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Exercise class n◦3: Scattering length
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We study the collisions between cold atoms. The concept of scattering length, fundamental for
the study of interatomic interactions in cold atoms, and in particular Bose-Einstein condensates,
is introduced.

1 Introduction to the scattering theory

This section reminds some important results of elastic collision physics within quantum
mechanics. It can be completed by reading the Chapter VIII of the book of quantum mechanics
of C. Cohen-Tannoudji, B. Diu et F. Laloë.

1.1 Elastic scattering between two atoms

Here we consider two atoms (1) and (2) of the same mass M , interacting by the radial potential
V (|r1 − r2|). The Hamiltonian of the system is then :

Ĥ =
p̂21

2M
+

p̂22
2M

+ V (|r̂1 − r̂2|) .

It is in fact more appropriate to place oneself in the barycentric frame. Write the expression of
the Hamiltonian in the barycentric coordinate system. Comment.

1.2 Scattering amplitude
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Figure 1: (a) the incident wave packet is moving towards the range of the potential. (b) diffusion
of an incident wave packet propagating in the direction n by the potential V (|r̂|).

Within quantum mechanics, in order to describe the scattering process of an incident particle
given the potential V (r), it is necessary to study over time the behaviour of the wave packet that
represents the state of the particle. The characteristics of this wave packet are assumed known
for large and negative times t where the particle has not yet been affected by the potential. We
know that the subsequent evolution of the wave packet is obtained immediately if it is expressed
as a superposition of stationary states. That’s why we’re studying the eigenvalue equations of
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the relative motion Hamiltonian and we reason directly on these stationary states and not on
the wave packet. The eigenstates ψk(r) of the relative motion Hamiltonian for positive energies
Ek = ~2k2/M can be written: (

p̂2

M
+ V (r̂)

)
ψk(r) = Ekψk(r) (1)

This convention assumes that V (r̂) goes to zero when |r| goes to infinity. We are asymptotically
searching for scattering states of the type :

ψk(r) ∼ eikz + f(k,n,n′)
eikr

r
(2)

where n = k/k, and n′ = r/r. Symmetry reduces the number of variables involved in the
scattering amplitude. Indeed, instead of depending on n and n′, it depends only on the angle θ
between these two vectors (cos θ = n.n′). From now on we write f(k, θ) ≡ f(k,n,n′).

1. Give the physical interpretation of such a collision state.

2. Relying on the Green’s function formalism show that

f(k, θ) = − M

4π~2

∫
e−ik

′.r′V (r′)ψk(r′)d3r′ (3)

where k′ = kn′. Comment.

3. To derive the expression of the differential cross-section of collision and of the resulting
cross-section, calculate the contributions of the incident wave and the scattered wave to
the probability current in a stationary state of diffusion. Let us recall the expression of
the current J(r) associated with the wave function ϕ(r) :

J(r) =
2~
M

Im(ϕ∗(r)∇ϕ(r)).

2 Partial wave expansion

For the exact determination of the scattering amplitude, it is necessary to know the solution of
the Schrödinger equation. To take advantage of the symmetry of the problem, it is convenient
to develop the incident wave and the scattered wave on the basis of the eigenvectors of L̂2 and
L̂z, where L̂ is the relative angular momentum operator:

ψk(r) =
∞∑
l=0

l∑
m=−l

Y m
l (θ, φ)

uk,l,m(r)

r
(4)

where φ is the azimuth angle around the z axis, and Y m
l (θ, φ) are the spherical harmonics.

1. What is the equation verified by uk,`,m(r) ?

We recall the expression of the Laplacian operator in spherical coordinates,

∆ =
1

r

∂2

∂r2
r − L2

~2r2

2. We call b the range1 of the potential V (r). Assuming that V (r) decreases ”fast enough”
toward infinity, show that only the sufficiently low angular momentum states contribute
to the collision.

1Let b be the range of the potential. For potentials being zero beyond a certain distance this definition is clear.
On the other hand, for other potentials, for example for those who decrease as r−n (n >0) to infinity, the
notion of range of the potential has to be clarified.
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3. Below which energy threshold does the collision essentially occur in the s wave (` = 0) ?

4. Show that within the s wave limit, the scattering amplitude depends only on the incident
energy. We define the scattering length a as: a = − limE→0 f(E).

3 Scattering length for a square potential

We focus on the zero energy limit, the wave function is therefore expressed asymptotically as :

ψ(r) ∼ eik·r − ae
ikr

r

1. Show that uk(r), defined as uk(r) = uk,0,0,0(r), is proportional to r − a, for large r and k
going to zero. We give: Y 0

0 (θ, φ) = 1/
√

4π.

In the following, we consider a square potential such that V (r) = V0 if r < b and V (r) is
zero otherwise. We set k0 =

√
M |V0|/~.

2. We assume V0 > 0. Show that

a = b− th(k0b)

k0

What is the sign of a ? We consider the limit of a delta potential, by making V0 tend
to infinity and b to 0, the integral

∫
d3rV (r) remaining constant. What happens to the

scattering length? Conclude.

3. We assume V0 < 0. Show that

a = b− tg(k0b)

k0

What is the sign of a ? Plot a against k0 and relate the divergences of a to the appearance
of new bound states in the potential V (r) (Levinson’s theorem).

4 Born approximation

The complete analysis of the scattering problem requires the solution of three-dimensional
Schrödinger’s equation, which is almost impossible in most cases. It is therefore useful to be
able to quickly estimate the scattering properties of a potential thanks to an additional approx-
imation. Born’s approximation allows this evaluation. It consists in estimating the first order
scattering amplitude in V . If we replace in (3) the exact wave function ψk(r′) by the wave
function at zeroth order, i. e. eik.r

′
, it is possible to write:

f(k,n,n′) = − M

4π~2

∫
ei(k−k

′).r′V (r′)d3r′ (5)

The scattering amplitude is thus related to the Fourier transform of the scattering potential
V (r). Naturally, this approximation makes no sense for a hard core potential, which takes
infinite values over a finite region of space.

Give the expression of the scattering length as a function of the interaction potential. Appli-
cation to the square potential. Comments.
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