends on the considered
edge, irrespective of the kick direction. We report in the inset of
Fig. 3 the frequencies of velocity oscillations, which agree well with
the expected cyclotron gap to the first excited band. We find that the
gap is almost uniform within the bulk mode sector, with a residual
variation in the range ωc = 3.0(1)–3.8(1)Erec/ħ.
We now investigate the key feature of Landau levels, namely
their quantized Hall response, which is intrinsically related to their
topological nature. In a ribbon geometry, the Hall response of a
particle corresponds to the transverse velocity acquired upon applying a potential difference across the edges (Fig. 4a). In our system,
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Fig. 3 | Cyclotron and skipping orbits. Trajectories in (x, m) space following
a velocity kick vkick ≃ vrec, starting at h^xi ¼ 0, and for different initial
I
momentum states (blue dots). The colour
encodes the time evolution.
Inset: frequencies extracted from the velocity dynamics (blue dots) and
compared with the expected cyclotron gap for ħΩ = Erec (blue line). Error
bars show the 1 − σ statistical uncertainty calculated from a bootstrap
sampling analysis performed on more than 100 pictures.

such a potential corresponds to a Zeeman term F m^J z added to
I
Hamiltonian (2), which can now be recast as
^ p � F m^J z ¼ H
^ pþMv0 � v0 p
H

with

v0 ¼ F m =prec

such that the force acts as a momentum shift Mv0 in the reference
frame with velocity v0. In the weak force limit, Ithe perturbed state
remains in the groundI band, and its mean velocity reads
h^vi ¼ h^viF m ¼0 � μF m ;

where

μ¼

1 ∂
ðp � Mh^viÞ
prec ∂p

is the Hall mobility. This expression shows that the Hall response
to a weak force can be related to the variation of the mean velocity
within the ground band, which we show in Fig. 2b. In practice, the
velocity derivative at momentum p is evaluated using momentum
states in the domain (p − prec, p + prec), corresponding to an evaluation of the Hall drift under a force −2Erec/ℓ < Fm < 2Erec/ℓ, where
ℓ = 1 is the unit length along the synthetic dimension. We present in Fig. 4b the Hall mobility μ(p) deduced from this procedure.
For bulk modes, it remains close to the value μ = 1/prec, which corresponds to the classical mobility μ = 1/(eB) in the equivalent Hall
system. The mobility decreases in the edge mode sector, as expected
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for topologically protected boundary states whose ballistic motion
is undisturbed by the magnetic field.
We use the measured drift of individual quantum states to infer
the overall Hall response of the ground band. As for any spatially
limited sample, our system does not exhibit a gap in the energy spectrum due to the edge mode dispersion. In particular, high-energy
edge modes of the ground band are expected to resonantly hybridize with excited bands upon disorder, such that defining the Hall
response of the entire ground band is not physically meaningful.
We thus only consider the energy branch E < E*, where E* lies in
the middle of the first gap at zero momentum (see Methods). We
characterize the (inhomogeneous) Hall response of this branch via
the local Chern marker
Z
^
^ xP;
^ P
^^J z Pjmi
¼
CðmÞ  2πImhmj½P^
dp Π m ðpÞμðpÞ
EðpÞ < E

^ projects on the chosen branch22,35. This local geometrical
where P
marker quantifies the adiabatic transverse response in position
space and matches the integer Chern number C in the bulk of a large,
defect-free system. Here, it is given by the integrated mobility μ(p),
weighted by the spin projection probability Πm(p) (see Methods).
As shown in Fig. 4c, we identify a plateau in the range −5 ≤ m ≤ 5.
There, the average value of the Chern marker, C ¼ 0:98ð5Þ, is
consistent with the integer value C ¼ 1, the Chern Inumber of an
I
infinite Landau level. This measurement
shows that our system is
large enough to reproduce a topological Hall response in its bulk.
For positions ∣m∣ ≥ 6, we measure a decrease of the Chern marker,
which we attribute to non-negligible correlations with the edges.
Such a topological bulk is a prerequisite for the realization of
emblematic phases of 2D quantum Hall systems, as we now confirm via numerical simulations of interacting quantum many-body
systems. In our system, collisions between atoms a priori occur
when they are located at the same position x, irrespective of their
spin projections m, m0, leading to highly anisotropic interactions.
Although this featureI leads to an interesting phenomenology36, we
propose to control the interaction range by spatially separating the
different m states using a magnetic field gradient, suppressing both
contact and dipole–dipole interactions for m≠m0, as illustrated in
I
Fig. 5a (see Methods and Supplementary Information).
The system
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Fig. 5 | Simulations of topological many-body systems. a, Proposed
scheme to engineer contact interactions along both directions x and
m. A magnetic field gradient spatially separates the different m states
along z, such that collisions (represented by the red ellipses) only occur
for atoms in the same magnetic sublevel m. b, Density distribution of a
Bose–Einstein condensate, with a chemical potential at ~2Erec above the
single-particle ground-state energy. c, Many-body spectrum of a system
of N = 5 interacting atoms, where the colour encodes the interaction
energy. We use periodic boundary conditions along x, with a circumference
L = 0.6(λ/2) allowing for Norb = 9 orbitals at low energy, compatible with
the Laughlin state. The residual energy dispersion between these orbitals is
minimized by using a coupling strength Ω = 0.5Erec/ħ.

then becomes truly 2D and closely related to the seminal work of
ref. 33, albeit with a discrete spatial dimension with sharp walls. In the
following, we discuss the many-body phases expected for bosonic
atoms with such short-range interactions, assuming, for simplicity,
repulsive interactions of equal strength for each projection m.
We first consider the case of a large filling fraction ν ≡ Nat/Nϕ ≫ 1,
where Nϕ is the number of magnetic flux quanta in the area occupied by Nat atoms, as realized in previous experiments on rapidly
rotating gases37,38. In this regime and at low temperature, the system
forms a Bose–Einstein condensate that spontaneously breaks translational symmetry, leading to a triangular Abrikosov lattice of quantum vortices (Fig. 5b). Owing to the hard-wall boundary along m,
one expects phase transitions between vortex lattice configurations
when tuning the coupling strength Ω and the chemical potential,
similar to the phenomenology of type-II superconductors in confined geometries39 (see Methods).
For lower filling fractions ν ≈ 1, one expects strongly correlated
ground states analogous to fractional quantum Hall states40. We present in Fig. 5c a numerical calculation of the many-body spectrum
for Nat = 5 atoms with periodic boundary conditions along x, corresponding to a cylinder geometry. We choose the circumference such
that the number of orbitals Norb = 9 in the bulk region of the lowest
band matches the number Norb = 2Nat − 1 required to construct the
Laughlin wavefunction. For contact interactions parametrized by a
Haldane pseudopotential of amplitude U = Erec, we numerically find
a ground state separated by an energy gap Egap ≃ 0.23Erec = kB × 140 nK
from the rest of the excitations. It also exhibits a very small interaction energy Eint, indicating anti-bunching between atoms, which is a
hallmark of the Laughlin state.
The realization of a quantum-Hall system based on a large synthetic dimension, as discussed here, is a promising setting for future
realizations of topological quantum matter. An important asset
Nature Physics | www.nature.com/naturephysics
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of our set-up is the large cyclotron energy, measured in the range
ħωc ≃ kB × 1.8 − 2.3 μK, much larger than the typical temperatures of
quantum degenerate gases, thus enabling the realization of strongly
correlated states at realistic temperatures. The techniques developed
here could give access to complex correlation effects, such as flux
attachment via cyclotron orbits41 or charge fractionalization via adiabatic pumping42 or the centre-of-mass Hall response43. Our protocol could also be extended to fermionic isotopes of dysprosium,
with a synthetic dimension given by the hyperfine spin of the lowest
energy state, F = 21/2 for 161Dy, leading to an even larger bulk. At
low temperature and unit filling of the ground band, the Fermi sea
would exhibit an almost quantized Hall response akin to the integer
quantum Hall effect.
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Details on the experimental protocol. Our experiments began by preparing an
ultracold gas of 8(2) × 104 162Dy atoms at a temperature T = 0.55(6) μK, which
was then held in an almost symmetrical optical dipole trap with frequency
 ¼ 2π ´ 150 Hz, leading to a peak density of n0 ≈ 1013 cm−3. The atoms were placed
ω
inI a magnetic field B = 172(2) mG along the z axis, corresponding to a Zeeman
splitting of frequency ωZ = 2π × 298(3) kHz, with the electronic spin polarized in
the absolute ground state m = −J. We then turned off the trap and turned on the
two laser beams shown in Fig. 1, which differed in frequency by ω12 = ω1 − ω2.
When ω12 was close to the Zeeman splitting ωZ, a spin transition m → m + 1
occurred via the absorption of one photon from beam 1 and the stimulated
emission of one photon in beam 2. In such processes and in the absence of
additional external forces, the canonical momentum ^p ¼ M^v þ _K^J z is conserved.
I
The laser beam frequencies were set close to the optical
transition at 626.1 nm,
which couples the electronic ground state J = 8 to an excited level J 0 ¼ 9. The
beams were detuned by Δ = 2π × 22 GHz with respect to resonance Iand were
linearly polarized along orthogonal directions, each being at 45° with respect
to the z axis. The algebra of the Clebsch–Gordan coefficients of J ! J 0 ¼ J þ 1
transitions led to Hamiltonian (2) at resonance (ω12 = ωZ), with I
pﬃﬃﬃﬃﬃﬃﬃﬃ
2J þ 3
3πc2 Γ I 1 I 2
Ω¼
V0; V0 ¼
3
Δ
4ðJ þ 1Þð2J þ 1Þ
2ω0
where I1,2 are the laser intensities on the atoms, Γ ≃ 2π × 135 kHz is the transition
linewidth and ω0 is its resonant frequency. The value of the coupling Ω was
calibrated using an independent method and remained constant over the
experimental sequence because the waists of both laser beams were much larger
than the region of atomic motion. The Larmor frequency ωZ was calibrated from
the resonance of the Raman transition between m = −8 and m = −7.
The non-resonant case (ω12 ≠ ωZ) can be reduced to the resonant case in a
reference frame moving at a velocity vframe = (ωZ − ω12)/K. Note that the required
change of frame means that fluctuations of ωZ contribute to the uncertainties of
the measured velocities. We first slowly increased the intensity up to a coupling
ħΩ = 1.02(6)Erec, where Erec  p2rec =ð2MÞ, and then applied an external force Fx
on the system via the inertial
force resulting from a time-dependent frequency
I
difference, with Fx = (M/K)∂tω12. The preparation of a state in the lowest band
with a given momentum p was performed by adiabatically ramping the frequency
difference to a final value


p
Erec
ω12 ¼ ωZ þ 2
þJ
ð4Þ
_
prec
We used the relation (4) to define, from the final frequency difference ω12, the
quasi-momentum p parametrizing the experimental data. We used a constant ramp
rate ∂t ω12 ’ 0:22 ω2c;min , where ωc;min ’ 3:06 Erec =ℏ is the minimum cyclotron
I energy bands for Ω = Erec/ħ. Depending on
frequency
separating the two lowest
I
the target p state, the preparation took between 150 μs and 550 μs. Shot-to-shot
fluctuations of the ambient magnetic field induce fluctuations of the Zeeman
frequency splitting, hence an error in the value of the prepared momentum p. As
shown in Extended Data Fig. 1, the measured error in momentum remains small
compared to the recoil momentum prec, and its root mean square (r.m.s.) deviation
Δp ≃ 0.06prec is compatible with the magnetic field fluctuations σB = 0.7 mG
measured independently.
We numerically checked the adiabaticity of the state preparation protocol.
While preparing m = +J, which requires crossing all momentum states, the squared
overlap with the ground band remains greater than 0.96 and the deviation of the
mean spin projection h^J z i from the corresponding ground state value is always
I deviations occur near m ≃ ±7, where the energy gap
less than 0.08. The largest
to the first excited band is the smallest. This behaviour is consistent with our
measurements, showing that the adiabatic transfer to m = J after exploring the
entire band is above 97%.
At the end of the experiment, we probed the velocity and spin projection
distributions. For this, we abruptly switched off the Raman lasers and subsequently
ramped up an inhomogeneous magnetic field that split the different magnetic
sublevels along z. After a 4-ms expansion, we took a resonant absorption picture.
The measured atom density was split along z according to the magnetic projection
m, and the density along x corresponds to the distribution of velocity v (ωttof ≈ 4).
Our imaging set-up was such that the 17 magnetic sublevels had different
cross-sections. We calibrated the relative cross-sections such that the calculated
atom number remained constant for all momentum states, irrespective of their spin
composition.
Cyclotron orbits. To probe the excitations of the system we performed a velocity
quench, which couples the lowest Landau level to the next higher energy band.
The system then responds periodically with a frequency set by the energy
difference between the two bands, which for the case of an ideal Hall system
would correspond to the cyclotron frequency ωc. Experimentally, we performed
the velocity kick by quenching the detuning ω12, which in practice settles to a
steady value after 4 μs. We show in Extended Data Fig. 2a,b an example of coherent
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oscillations of both magnetization and velocity. We computed the response of the
system in real space, x, via a numerical integration of the velocity evolution as
shown in Extended Data Fig. 2c. The uncertainty on the Larmor frequency leads to
a systematic error on the velocity on the order of 0.1vrec, consistent with the small
drift of some cyclotron orbits in the bulk.
The response of the system was probed after a velocity kick vkick ≈ vrec. This
kick ensures a negligible overlap with the second excited band (smaller than
4%). Although, in an ideal Hall system, all bulk excitations evolve periodically
at the cyclotron frequency ωc = qB/M due to the harmonic spacing of successive
Landau levels, this is not exactly the case in our system. We tested this behaviour
by varying the strength of the excitation, which relates to the magnitude of the
velocity kick. As shown in Extended Data Fig. 2d, we find that the trajectories
cease to be closed and start to drift along the kick direction as the excitation
strength exceeds 1.5vrec (Extended Data Fig. 2f). This regime corresponds to the
onset of a significant population of higher energy bands n ≥ 2, which illustrates the
non-harmonic spectrum of our system.
It is important to note that the excitation protocol described so far is inefficient
for large values of p, where the energy gap is much larger. In that regime, a quench
of the coupling amplitude Ω leads to a more efficient overlap with higher energy
bands. This is shown in Extended Data Fig. 2e, for the case of a sudden branching
of the coupling strength to ħΩ = Erec. The system initially at p = −Jprec is then
effectively coupled to higher energy bands and the bouncing on the hard wall
characteristic of classical skipping orbits is clearly visible.
Transverse drift in a Hall system. Our system is analogous to a Hall system in a
ribbon geometry (see Supplementary Information for a discussion in the case of a
disk geometry). To understand the role of a sharp edge on the physical quantities
measured in the main text, we consider an electronic Hall system in a semi-infinite
geometry, described by the Landau Hamiltonian (3), written as
^ ¼
H

^
p2y
2M

1
2
px ‘2 =ℏÞ
þ Mω2c ð^y � ^
2

with a hard-wall restricting motion to the half-plane y > 0. Here,
we introduce the
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cyclotron frequency ωc = eB/M and the magnetic length ‘ ¼ _=eB, assuming a
magnetic field B along z.
I
We first consider semiclassical trajectories in the absence of external forces,
which are either closed cyclotron orbits or skipping orbits bouncing on the
edge, parametrized by the rebound angle θ (Extended Data Fig. 3a). Applying a
perturbative force F along y leads to a drift of cyclotron orbits of velocity vd = −F/eB
along x, corresponding to a Hall mobility μ = 1/eB. For skipping orbits, the Hall
drift can be expressed analytically as
"

 #
1
sin θ 2
ð5Þ
μ¼
1�
eB
θ
The factor of reduction compared to cyclotron orbits, plotted in Extended Data
Fig. 3a, smoothly interpolates between 1 for almost closed orbits (θ → π) and 0 for
almost straight orbits (θ → 0). This behaviour provides a simple explanation of the
reduced Hall mobility of edge modes (Fig. 4b).
We extend this reasoning to the quantum dynamics in the lowest energy band.
In a semi-infinite geometry, the eigenstates of Hamiltonian (5) can be indexed by
the momentum p along x, and are expressed as44
ψ p ðx; yÞ ¼

eipx=ℏ
ﬃﬃﬃﬃﬃ ϕp ðyÞ
p
2π_

/ DϵðpÞ�1=2

ϕp ðyÞ

pﬃﬃﬃ

2ðy � p‘2 =ℏÞ=‘

ð6Þ

where Dν(z) is the parabolic cylinder function and ϵ(p) = E0p
(p)/ħω
c is the reduced
ﬃﬃﬃ
energy determined by the boundary condition DϵðpÞ�1=2 ð� 2p‘=ℏÞ ¼ 0 (Extended
Data Fig. 3b). By summing over all momentum states
of the ground band, we
I
compute the local density of state in (vx, y) coordinates plotted in Extended Data
Fig. 3d. Far from the edge y ≫ ℓ, the velocity distribution is a Gaussian centred on
vx = 0, of r.m.s. width δvx = ħ/(Mℓ). The distribution is shifted to negative velocities
when approaching the edge y = 0, as expected for chiral edge modes.
We now consider the Hall response of the system by studying the perturbative
action of a force F along y, described by the Hamiltonian
2

^ 0p ¼ ^py þ 1 Mω2c ð^y � p‘2 =ℏÞ2 � F^y
H
2
2M

2
2
^
p2
F
¼ 2My þ 12 Mω2c ^y � p‘ℏ � Mω
þ EðpÞ
2
c

pF
F
EðpÞ ¼ � Mω
� 2Mω
2
c
2

c

^ pþF=ωc , with an additional energy
^ 0p as H
We identify the perturbed Hamiltonian H
shift EðpÞ. Assuming the system to remain
I ground band, the group velocity
I in the
I
of a localized
wavepacket becomes
vi0 ¼ v0 ðp þ F=ωc Þ �
h^

F
;
Mωc

v0 ðpÞ ¼

dE0 ðpÞ
dp
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Assuming a small force, we expand the velocity as h^vi0 ¼ v0 ðpÞ � μðpÞF, with
I
the mobility


1
dv0
μðpÞ ¼
1�M
dp
eB

considered here, and h^J z i0 is the unperturbed magnetization. Its expression is
I
given by

This formula is analogous to the expression for the Hall mobility in our synthetic
system. As shown in Extended Data Fig. 3c, it is close to the classical Hall drift in
an infinite plane in the bulk mode region p ≳ ħ/ℓ, while it decreases towards zero in
the edge mode region p < 0.
The overall response of an energy branch in the ground band can be obtained
by summing the drifts of all populated eigenstates, such that the centre of mass
drift reads
Z
hvðtÞi0 ¼ hvðtÞi0 � F dp nðpÞμðpÞ

where we used F x ¼ p_ and the fact that h^J z i0 is time-independent. The expression
^
p ¼ M^v þ prec^J zIallows us to recover the Irelation μmx = −μxm between the two
transverse
mobilities.
I
We show in Extended Data Fig. 4b,c the measurements of both mobilities as a
function of p, and find good agreement between them. We also present in Extended
Data Fig. 4d the local Chern markers computed using the data of each mobility.
In the main text, the Chern marker is evaluated over a branch of the ground band,
below an energy threshold shown in Extended Data Fig. 4a (at half the cyclotron gap
at p = 0). We also show the Chern marker computed using all momentum states (grey
points). Compared to the restricted branch, we only find a discrepancy on the edges
of the ribbon. In the region −5 ≤ m ≤ 5, the values are nearly identical, showing that
the bulk topological response is insensitive to the momentum cutoff.
We also evaluate theoretically the effect of disorder on the Chern marker. For
this, we consider a finite-sized system of length L = 5λ/2, with periodic boundary
conditions along x, and discretized on a grid (xn = nδx, m) of spacing δx = λ/40.
The atom dynamics is described by Hamiltonian (2) with an additional disorder
potential, taken as a random energy at each site (xn, m) drawn according to a
normal distribution of r.m.s. Δ. We calculate the energy spectrum and the local
^ projects on the eigenstates of energy
Chern marker using the equation (8), where P
E < E*, where E* = ħωc is the middle of the bulk gap. We show in Extended Data
Fig. 5a an example of Chern marker distribution in the region ∣xn∣ < λ/2 for a
disorder strength Δ = Erec. We define a coarse-grained average at the centre of the
synthetic dimension as

μmx ¼ �

where we assume the normalization ∫dp n(p) = 1 for the occupation number n(p).
We consider a uniform occupation of the lowest energy band, restricted to the
energy branch E0(p) < ħωc, that is, in the middle of the bulk gap to the first excited
band in the bulk. This condition corresponds to momentum states p > p* ≃ 0.54ħ/ℓ
of the ground band. Assuming an upper momentum cutoff p0 in the bulk region,
I
we obtain the Hall drift


0
F
v0 ðp Þ � v0 ðp Þ
hvðtÞi0 ¼ hvðtÞi0 �
1�M
0

eB
p �p
As long as p0  _=‘, the second term can be neglected, and one recovers the Hall
I
drift of a topological
band of Chern number C ¼ 1.
We finally consider the local Hall responseI in the ground band, quantified by
the local Chern marker22
^ xP;
^ P^
^ yPjx;
^
Cðx; yÞ ¼ 2πImhx; yj½P^
yi
^ projects on the considered branch of states and jx; yi are localized in (x,
where P
I
y). The calculation of the Chern marker starts by decomposing
position states into
momentum states, as
Z

2
Cðx; yÞ ¼ Im
dp dq eiðp�qÞx=ℏ ϕp ðyÞϕq ðyÞ~cðp; qÞ
ℏ
^ yjψ q i, which can be evaluated using the explicit form of
where ~cðp; qÞ  hψ p j^xP^
equation
I (6) for momentum states as
~cðp; qÞ ¼ iℏ hyiq hϕp jϕq iδ0 ðp � qÞ

where 〈y〉q is the mean y position in the wavefunction ϕq. Using the general formula
Z
Z
∂v f ðu; vÞ � ∂u f ðu; vÞ
du dv f ðu; vÞδ0 ðu � vÞ ¼ du dv
δðu � vÞ
2
we obtain the expression for the Chern marker
Z
dhyip
Cðx; yÞ ¼ dp jϕp ðyÞj2
dp
The relation p = Mv0 + qB〈y〉p then leads to
Z
Cðx; yÞ ¼ dp jϕp ðyÞj2 μðpÞ

ð7Þ

a relation analogous to the local Chern marker expression for our synthetic Hall
system. We show in Extended Data Fig. 3e the Chern marker calculated for an
energy branch E(p) < ℏω, which is close to 1 for y ≳ ℓ, and decreases towards zero
when approaching the edge y = 0, similarly to the decrease of the Chern marker
close to the edges shown in Fig. 4c.
Local Chern marker in synthetic dimension. In the synthetic Hall system, the
expression of the local Chern marker reads
^
^^J z Pjx;
^ xP;
^ P
mi
Cðx; mÞ ¼ 2πImhx; mj½P^

ð8Þ

Translation invariance along x ensures that the Chern marker only depends on the
coordinate m. In the main text, the notation jmi refers to an arbitrary jx; mi state,
I of the Chern marker C(m)
I = ∫dp
the choice of x being irrelevant. The derivation
Πm(p)μ(p) is obtained following the same procedure as for a standard Hall system,
discussed above. So far, we have only considered one component μxm of the mobility
tensor—the one that measures the drift along x resulting from a force along m. One
can also consider the other component, which quantifies the magnetization drift
dh^J z i=dt that results from a force Fx along x. In a linear response, it is defined as
h^IJ z i ¼ h^J z i0 � μmx ðpÞF x t, where μmx explicitly designates the mobility component
I
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d dh^J z i
dh^J z iðpÞ
¼�
dF x dt
dp


Cðm
¼ 0Þ ¼ hCðxn ; m ¼ 0Þijxn j < λ=4

¼ 0Þ with the disorder
We show in Extended Data Fig. 5b the variation of Cðm
I each value of Δ. We find
strength Δ, averaged over 100 disorder realizations for
that the central Chern marker is almost unchanged for disorder strengths Δ ≲ 2Erec,
demonstrating the robustness of the Chern marker in the bulk of the sample.

Abrikosov vortex lattices. The role of interactions in the ground band is assumed
to be governed by a single parameter g, which describes contact interactions
in both the real and synthetic dimensions (see Supplementary Information).
We consider a gas of bosonic atoms with high filling fractions, for which the
many-body ground state is well captured by mean-field theory. The system is
described by a spinor classical field (ψm(x)) (with −J ≤ m ≤ J), whose dynamics is
governed by the Gross–Pitaevskii equation
 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
JðJ þ 1Þ � mðm þ 1Þ
ℏ2
iℏψ_ m ¼ 2M
ði∂x þ KmÞ2 ψ m � ℏΩ
ψ m�1
2

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
JðJ þ 1Þ � mðm � 1Þ
ψ mþ1 þ 2Jmþ 3 ψ m þ gjψ m j2 ψ m
þ
2
From the phenomenology of Abrikosov vortex lattices, we expect the ground
state to break translational invariance along the real dimension, with an unknown
periodicity L0. To find L0, we numerically calculate the ground state on a cylinder
of circumference L, corresponding to periodic boundary conditions along the real
dimension, by evolving the Gross–Pitaevskii equation in imaginary time. We find
that the ground-state energy is minimized for a set of circumferences L, integer
multiples of a length that we identify as L0.
The thermodynamic properties are determined by the coupling Ω and the
interaction energy scale g〈n〉, where 〈n〉 is the mean atom density, or equivalently
by the chemical potential μchem. Here we explore situations in which the chemical
potential lies in the gap between the lowest Landau level and the first excited band
(Extended Data Fig. 6b).
For large enough interactions, we always find ground-state configurations in the
shape of Abrikosov triangular vortex lattices, such as the ones presented in the main
text (Fig. 5). We give in Extended Data Fig. 6a,b another example of such a ground
state, represented here by both the density profile and the phase associated to the
wavefunction. Around each local minimum of the density, the phase profile is
reminiscent of the phase winding of a quantum vortex in a continuous 2D system.
The hard walls in the synthetic dimension have a strong impact on the vortex
lattice geometry. We distinguish the different configurations by counting the
number of vortex lines along x. For example, in Extended Data Fig. 6a we identify
a configuration made of three vortex lines. The phase diagram, shown in Extended
Data Fig. 6c, shows a large variety of vortex configurations. Typically, the distance
between lines is set by the magnetic length ℓm in the synthetic dimension. The
reduction of the number of vortex lines with Ω is thus explained by the increase
of ℓm. Similarly to type-II superconductors in a confined geometry, the different
vortex configurations are separated by first-order transition lines.
The observation of such vortex lattices demands a high-resolution in situ
imaging resolved in m space. However, the spontaneous breaking of translational
symmetry can be revealed in the momentum distribution—accessible in standard

Letters

Nature Physics

time-of-flight experiments—via the occurrence of Bragg diffraction peaks at
multiples of the momentum p0 = h/L0. As shown in Extended Data Fig. 6d, the
expected variation of p0 with the coupling Ω indirectly reveals the occurrence of
phase transitions between different vortex configurations.
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Extended Data Fig. 1 | Conservation of canonical momentum. Difference between the measured canonical momentum prec h^Jz i þ Mh^vi and the targeted
value p defined by the state preparation protocol. All error bars are the 1-σ standard deviation of typically 5 measurementI repetitions.
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Extended Data Fig. 2 | Cyclotron orbits measurements. a, b, c, Magnetization, velocity and position response as a function of time after application of a
velocity kick vkick ≈ vrec. d, Bulk excitations corresponding to different velocity kicks, v = 0.23, 0.48, 1.02, 2.06, and 3.15 vrec, from left to right. The orbits are
off-centred in real space for visual clarity. e, Skipping orbit for the momentum state p = − J prec following a sudden jump of the coupling strength Ω.
f, Velocity drift of the orbits as a function of the amplitude kick. The solid line corresponds to the expected drift due to the non-harmonic spectrum of the
energy bands. All error bars are the 1-σ standard deviation of typically 5 measurement repetitions.
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Extended Data Fig. 3 | Hall system in real dimensions. a, Variation of the Hall mobility for classical skipping orbits, depending on the angle of rebound on
a hard wall. The case of closed cyclotron orbits corresponds to θ = π. b, Dispersion relation of a quantum Hall system in a semi-infinite geometry y > 0.
The blue line indicates the energy branch used for the Chern marker calculation, defined by E0(p) < ℏωc. c, Hall mobility μ as a function of momentum p.
d, Local density of state in the (v, y) plane. e, Local Chern marker C(y) for the energy branch defined in b.
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Extended Data Fig. 4 | Hall mobility and local Chern markers. a, Predicted dispersion relation for ℏΩ = Erec. The branch pictured in blue, chosen as E(p)
< E* with E* at half the gap, is used for the computation of the local Chern marker. b, Measured mobility in x resulting from the application of a force along
m, as presented in the main text. The points in blue, corresponding to ∣p∣ < p* (white area), are the ones considered for the Chern marker presented in the
main text (see Fig. 4). c, Measured mobility in m resulting from the application of a force along x. As for b, the points in red are associated to momentum
states lying below E*. d, Chern marker obtained from the measured mobility, using the whole energy branch (− ∞ < p < ∞, gray squares, using data in
b), or using the branch defined in a (− p* < p < p*). For the latter, the blue dots correspond to the data in b, and are identical to Fig. 4. The red diamonds
correspond to the data in c. Solid lines are theoretical values. The error bars are the 1-σ statistical uncertainty calculated from a bootstrap sampling
analysis over typically 100 pictures (b,c) and 1000 pictures (d).
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Extended Data Fig. 5 | Effect of disorder. a, Example of Chern marker distribution in the presence of disorder of strength Δ = Erec. b, Chern marker
 ¼ 0Þ averaged over the region ∣x∣ < λ/4 as a function of the disorder strength Δ. Each point is the average of 100 disorder realizations, the error bar
Cðm
I
showing
the standard deviation of the mean.
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Extended Data Fig. 6 | Abrikosov vortex lattices. a, Ground state density profile and b, associated phase, for ℏΩ = 3Erec and for μchem ≈ 4Erec. The local
minima of the density exhibit a phase winding around them, and thus correspond to quantum vortices. c, Number of vortex lines as a function of the
Raman coupling Ω and the chemical potential μchem. The dots identify the configurations for which a simulation was realized. The color encodes the number
of vortex lines that characterizes the low-energy vortex lattice configuration. The phase separation lines are guides to the eye. The dashed line identifies
the gap to the first excited band above which the atoms significantly occupy higher Landau levels. d, Momentum p0 associated to the spontaneous
breaking of the translational invariance resulting from the appearance of a vortex lattice, as a function of Ω. The points were taken at a chemical potential
corresponding to half the gap.
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