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Abstract: We prove rigorously the well-known result of Gardner about the typical frac-
tional volume of interactions between N spins which solve the problem of storing a given
set of p random patterns. The Gardner formula for this volume in the limit N, p — oo,
p/N — « is proven for all values of «. Besides, we prove a useful criterion for the
factorisation of all correlation functions for a class of models of classical statistical
mechanics.

1. Introduction

The spin glass and neural network theories are of considerable importance and interest
for a number of branches of theoretical and mathematical physics (see [M-P-V] and
references therein). Among many topics of interest the analysis of different models of
neural network dynamics is one of the most important. A discrete-time neural network
dynamics is defined as

N
o,-(t+1)=sign{ Z Jijaj(t)} i=1,...,N), (1.1)
j=1j#

where {0 (t)}Z/.V: | are Ising spins and the interaction matrix {J;;} (not necessarily sym-
metric) depends on the concrete model but usually it satisfies the conditions

N

Z Ji=NR(1+o(l)) N—oo (i=1,....N), (1.2)

j=1j#i

where R is some fixed number which can be taken equal to 1.
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A main problem in the neural network theory is to introduce an interaction in such
a way that some chosen vectors {& () }/Z=1 (patterns) are fixed points of the dynamics
(1.1). This requires the conditions:

N
S,»(") Z Jijgj(m>o G=1,...,N). (1.3)
j=1,j#i

Usually, to simplify the problem the patterns {& () }Zzl are chosen i.i.d. random vectors

with i.i.d. components 5;“ ) (i =1,..., N)which assume values +1 with probability %
Sometimes condition (1.3) is not sufficient to have & (1) as the end points of the dy-
namics. To have some “basin of attraction” (that is some neighbourhood of & (), starting

from which we for sure arrive in §(")) one should introduce some positive parameter k
and impose the conditions:

N
é,-(“) Z jijgj(ﬂ)>k (i=1,...,N). (1.4)
J=1 g

Gardner [G] was the first who solved a kind of inverse problem. She asked the questions:
for which @ = % interaction’ {Ji;}, satisfying (1.2) and (1.4) exist? What is the typical
fractional volume of these interactions? This problem after a simple transformation can

be replaced by the following. For the system of p ~ o N i.i.d. random patterns {& () };Ii=1

with i.i.d. Bernoulli components S;” ) consider

p
On,p ) = o5 f( RS ) LR R (1.5)

pu=1

where the Heaviside function 8 (x), as usual, is zero on the negative half-line and 1 on
the positive half-line and oy is the Lebesgue measure of the hypersurface area of the
N-dimensional sphere of radius N'/2. Then the question of interest is the behaviour of
% log O, (k) in the limit N, p — oo, & — a.

This problem has a very simple geometrical interpretation (see [S-T2]). For very large
integer N consider the N-dimensional sphere Sy of radius N'/? centred in the origin

and p = aN independent random half spaces IT,, (u = 1,...,p). Let 1, = {J €
RV : N~12(¢ ("), J) = k}, where E(") are i.i.d. random vectors with i.i.d. Bernoulli
components ‘;‘.;“ ) and k is the distance from IT u to the origin. The problem is to find the
maximum value of « such that the volume of the intersection of Sy with NI, is not
“too small” (i.e. of order ¢~ €ONSt) More precisely, we study the “typical” behaviour
as N — oo of O , (k).

Gardner [G] solved this problem by using the so-called replica trick which is non-rig-
orous from the mathematical point of view but sometimes very useful in the physics of
spin glasses (see [M-P-V] and references therein). She obtained that for any o < «.(k),

where
1 o0 2 -1
o (k) = (E [k (u + k)>e ™™ /2du> , (1.6)



Rigorous Solution of the Gardner Problem 385

the following limit exists
1
 Etlog Oy p ()} = F (e, k)

. uﬂ—i—k 1 ¢ 1
= EqlogH| ——— ———+ - log(1 — 1.7
Q:(I)glqn<l|:a {Og («/1—q>}+21—q+20g( ‘I)i|, (L.7)

where u is a Gaussian random variable with zero mean and variance 1, H(x) is defined
as

1
N,p—o00,p/N—«a

H(x) = 24y (1.8)

1
V2 Jx
and here and below we denote by the symbol E{...} the averaging with respect to all
random parameters of the problem and also with respect to u. And E{ 1 log ®, ,(k)}
tends to minus infinity for o > a. (k).

In this paper we give a proof of the Gardner results. As far as we know, it is one of
the first cases when a problem from spin glass theory is solved completely (i.e. for all
values of parameters of the corresponding problem).

Before there were only few rather simple models such as the Random Energy Model
[D] and the spherical Sherrington-Kirkpatrick [K-T-J] model which were solved rigor-
ously for all values of their parameters. The possibility of a complete solution for the
Gardner model can be explained by the fact that here the so-called replica symmetric
solution is true for all & and k while in most of the other mean field models of spin glass
theory the replica symmetric solution is valid only for some values of their parameters,
e.g. for small enough « or inverse temperature g for the Hopfield model or small enough
B for the Sherrington-Kirkpatrick model (see [M-P-V] for the physical theory). And rig-
orous results for these models were obtained only for some parameter values where the
replica symmetric solution is valid (see [S1, S2, T1, T2, B-G]). A similar situation holds,
unfortunately, with a problem similar to the Gardner one, the so-called Gardner-Derrida
[D-G] problem, although physical theory predicts that also in this model the replica
symmetry solution is valid for all parameter values. This model studies the behaviour as

ya
N,p—>oo,N—>aof

p
@ﬁﬁ,(k) — N Z l—[ oB (N2 gy — k), (1.9)

Ji=%1 p=1

where
0P x)y=eP+(1-ePok).

One can see easily that as 8 — oo ®g€] (k) becomes the discrete measure of the

intersection of p random half spaces IT,, described above with a discrete cube {—1, 1}V,

In the paper [T4] a more general model was considered. There the function 6® (x) is
replaced by ¢“®), where |u(x)| < D is any function continuous except possibly at finite-
ly many points. This model was studied for ¢ < ap(D) and (D) — 0, as D — oo.
Thus, even for small « it is not possible to consider in (1.9) the limit 8 — oo, which is
the analogue of our Theorem 3 (see the next section).

We solve the Gardner problem in three steps which are Theorems 1, 2 and 3 below.
In the first step we prove some general statement. We study an abstract situation, where
the energy function (the Hamiltonian) and the configuration space are convex (we recall
here that we study a model where J’s become variables in the configuration space instead
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of interactions and some function of them plaies the role of Hamiltonian. Thus J’s vary
continuously). We consider the Gibbs measure generated by this Hamiltonian on our
convex set and prove that in this case all the correlation functions become factorised in
the thermodynamic limit (e.g., forany i # j (J;J;) — (Ji){Jj) — 0,as N — 00). Usu-
ally this factorisation means that the ground state and the Gibbs measure are uniquely
defined. In fact, physicists have understood this fact for a rather long time, but it has not
been proved before.

The proof of Theorem 1 is based on the application of a theorem of classical ge-
ometry, known since the nineteenth century as the Brunn-Minkowski theorem (see e.g.
[Ha] or [B-L]). This theorem studies the intersections of a convex set with the family of
parallel hyper-planes (see the proof of Theorem 1 for the exact statement). We only need
to prove some corollary from this theorem (Proposition 1), which allows us to have N-
independent estimates. As a result we obtain the rigorous proof of the general factori-
sation property of all correlation functions (see (2.8)). Everybody who is familiar with
mean field models of spin glasses knows that the vanishing of correlations, as N — oo is
the key point in the derivation of self-consistent equations. We remark here that a similar
idea was used in [B-G] where the results of [B-L] (also based on the Brunn-Minkowski
theorem) have been used.

The second step is the derivation of self-consistent equations for the order param-
eters of our model. In fact Theorem 1 provides all that is necessary tools to express
the free energy in terms of the order parameters, but the problem is that we are not
able to produce the equations for these parameters in the case when the “randomness”
is not included in the Hamiltonian, but is connected with the integration domain. That
is why we use a rather common trick in mathematics: replace 6-functions by some
smooth functions which depend on a small parameter ¢ and tend, as ¢ — 0, to the
6-function. We choose for these purposes H(—xe~!/?). But the particular form of these
smoothing functions is not very important for us. The most important fact is that their log-
arithms are well defined and concave functions and so we can treat them as a part of our
Hamiltonian.

The proof of Theorem 2 is based on the application to the Gardner problem of the
so-called cavity method, the rigorous version of which was proposed in [P-S] and de-
veloped in [S1, P-S-T1, P-S-T2]. But in the previous papers ([P-S, P-S-T1, P-S-T2]) we
assumed the factorisation of the correlation functions in the thermodynamic limit and
on the basis of this fact derived the replica symmetry equation for the order parameters
(to be more precise, we assumed that the order parameter possesses the self-averaging
property and obtained from this fact the factorisation of the correlation function). Here,
due to Theorem 1, we can prove the asymptotic factorisation property, which allows us
to finish completely the study of the Gardner model.

Our last step is the limiting transition ¢ — 0, i.e. the proof that the product of « N
f-functions in (1.5) can be replaced by the product of H(— %) with a small difference,

when ¢ is small enough. Despite our expectations, it is the most difficult step from the
technical point of view. It is rather simple to prove that the expression (1.7) is an upper
bound for %E {log ®p, p(k)}. But the estimate from below is much more complicated.
The problem is that to estimate the difference between the free energies corresponding to
two Hamiltonians we, as a rule, need to have them defined on the common configuration
space or, at least, we need to know some a priori bounds for some Gibbs averages. In
the case of the Gardner problem we do not possess this information. This leads to rather
serious (from our point of view) technical problems (see the proof of Theorem 3 and
Lemma 4).
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The paper is organised as follows. The main definitions and results are formulated
in Sect. 2. The proof of these results are given in Sect. 3. The auxiliary results (lemmas
and propositions which we need for the proof) are formulated in the text of Sect. 3 and
their proofs are given in Sect. 4.

2. Main Results

As mentioned above we start from an abstract statement which allows us to prove the
factorisation of all correlation functions for some class of models.

Let {on (NI, (J € R") be a system of convex functions which possess their
third derivatives, bounded in any compact. Consider also a system of convex domains
{Tni%— Tn C R") whose boundaries consist of a finite number (maybe depending on
N) of smooth pieces. We remark here that for the Gardner problem we need to study I'
which is the intersection of ¢ N half-spaces but in Theorem 1 (see below) we consider
a more general sequence of convex sets. Define the Gibbs measure and the free energy,
corresponding to ® (J) in ['y:

(.. Doy =3y Jry dJ () exp{—=Pn (),

2.1
SN (@N) = [ dTexpl—On (D)}, fu(@y) = LlogEy(@y). P
Denote . _
QvU) ={J:on(J) = NU}, QnU)=QnU)NTy, 2.2)
Dny(U) =DyU)NTy,
where Dy (U) is the boundary of Qn (U). Then define
1
o=t arew.
N JeDyU)
Theorem 1. Let the functions ©y (J) satisfy the conditions:
d2
FCDN(J +te)|;=0 > Co > 0, (2.3)
for any direction e € RN | |e| = 1 and uniformly in any set | J| < N'/?Ry,
Oy(J) = Ci(J, D), as (J,J) > NR?, 2.4)
and for any U > Upip = Jm}n Ny =N"onU"
el'y
IVON (D] < N'2Co(U), as J € QnU) (2.5)

with some positive N -independent Cy, C1, C2(U) where C2(U) continuous in U.
Assume also that there exists some finite N-independent C3 such that

SN (@N) = —Cs. (2.6)
Then loa N |
|fv(@n) — fyU)| < 0 (%) , (U* = N(q)N)CbN) . 2.7

Moreover, for any e € RN (le| = 1) and any natural p
(J. Moy <C(p) (i =Ji = (Ji)ay) (2.8)
with some positive N -independent C(p).
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Let us remark that the main conditions here are, of course, the condition that the
domain I' y and the Hamiltonian ® y are convex (2.3). Condition (2.4) and (2.5) are not
very restrictive, because they are fulfilled for most Hamiltonians. The bound (2.6) in
fact is the condition on the domain I'y. This condition prevents Iy to be too small. In
the application to the Gardner problem the existence of such a bound is very important,
because in this case we should study just the question of the measure of "y, which is
the intersection of a N random half-spaces with the sphere of radius N''/2. But from the
technical point of view for us it is more convenient to check the existence of the bound
from below for the free energy, than for the volume of the configuration space (see the
proof of Theorem 3 below).

Theorem 1 has two corollaries which are rather important for us.

Corollary 1. Under conditions (2.3)—(2.6) for any U > U,,ip,

F) = min(u o) +20) + 05, 29)

This corollary is a simple generalisation of a result for the so-called spherical model
which has became rather popular recently (see, e.g. the review paper [K-K-P-S] and
references therein). It allows us to replace an integration over the level surface of the
function @y by an integration over the whole space, i.e. to substitute the “hard condi-
tion” ® = UN by the “soft one” (®y)p, = UN. This is a common trick which often
is very useful in statistical mechanics.

The second corollary gives the most important and convenient form of the general
property (2.8):

Corollary 2. Relations (2.8) imply that uniformly in N

1 .., C
mz<]ijj)‘1>zv < N
Remark 1. For Ty = RY Corollaries 1 and 2 follow from the results of [B-L].

To find the free energy corresponding to the model (1.5) and to derive the replica sym-
metric equations for the order parameters we introduce the “regularised” Hamiltonian,
depending on the small parameter ¢ > 0,

k—@EW, pHn-1/2
Je

P
Hy,p(J, k,h,z,8) = — ZlogH
n=1

Z
) +h(h, J)+ 5(‘]’ D).
(2.10)
where the function H(x) is defined in (1.8) and & = (hy, ..., hy) is an external random
field with independent Gaussian /; with zero mean and variance 1 which we need for

technical reasons.
The partition function for this Hamiltonian is

Zn,plk,h,z,e) = 01;1 /dJ exp{—H:(J, k, h, z, &)} (2.11)
We denote also by (.. .) the corresponding Gibbs averaging and

1
Inpk bz, 8) = log Zy pk. h. 2. ). (2.12)
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Theorem 2. Foranyo, k > Oandz > Othe functions fy p(k, h, z, &) are self-averaging

in the limit N, p — 00, ay = % — a:
E{(fwplh i, z.0) = EUfwp ks oz, )] = 0, 2.13)

—1/3

and, if € is small enough, « <2 andz < ¢ , then there exists

lim E{fnplk,h,z,8)} = F(a,k,h,z,¢),

NsP"OO,O(N%o(
F(av kaha 98) = min (xE {logH(L)}

R>0 0<g<R ~/8+R—q

1 ¢ 1 Z 2

——— 4+ —log(R—¢g)— =R+ —(R — ,
+2R_q+20g( q) 7 +2( q)

(2.14)
where u is a Gaussian random variable with zero mean and variance 1.

Let us note that the bound o < 2 is not important for us because for any o > . (k)
(ac(k) < 2 for any k) the free energy of the partition function ®y_, (k) tends to —oo,
as N — oo (see Theorem 3 for the exact statement). The bound z < ¢~1/3 also is not
a restriction for us. We might need to consider z > ¢~!/3 only if, applying (2.9) to the
Hamiltonian (2.10), we obtain that the minimum point z,,;, (¢) in (2.9) does not satisfy
this bound. But it is shown in Theorem 3 that for any o < o (k) zmin(e) < Z with some
finite 7 depending only on k and «.

We start the analysis of ®y, ,(k), defined in (1.5), from the following remark.

Remark 2. Let us note that ®y (k) can be zero with nonzero probability (e.g., if for

some p # v g(") = —’g'(")). Therefore we cannot, as usual, just take log Oy , (k). To
avoid this difficulty, we take some large enough M and replace below the log-function
by the function log ), defined as

logprany X =logmax{X, e_MN}. (2.15)

Theorem 3. For any a < a.(k), N~! log ) ON,p (k) is self-averaging in the limit
N,p— 0o, p/N = «a,

2
E {(N] 102 a1) ON.p(K) — EIN " log @N,,,(k)}) } -0,
and for M large enough there exists

. —1 _
o BN oz Onp ) = Fe ), 2.16)

where F(a, k) is defined by (1.7).
Fora > aq(k), E{N! log yn) ON,p(k)} — —00, as N — oo and then M — oo.

We would like to mention here that the self-averaging of N~ log © v p(k) was proven
in ([T4]), but our proof of this fact is necessary for the proof of (2.16).
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3. Proof of the Main Results

Proof of Theorem 1. For any U > 0 consider the set Qy(U) defined in (2.2). Since
@y (J) is a convex function, the set Qy(U) is also convex and Qn(U) C QnU’), if
U < U’ Let
Vn(U) =mes(Qy(U)), Sn(U) =mes(Dy(U)),
FNU) = [fepy ) IVONDITS).
Here and below the symbol mes(...) means the Lebesgue measure in the correspondent

dimension.
Then it is easy to see that the partition function Xy can be represented in the form

3.1)

d
Ty = / e NUEN(U)dU = N7! e NV — vy (U)dU
U>Upin U>Upin dU (32)
= e NVyn(U)dU.

U>Upin

Here we have used the relation Fy (U) = N1 % Vn (U) and integration by parts.
Besides, for a chosen direction e € RV (|e| = 1), and any real ¢ consider the hyper-

plane

Alc, e) = {J cRY:(J, &)= Nl/zc}

and denote
QnU,c) = QnyU)NA(c,e), Vn(U,c) =mes(Qy(U, ),
Dy (U, ¢) = Dy(U) N Ac,e), FyU,c) = \Von | ds,. G

JeDyU.0)
Then, since Fy (U, ¢) = N_l%VN(U, c), we obtain

vy = [ dedUe NV Fy(U, ¢) = /dche’NUVN(U, o),
. 0) NP2 [ dedUcPeNUVy (U, c) G.4)
’ € =
Pn [dcdUe NUVN (U, ¢)

Denote | |
sn(U) = Nlog VNWU), sn(U, c)= Nlog Vn(U, c). (3.5)
Then relations (3.2), (3.4) give us

Xy = N/CXP{N(SN(U) —U)}dU,

| (3.6)
((J.e))g, = NP2 {(c = (W) )y

where
[dUdc(...)exp{N(sy (U, c) — U)}
[ dUdcexp{N(sn(U, c) — U)}

Then (2.7) and (2.8) can be obtained by the standard Laplace method, if we prove that
sy (U) and sy (U, c) are concave functions and they are strictly concave in the neigh-
bourhood of the maximum points of the functions (sy (U) — U) and (sy (U, ¢) —U). To
prove this we apply the theorem of Brunn-Minkowski from classical geometry (see e.g.
[Ha]) to the functions sy (U) and sy (U, c¢). To formulate this theorem we need some
extra definitions.

(DU = 3.7)
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Definition 1. Consider two bounded sets in A, B C RN. For any positive a and p,
adAx BB={s:s=aa+ pBb,ac A becB}.
aA x BB is the Minkowski sum of a. A = and BB.

Definition 2. The one-parameter family of bounded sets { A(t)} tr<t<t3 1S a convex one-
parameter family, if for any positive o < 1 and t1 5 € [t], 3] they satisfy the condition
Alat; + (1 —a)tr) D aA(r) x (1 —a)A(r).

Theorem of Brunn-Minkowski. Let {A(t)}t*<,<t* be some convex one-parameter fam-
ily. Consider R(1) = (mes.A(t))"/N. Then & LR < 0and & LR = 0 fort e [1]. 53] if

and only if all the sets A(t) for t € [t], 1}] are homothenc to each other.

For the proof of this theorem see, e.g., [Ha].

To use this theorem for the proof of (2.7) let us observe that the family {(Qn (U)}vu>u,,;,
is a convex one-parameter family and then, according to the Brunn-Minkowski theorem,
the function R(U) = (Vy(U))Y/¥ is a concave function. Thus, we get that sy (U) is a
concave function:

a2 a2 _R'WU) (R’(U))2 _ (R’(U))2

au2 N W) = gpplee RWU) = 2 = 7 RU)

But ﬁ((g)) dUsN(U) > 1 for U < U*, and even if dUsN(U) =0forU > U*, we
obtain that = dU (sy(U) — U) = —1. Thus, using the standard Laplace method, we get

loe N 1 log N
fN(d>N)=sN(U*)—U*+0<°i >=N10gVN(U*)_U*+O<O§V )

Ui = +(®n)ay = U* +o(1).

(3.8)
Using condition (2.5), and taking J*, which is the minimum point of @y (J), we get
Vy(@U*) = N7 I(J = J* VONUINIVON()I~dSy
JGDN(U*%]* U
> Sy(U¥) — = N"12syUHCcw®). (3.9

max j.p, v+ IVON ()]
On the other hand, for any U < U*,

Sy (U) . Fy(U)
NPV @) = g VRO
NWU) ~ JeDyw) N(U)
U= Upin d d
>NY2 min ——2mn o (U) > C—s (U) > C(3.10)
= gDy T =T au N =ty

Here we have used (3.3) and (2.4). Thus the same inequality is valid also for U = U*.
Inequalities (3.10) and (3.9) imply that

L log Sy(U") = ~ log vy (U + 0 22X
— 10 = — 10 .
N gON N g VN N

Combining this relation with (3.8) we get (2.7).
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Let us observe also that for any (Uyp, co) and (§y, 8.) the family {Q2n (U + 8y, co +
t8.}sel0,1] 1s a convex one-parameter family and then, according to the Brunn-Minkow-
ski theorem the function Ry (t) = VYN(Uy + 18y, co + 18,) is concave. But since
in our consideration N — oo, to obtain that this function is strictly concave in some
neighbourhood of the point (U*, ¢*) of maximum of sy (U, ¢) — U, we shall use some
corollary from the theorem of Brunn- Minkowski:

Proposition 1. Consider the convex set M C RN whose boundary consists of a finite
number of smooth pieces. Let the convex one-parameter family {.A(t)},l* <t<t} be given
by the intersections of M with the parallel hyper-planes B(t) = {J : (J,e) =tN/?}.
Suppose that there is some smooth piece D of the boundary of M, such that for any
J € D the minimal normal curvature satisfies the inequality Nl/zlcm,-,,(J) > Ko (the
minimal normal curvature Kyi,(J) is defined by minimizing the curvature over all di-
rections). Let also the Lebesgue measure S(t) of the intersection D N A(t) satisfy the
bound

S > N'2vi)cw), (3.11)

where V (1) is the volume of A(t). Then j%vl/N (1) < —KoCH)VYN(n).

One can see that if we consider the sets M, M’, A, B(zr) c RVtL,

M=MnNA M ={J,U): NU=>oN(), J Ty},
A={(J,U): su((J,e) — N"%co) = N'?5.(U — Up) =0},
B(t) = {(J,U): 8:((J,e) — N'2co) + N5y (U — Up) = N1},
then Qx5 (Uy + 18y, co + t8.) = M N B(t) (without loss of generality we assume that

83 + 8% = 1). Conditions (2.3) and (2.5) guarantee that the minimal normal curvature

of Dy (U) = {(J, dn(J)), J € Ty} satisfies the inequality N'/%kin(J) > K for
J € Dy(U),if |U — U*| < ¢ with small enough but N-independent ¢. Besides, similar
to (3.10),

mesDy (U, ¢) - d W. )
—_— —s ,0).
NT2VyW.c) = au™"
Thus we get that
d (% )>1=>d2 (U + tsin + tcos ) <-C (3.12)
— ,C) = = - me,c = —L4. .
v’y > dr2°N 2 2 - 4

Remark 1. If Ty = RY, then the conditions of Theorem 1 guarantee that ﬁsN(U ,C) >
const, when (U, ¢) ~ (U*, ¢*) and so Proposition 1 and (3.10) give us that

C
sN(U.0) = U = (N (U*. ) = U") = =2 (e = + U = U, (3.13)
which implies immediately (2.8). But in the general case, the proof is more complicated.

Let us introduce the new variables p = (U — U*)2 + (¢ — ¢*)?)/2, ¢ = arcsin

((U—U*)lé;([iic*ﬂ)l/z, and let gy (p, 9) = ¢y(U,c) = sn(U* + U, c* +¢) — U —

sy (U™, ¢*) + U*. We shall prove now that

3 K
dN(NT2 ) < -5 (3.14)
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where K does not depend on ¢, N. Consider the set

d 1
A= {(U,c) : ESN(U,C) < E}

One can see easily that if (U’,¢’) € A, then (U,c¢’) € A forany U > U’ and
%(ﬁN(U, ) < —%. That is why it is clear that (U*, ¢*) ¢ A (but it can belong to
the boundary d A). Denote

p*= inf {F(N_1/2sin<p,N_l/2COS(p)ﬂA75@},
pel-7%,51

where (U, ¢) is the set of all points of the form (U* + tU, ¢* + tc), t € [0, 1]). Then
for any ¢ < ¢* we can apply (3.12) to obtain that
Cy
2N’
Assume that —% <p* < %. Let us remark that, using (2.5), similarly to (3.9) one can
obtain that for all (U, ¢): [U — U*| < N~Y%and |c — ¢*| < N~1/2,

4 (U, ) < min[voy oM UO
—S ,C) = 1 - =
av’y N Vn (U, ©)

dN(NTV2 ) < (3.15)

Cs. (3.16)

Choose d = %. Then for all p* < ¢ < @4 = arctan(tan ¢* + dN~1/?), using (3.15)

and (3.16), we have
dNINTY2 0) = pn (N2 sing, N™1/2 cos ¢)
Csd

d
< N Y2sing — —, N2 cos + —
_¢N( Y- @ N

Cq -3/
<2 L ONT. 3.17
< 4N+( ) (3.17)

For % > ¢ > @4, according to the definition of ¢* and ¢y, there exists p; < 1 such that
d
(N_l/z,ol sin ¢ — %, N_l/z,o] cosp) € A

td
= (N""2p, sing — %, N=12p cosg) € A (1 €0, 1]).

Therefore, using that ¢~>N (p, @) is a concave function of p, we get

oNINT2 0) <o on(NT 201, )
= pflqﬁN(N_l/z,o] sin ¢, N_1/2p1 cos @)

d d d
< plldw(N_”zp] sinw—%, N~2p, cosw)——<——~

And finally, if [¢| > 7, denote

Ly =F(N"?sing, N"?cosp) N A, 1y = N'/? mes{Ly}.
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Then, using that for (U, ¢) € Ly,

1
—q‘)N(N 1/2p @) <N~ l/chSZ_U¢N(U c) < — 2N 1/zcosz,
and for (U, ¢) € L4 we can apply (3.12), we have
. 1—1g)*C l K
-1/2 _( ¢) 4 ¢ 5
Gn(NT' ) < -k O SN (3.19)

Inequalities (3.15)—~(3.19) prove (3.14) for |p| < 7. For the rest of ¢ the proof is the
same.

Now let us derive (2.8) (for p = 2) from (3.14). Choose p* and remark that
since ¢ (o, @) is a concave function of p, we have that for p > N~ 1/2 0,
1d - d 2 K
E%M(/x ®) . =0 [dnv(p )+ o log p} NI
Thus, using the Laplace method, one can obtain that
fp>N,1/2p* dp pzeN‘;’N(p"p) - (p*)? %QEN (0, @) - 2(p*)?
Joon-rn e dpeNox @9 = N Lign(o, ) + Flogpl| i T N
So, we have for any o,
/d,o p2eNEN(P0) < "’ / dp NV (2-9)
N p= N-1/2p

L2007 / dp NN (0.9)
N >N-1/2
2 B
, 09 / dpeNoN (09,
N
This relation proves (2.8) for p = 2, because of the inequalities

fdefdp pZeN¢>N(p ) - 2(,0*)2
[d¢ fdpezvm(p @ - N

For other values of p the proof of (2.8) is similar.

(e = (Qw.)wo = e =)o =
Proof of Theorem 2. For our consideration below it is convenient to introduce also the
Hamiltonian

_ 1 & z
Hyp(J. X b2 6) = o D NTREW, )= x4 h(h, D+3J. D). (320
it
Evidently
Hy p(J kb, z,8) =— log/ dfexp{ﬁjv,p(], xX,h,z,8)}+ g log(2me)
x>k

and so (F(J)) = (I:“(J))WNJ) for any F(J). Therefore below we denote (...) both

averaging with respect to Hy_, and Hy, -
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1 N
Lemma 1. Define the matrix X" = v Z éi(lL)Ei(v)- If the inequalities
i=1
1
XNl = War+2)%, 0 h) <2, (3.21)

are fulfilled, then the Hamiltonian Hy ,(J, k, h, z, €) satisfies conditions (2.3), (2.4),
(2.5) and (2.6) of Theorem 1 and therefore

N N
1 .. C(z,¢) 1 .. C(z,8)
7 2 I = = 1 Do s = (3.22)
i,j=1 i,j=1
where J; = J; — (J;).
Moreover, choosing ey = N~'/?log N we obtain that there exist N-independent C\

and Cy such that
Prob {max(@(]i _N2gy)) > € ‘°g2N} < ¢~C2log? N (3.23)
1

Remark 2. According to the result of [S-T1] and to a low of large numbers, Py-the

probability that inequalities (3.21) are fulfilled, is more than 1 — e~COSIN??,

Remark 3. Let us note that since the Hamiltonian (2.10) under conditions (3.21) satisfies
(2.3), (2.4) and (2.6), we can choose Ry large enough to have

oy’ / 0(1J1 = N'/2Ro)e "xrdJ < (Ro)Ne NORS < o NCN
Iy
= (0(J| = N'2Rp)) < eV,

so in all computations below we can use the inequality |J| < N'/>Rq with the error
0 (e_N const ).

Remark 4. Let us note that sometimes it is convenient to use (3.22) in the form

N 2\ (1,2) C
- e (z, &)
ef{(vrxamie) )= S5

i v )
o)) <

Here and below we put an upper index to J; to show that we take a few replicas of our
Hamiltonians and the upper index indicate the replica number. We put also an upper
index (..)(? to stress that we consider the Gibbs measure for two replicas. The last
relation mean, in particular, that

1 L1 1 .
5 2 JiVi® o, N 2 dili) = 0. as N = oo (3.24)

in the Gibbs measure and in probability.
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We start the proof of Theorem 2 from the proof of the self-averaging property (2.13)
of fn,p(h, z,¢). Using an idea first proposed in [P-S] (see also [S-T1]), we write

1 P
fuph 2, ) = Elfn pk b2, 0)) = — ,;)A”’

where
Ap=E, {(og Zy k. h,z, )} — Epyr {(log Zy p(h, 2, €)} .

the symbol E,{..} means the averaging with respect to random vectors 5(1), . & ()
and Ey {log Zn,pk, h,z, 8)} =logZn,p(h, z, €). Then, in the usual way,

E{AuA} =0 (u#v),

and therefore

1 p
E{(fn.p(h2.) = Efu k. bz )] = 5 2 E(a}), (3.25)
n=0
But
E{A}, 1} < E{(Ey—1{(log Zy p(k, h, 2, £))D)} 526
Euo {og 2", (k. .z, 00| < EN(A))?), '
where

Al =log Zy p(k, h.z, &) —log Zy _ (k. h,z. ),
with Z%f;_l (k, h, z, €) being the partition function for the Hamiltonian (2.10), where
in the r.h.s. we take the sum with respect to all upper indices except . Denoting by

(. )(“ ). the corresponding Gibbs averaging and integrating with respect to X, we get:

39,
A, = JElog <H (k - (s("i/,EJ)N‘”Z)XU1 _ (3.27)
But evidently
0 > log <H (g—l/z(k —EW), J)N—l/z)));“_)1
- gk (=12 — 0, 1))
> —const {(Ve) " (€, 1)2);"_)1 + const. (3.28)
Thus,

E{(A})*} < constE {<(Ng)l(§(ﬂ)7 J)2>(”)1 ((Ng)fl(s(u)’ J)2><ﬂ) } .
o

p—1
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(W)
p—1
(...);’i)l. Hence, we obtain

Butsince (...) ), does not depend on E(“) we can average with respect to & (1) inside

(W) ()
p— P—

E{(A))Y) < consts_zE{<N_1(J,J)> 1<N—1(J, J)> 1}5 const.  (3.29)

Inequalities (3.25)—(3.28) prove (2.13).
Define the order parameters of our problem

N
1
Ryp=— D U0 avp =~ > () (3.30)
N - N &

To prove the self-averaging properties of Ry , and gy, , we use the following general
lemma:

Lemma 2. Consider the sequence of convex random functions { f,, (z‘)};’lo:1 (f/ @) =0)
on the interval (a, b). If the sequence of functions f, is self-averaging (E{(f,(t) —
E{f,()})?} — 0, as n — oo uniformly in t) and bounded (|E{f,(t)}| < C uniformly
inn,t € (a, b)), then for almost all ¢,

Tim E{Lf;(0) = E{f;0}*} =0, (3.31)

i.e. the derivatives f,(t) are also self-averaging ones for almost all t.
In addition, if we consider another sequence of convex functions {g,(t)}72, (g, = 0)

which are also self-averaging (E{(g,(t) — E{gn (t)})z} — 0, as n — oo uniformly in
t), and |E{fn(t)} — E{g,(t)}| — 0, as n — oo, uniformly in t, then for all t, which
satisfy (3.31)

Jim |E{f; (0} = Elg, 0} =0, lim E{lg,(t) = E{g' I} =0.  (332)

For the proof of this lemma see [P-S-T2]. On the basis of Lemma 2, in Sect. 4 we
prove

Proposition 2. Denote by Ry, p—1, qn,p—1 the analogues of Ry p, gn,p (see definition
(3.30)) for Hy, p—1. Then for any convergent subsequence E{fn,, p, (k,h,z,¢e)} for
almost all z and h Ry, p,,, 4N,,, p, We have got

E{(Rva_Pm - EN»z’Pm)z}’ E{(qu,Pm - qu,pm)z} - 0’ (333)

IRNm,pm B RNm’pm_ll’ |qu,Pm _qu’pm*1| - O as k — 00,

where
Ry.p = E{RN,}. Gy, = Elgn.p) (3.34)

and

Nm 2
E{<(N,,;1 > J? —FN,,,,:,,,,,> >} — 0, as N,, — oo. (3.35)
i=1
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Our strategy now is to choose an arbitrary convergent subsequence fy,, p,, (k, i, z, &),
and by applying to it the above proposition, to show that its limit for all %, z coincides
with the r.h.s. of (2.14). Then this will mean that there exists the limit fy , (%, z, &) as
N, p - o0, % — «. But in order to simplify formulae below we shall omit the lower
index m for N and p.

Now we formulate the main technical point of the proof of Theorem 2.

Lemma 3. Consider Hy 1 and denote by (. . .) ,_1 the respective Gibbs averages. For
any €1 > 0and 0 < ky < 2k define

_N-—12 ()
¢N(81,k1)—81/2<H(k1 €707, Jhp- 1)>> , (3.36)
NG -
do,n(e1, k1) = 81/2H<k1 - NP, g Jp- 1)> (3.37)
’ VUN, p-1(e1) ’ .
where Uy ,—1(€1) = EN,,,_l — EN,p_l + &1. Then,
E{(#vter. k) = dovter. kn)’} 0,
E {(togn (e1. kn) — log do.v 1, k)| = 0,
d d 2
E{<d—10g¢N(81,k1) - —10g¢o,N(81,k1)> } - 0,
€1 dei
E d 1 k d 1 k 0 3.38
(W ogdn(er, k1) — ks og do,n (€1, 1)) }—> , (3.38)

and N~1/%(& (), (J) p—1) converges in distribution to \/q y ,u, where u is a Gaussian
random variable with zero mean and variance 1.
Besides, if we denote

1 = N“V2EW) | gy — xi {00 =0 _ 0y,
- 1< 1< 3.39
_ (W - (w)\2 (3.39)
Oy = o+ 2_: "2, Gy = oy X_: (tW)

then Uy and Gy are self-averaging quantities and for i # v,

E {02 > 0 E (@ = (@)@ — (@)} - o,
E {((N‘))“)} < const, E {((N*))“(N))“)} < const.
(3.40)

Now we are ready to derive the equations for g , and Ry, p- From the symmetry

of the Hamiltonian (3.20) it is evident that gy , = E{(J1)?} and Ry, = E{(J})}. The
integration with respect J; is Gaussian. So, if we denote

tl(u) = _ N_l/zél(“)fl,
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we get
(J1) = —(Z+ouv/8)_1( 172 ZX“(I(“) +hh1>.

Hence,

p
(z+an/e)E ()2} = INE{ > sl‘“>sf”><rf’”><rf”>>}

n,v=1

+h? + {Zh £ (1) }+o(1), (3.41)

and similarly

E {%-I(M)E(V)( (M) (W)}
n,v=1

(z+OtN/€)2E{( )} z+an/e) + 5= 2N
14
Z [me ] +o. G4

+h? +

Now to calculate the r.h.s. in (3.41) and (3.42) we use the formula of “integration by
parts” which is valid for any function f with bounded third derivative

E {Ef”)f <$1(M)N—l/2)}

_ ﬁE {f’ (SI(M)N—1/2>} . #E {fm (z(slw))S](u)N—l/z)}, (3.43)

where |§(§1(” ))| < 1. Thus, using this formula and the second line of (3.40), we get:

@ +an/e)qy,,

- 1 . .
= v + o 2 E (i@ = o )i @ = )}
nF#v

2 .
oz 2 B @ = e = ) )
UFY

1 . .
v 2 B = o o) (i @ = o)
HFY

2h? . .
12 + S 3 E{ (06 0 = e )+ o). (3.44)
m
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Replacing tl(“ ) by 1) and using the symmetry of the Hamiltonian with respect to J;,
we obtain e.g. for the first sum in (3.44):

2 S E [l — )i @ — )|
usﬁv

o
pap:

{( i W+ () — W+ (Ji>))>

1

D — W+ + ()] + o)

E{W2@ @) | + o)

||M"° —~ ||M“

=qy p(UN - f]N) +o(1).

Here we have used the relation (3.24), which allows us to get rid of the terms containing
J; and the self-averaging properties of § N,p> Uy and gn - Transforming in a similar way
the other sums in the r.h.s. of (3.44) and using also relations (3.40) to get rid of the terms
containing (f"W{™) we get finally:

@+an/e) Gy, =an +2@Rn.p — Gy, )inOn —Gn) + Gy, (On — Gn)*
+h*(1+ 20y — Gn)(RN.p — Gy ) + o(1). (3.45)

Similarly we obtain

(z+an/e)’Ry,p = (@ +an/e) + Uy + Ry Uy = G3) — 24w, pdn On = Gn)
+h*(1+ 20y — Gn)Rn.p — Gy ) + o(D).

. (3.46)
Considering (3.45) and (3.46) as a system of equations for Ry, , and g ,, we get
_ gn + h? — _
_ +0(1), Ry,— = +o(1), (3.47)
qN,p (Z+AN)2 ( ) N,p QN,p T An ( )
where we denote for simplicity
(24 ~ ~
Ay = - —Un +gn- (3.48)

Now we should find the expressions for Gy and Uy.
From the symmetry of the Hamiltonian (2.10) it is evident that

gy =anE {siz <N71/2(§(P)’ D _x(p)>2}

k1=k

d 2
=oanE {[% log ¢ (k1, 81)} } (3.49)

ki1=k
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Therefore, using Lemma 3, we derive:

= 2 =
gy =anE a4 logH| Y—f __ — npt =N plaz (YN TR i
dk; ’

VUN.p Un.p VUN.p
(3.50)
Here and below we denote
d efx2/2
Ax)=——1IlogHKx) = ——, (3.51)
dx ¢ /2 H(x)

where the function H(x) is defined by (1.8). Similarly

Uy =anE {é((N‘l/z(g(P)’ D _x(p))2>}

2ayE i]og/. dx <exp {—L(Nl/z(g(l”), J)—x —k1)2}>
dey x>0 2e p—1

g1=¢
d
= ZOlNE {— 10g¢p(k1, 81)} (3.52)
de; s1=¢
Now, using Lemma 3 and Lemma 1, we derive:
~ d _ JIn U+ k
Uy =2ayE { —loge; '/*H VaN TR
d81 ,/UN,p 1=
o o — VN U+ ki
A TN/zE {(k + Jan A (N”—>} . (3.53)
& UN,p ,/UNyp

__ Thus, from (3.45), (3.46), (3.50) and (3.53) we obtain the system of equations for
Ry, p and Z]N,p,

_ — _ o VAN pu Tk -
an,=Ryp—qn ) [ E{A% [ Y—2—— |} +h*] +Ew,
UN’p ,/UN,[;

@ - Vanp +k
—5 E{(/qn 1 + A <— (3.54)
7o C

1

qN,p

:Z+ _h2+§;\]7

(Rn.p —n.p)?  Rnp—3qn,p

where &y, &y — 0,as N, p — o0, ay — a.

Proposition 3. For any ag < 2 and small enough h there exists €*(«g, k, h) such that for
alla < ap, e <&*andz < =13 the solution of the system (3.54) tends as g , 5;\/ — 0
to (R*, g*) which gives the unique point of max g min, in the rh.s. of (2.14).
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On the basis of this proposition we conclude that for almost all z, & there exist the
limits

d
lim E d—me’,,m(k,h,z,e) = R*(a, k, h, z,€),
Z

m— 00

. d

im E{— fn,.pnk, h,z,8)t = h(R* (o, k, b, z,€) — q* (o, k, I, 2, €)).

m—>00 dh” e

But since the r.h.s. here are continuous functions of z, # we derive that for any convergent

subsequence fy,, p,. (k. h, z, &) the above limits exist for all z, 4. Besides, choosing a

subsequence fy: v (k, h, z, €) which converges for any rational &, we obtain that for
P

any N,,, p,, such that @, = %%~ — a1 (] is a rational number) and p;, such that
m
"
/. _ P
e e 0,

E{fn: p (ar kb, z,8)y — E{fnr pr (o k, h,z,€)}

pmfpm
1
= Y E{logZuy pp-itk,h,z,€) —log Zy pr —i-1(k, b, 2, 6)}
g

Pm Pm 6N’;1‘p;n7iu+k
W L F e A
VUN, i

_>/ logH V@ (@u +k da.
VR*(@) + & —q* (o)

Thus, for all rational « there exists

llm E {me,p,,,(k5 ha Zv 8)} = F(Of, kv ha Za 8)7
m— 00

where F (o, k, h, z, €) is defined by (2.14). But since the free energy is obviously mono-
tonically decreasing in «, we obtain that for any convergent subsequence the limit of the
free energy coincides with the r.h.s. of (2.14). Hence, as it was already mentioned after
Proposition 2, there exists a limit which coincides with the r.h.s. of (2.14). Theorem 2 is
proven.

Proof of Theorem 3. For any z > 0 let us take & small enough and consider
- z
O p(k. h.2) Eale dJexp|->(1. )= hh, D},
Qn 2
where
Qy, = {J NT2ED, )y =k (v=1, ..,p)}.

To obtain the self-averaging of N ’llog(MN)®(k,h,z) and the expression for

E{(N~! logyrny ©(k, h, z)} we define also the interpolating Hamiltonians, correspond-
ing partition functions and free energies:

k— N—I/Z(s(v)’ J)
NG

p
MY, (J kb ze)=— Y logH
v=pn+1

) + %(J, J) +hh, J),

(3.55)
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() - 1 ()
ZN’p(kahaz’ S)ZGN \/S\z(”') dJeXp{_HN,p(Jﬂk’h9Z78)}7
N.p (3.56)

f/f,‘f;(k, h.z, e, M) = %log(MN) Znplk,h,z,8),
where
), ={1: NPEW Dk =1 ).
According to Theorem 2, for large enough M with probability more than (1 — O(N -1 ))

1
Vpk 2o M) = fuptkohozie). [l (kb2 e) = logayn, O, b, 2),

where fy ,(k, h, z, ¢) is defined by (2.12). Hence,

1 1 -
k,h,z,e, M) — —1 ® k,h,2) = — E A(“),
Juplk oz M) = g logqun) On.ptk. - 2) = 5 = (3.57)

A _ (n—1) ()
AW = log a1y Z]\ﬁl:p —logyw) ZA’,fp.

Below in the proof of Theorem 3 we denote by x*) = N~1/2(& ), ), by the sym-
bol {...), the Gibbs averaging corresponding to the Hamiltonian H%l)p in the domain

Qg\’,";]) and by Z](\;f’[ﬁ‘) the corresponding partition function. Denote also

T, (x) = <9(x<u) _ x)>u, X, = <x(u)>ﬂ

To proceed further, we use the following lemma:

Lemma 4. Ifthe inequalities (3.21) are fulfilled and there exists an N, i, e-independent
D such that

1, . . )
~ . D), = D%, (3.58)
then there exist N, ju, e-independent K1, CY, C;‘, C3 such that for | X, | <logN,
1/4 x,—C3X2
Tu(lij_zg )2C1€142 1’14 (3.59)
Tk —2e'/%) — T, (k + 26'/%) < e!/4C
with probability P\" > (1 — KyN=3/2),

—MN

Remark 5. Similarly to Remark 3 one can conclude that, if Z%";‘) > e , then there

exists an ¢, N, u-independent R such that we can use the inequality |J| < N'/2Rq
with the error O (e~ const)

Remark 6. Denote by D? the Lh.s. of (3.58). Then
4Dp(0( | = 2Dy Ny < NHL D), = Dy,

. - 1
= (0(1J| — 2D, Ny, < i
4 z
:Z(“’“)s—o”/. exp{—=(J, J) — h(h, J
N 3 N |J|<2DMN1/2 p{ 2( ) ( )}

< %(ZEM)NEZhNRO.

Thus, the inequality ZI(\’,f’;L) > e~ MN implies that Du > %exp{—M —2hRy} = D>.
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Let us prove the self-averaging property of fy (p ) (k h,z,&, M), using Lemma 4.
Similarly to (3.25) we write

-
Ik bz e, M) — E(f\) (k. .z e, M)} = — ZAU,

where
Ay = E{f\) (k. bz e, M)} = By {(f)) (ko B, 2, e, M)).

Then E{A,A,} =0, (v # V') and therefore

p—1
E((f\) (k. h.z.e. M) — E{f\) (k. h.z. . M)})*} = N2 Y E{AZ), (3.60)
v=0

where similarly to (3.26)
E{A2) < E{AL), (3.61)

with N = (p) (p v+1)
AU = log(MN) ZN,p log(MN) Z ,

Z(P,U)

where is the partition function, corresponding to the Hamiltonian HE\’,’){, in the

domain Q(p ") which differs from Q(p ) by the absence of the inequality for u' = v.

Therefore for v<p-—1,
E{IA%} = E{[A,-11%)
_ E{O(Z(p P _ —MN)| log(MN) Zz(v g 10g(M1v) Z(p p)| }
+E{O(e MY — Z{ p))|log(MN) sz 10gn) Zsy ”)| 1 (3.62)

But the second term in the r.h.s. is zero, because Zj(\f)p < Zl(f’;) and thus Z](f’;) < ¢ MN

implies Z/(\f’)p < e MN andso log(MN) Zf(\f,)p = log(MN) Z/(\f,}f) = —M N. Then, denot-

ing by x,, the indicator function of the set, where Z(**) > ¢=MN

(3.59) are fulfilled, on the basis of Lemma 4, we obtain that

, and the inequalities

E(A)) = EO@ZYD — e V) logl, <9(x<f’> - k)>p}
< (MNPLEWQEZL Y — e ™)0(1X )| — log N)}
+EO(ZY Y — e MN) (1 — x,)0(log N — X, )}]
+E {9(25\{’;’) — e ™MNyy 0(log N — |X,|) log? exp{—cfxi}}
< (MN) e 98 N/2RGy | g\ N=3/2) 4 2(RECH? < 2MPK N2 (3.63)

Here we have used that, according to the definition of the function log( MN) (see (2.15),
| log arwy (0 (xP) — k))p | < MN. Besides, we used the standard Chebyshev inequality,
according to which

P,(X) = Prob{X,, > X} < ¢ X125 (3.64)
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Relations (3.60), (3.61) and (3.63) prove the self-averaging property of % logarny
@N,,,(k, h, 7).
Now let us prove that AW defined in (3.57), for any p satisfies the bound

|E{A®)|
= B2 —e V) log uyx, <H((k—x<ﬂ>)e*‘/2))ﬂ —1og 1) <9 (x —k)>ﬂ]}
< 'K, (3.65)

with some positive N, u, e-independent A, K. We remark here that similarly to (3.62),
(u—=1) , : , —-MN (u—1) ()
Z,\’,fp , Zx’p 52%5’; and so, 1fZ,’f,y’; <e » then log /) Z,\’,fp =logyn) Z,\‘,“pz

MN.
Using the inequalities

H—e ™00 — ') <H (-5 ) s er +00+2'%) (3.66)
el/2

with &; = H(e~'/%), we get
log H(—&~!/*) — E{0(Z§y" ) — e™N) log(1 + r1 (k. £))}
< E{fAW} < E{o(zy")) — e ™) log(1 + ra (k. £))}, (3.67)

where

Ty (k) — Ty (k +el/%

Tk — e/ — T, (k) + &
T/L(k+51/4) .

ri(k,e) = T,

. rak,e) =

But by virtue of Lemma 4, one can get easily that, if | X ,| < log N, then with probability
Py = (1 - K\NT/2), 2
rl’z(k, e) < 81/4C€CX/‘

with some N, p-independent C. Therefore, choosing A = § R3(1+2CR2)~'and L? =
2X|log ¢|, for small enough ¢ we can write similarly to (3.63)

E {9(21(\7:’[50 _ e—MN) ]Og(MN) (] + rl’z(k, 8))]
< (MN)P,(logN) + K;N~3>(MN)

+/0(1ogN— 1X]) log(1 + &4 Ce¥*)a P, (X)

—l/4ceC? L ¢ / 0(1X| — L)X*dP,(X) + o(1)

< el/4CeCL? £ 2CL2P(L) < K(C, Ro)é,

where P, (X) is defined and estimated in (3.64) and we have used that, according to
definition (2.15), —MN < log ;) 0((x" — k). 1og py ) (O (x ) —k £ &%), <0
and therefore always [log (1 +r12(k, €))| < MN.

Using the bound

1 1
N logany On.p(k, b, 2) — N logprny On . p(k, 0, 2)| < 2hRo,
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representation (3.57) and the self-averaging property of % logyny ON,pk, B, 2), we
obtain that with probability Py > 1 — O(N~1/?),

F(a, k,0,z,8) + O™ + Oh)

IA

1
N log(MN) @N,p(k, 0, Z)
F(a, k,0,z,8) + O(E") + O).

A

Now we are going to use Corollary 1 to replace the integration over the whole space by
the integration over the sphere of the radius N'/2. But since Theorem 2 is valid only for
7z < ¢ 13, we need to check that min {F(c, k,0, z, &) + %} takes place for a z, which
satisfies this bound.

Proposition 4. Foranya < (k) there exists an e-independent 7(k, a) such that 7, <
z(k, ).

Then, using 2.9, we conclude that with the same probability for ¢ < «(k),

min {F(a, k,0,z,€) + %} + 0" + Oh)
Zz

1

S Nlog(MN) ®N,p(k)

< min {F(a, k,0,z,€) + %} +O0E) + 06) + 0. (3.68)
V4

Thus,

_ 1 1 2
lim E {(ﬁ logyny Onp(k) — E {ﬁ log(a ) @N,p(k)D } < 0@E™) + 0h),

N—o00

(3.69)
and since ¢, h are arbitrarily small numbers (3.69) proves the self-averaging property of
% log(MN) Oy, p(k). Besides, averaging % log(MN) Oy, p (k) with respect to all random
variables and taking the limits 4, ¢ — 0, we obtain (2.14) from (3.69).

The last statement of Theorem 3 follows from the one proven above, if we note that
log(ysny On, p(k) is a monotonically decreasing function of « and, on the other hand,
the r.h.s. of (2.16) tends to —oo as @ — (k).

Hence, we have finished the proof of Theorem 3.

4. Auxiliary Results

Proof of Proposition 1. Let us fix t € (tf, t5), take some small enough § and consid-
er D?(¢) which is the set of all J € A(r) N D whose distance from the boundary of
D is more than d N'/2 max{8, 2Ko8}. Now for any Jo € D°(¢) consider (J, ¢(J)) —
the local parametrisation of D with the points of the (N — 1)-dimensional hyper-plane
B = {J : (J,h) = 0}, where f is the projection of the normal n to D at the point
Jo on the hyper-plane 5(7). We chose the orthogonal coordinate system in 53 in such a
way that fl =(J,e) = N1/2¢. Denote fo = P Jo (P is the operator of the orthogonal
projection on B). Accordinig to the standard theory of the Minkowski sum (see e.g.[Ha]),
the boundary of %A(t) x 5 A(t + &) consists of the points

J Ay lJ“”(J) 4.1)
2 2 ’ ’
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where J belongs to the boundary of A(¢) and the point J® (J) (belonging to the bound-
ary of A(z 4 8)) is chosen in such a way that the normal to the boundary of A(¢ + §) at
this point coincides with the normal n to the boundary of A(¢) at the point J. Denote

f)(%) the part of the boundary of %A(t) X %A(t + 8) for which in representation (4.1)
J € D%(1). Now for Jo € D%(r) let us find the point J (‘S)(J 0). Since by construction
aijiqb(]o) =0@G =2,..., N —1), we obtain for ](8)(10) = PJ¥(J) the system of
equations

i¢(](‘”)—o (i=2,...,N—1
az ’ LA ]
and fl(a) = N'2(t + 8). Then we get
JO = J0 4+ sN'2(DH MDY +0@) (=2,...,N—1), (42)

where the matrix {D; /}lN ]_11 consists of the second derivatives of the function qb(j )

(D, = aiai ¢(J)) Thus, it was mentioned above, the point J| = ( (Jo + J(S))
1@Jo) +¢(J )) € D(4). Consider also the point J| = (3(Jo + 7 ), p(3(Jo+
7)) € At + 18) N D. Then,

1 - ~
Ji-Jil =¢ <§<Jo+1(‘”>) 5 (¢ +0d)

N-—1 N-—1
52 1
=?N (Dl 1) E 2D,lelel+2D E2Di’lDi»1 + D1
lj— =

+o(M)NS*(Dy )" + 0(87).

But (D} })_1 > Amin, Where Ay, is the minimal eigenvalue of the matrix D. Therefore,
since

D ]
Amin = min (DJ _])> min (DJ, J) > Kmin = KoN ™~ ]/2, 4.3)
J. =1 J. D=1 1+ Jim, e)?)32
we obtain that
IJ1— Ji| = 82 KoNV/2. (4.4)

Besides, since by construction —¢(J 0)=0 and ¢(J ) = 0, we get that the tan-

gent hyper-plane of the boundary 2.A(t) X l.A(t + 8) at the point J is orthogonal to
J1—=J! 1)- So, in fact, we have proved that the distance between D+ 5 Ls ) and D( 2)
is more than 2 KoN1/2. Thus, denoting by S‘(%) = mesf)(%), we obtain that

1% (r + %5) -V (%) > 8’N'?2KyS (%) +0(8%) = 8*N'2KoS(t) + 0(8%). (4.5)
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Here we have used that S'(%) = S(t) + o(1), as 6 — 0, because the boundary D is

smooth. Therefore, denoting V (1) the volume of T A(t) x (1 — 7). A(t + ) and using
4.5), we get

1
2V /N (t + §8> —VUN@ = VN 4+ 8)

1/N
>2 (\7(%) + 82N_1/2K05(t)> —VN©) = VIN1) + 0(5%)

282K S(1)

2
N1/2‘71—1/N(%) +0(8)

~ 1 ~ ~
= 2V1/N(§) —VUN@©) = VN +

282K0S(1)

2\ ns2 1N 2
= N1/2V1*1/N(t+%5) +0(87) =28 KoC )V /7 (t) +0(87).

Here we have used the inequality ZVI/N(%) — VUN©) — VN (1) > 0, which follows
from the Brunn-Minkowski theorem and the relation V (t + %6) = V(@) + o(1) (as
8 — 0). Then, sending § — 0, we obtain the statement of Proposition 1.

Proof of Lemma 1. Since log H(x) is a concave function of x, Hy ,(J, k, z, €) is a con-
vex function of J, satisfying (2.3). Since log H(x) < 0 for any x, (2.4) is also fulfilled.
To prove (2.5) let us write

3 .
VHN p(DF < = 30 &6 AuAu + 307 by +32°(J. )

i,V
< conste™! |:Z AIZL +22(J, D)+ hz(hh):|
nw
—1207 W)
< conste™! |:pC* — ZlogH <k — w) +h* 422, J)i|, (4.6)

NG

I

where we denote for simplicity A, = A | k — %f(u))
defined in (3.51). The second inequality in (4.6) is based on the first line of (3.21), the
third inequality is valid by virtue of the bound %Az(x) < —log H(x) + C*, with some
constant C*, and due to the second line of (3.21).

Taking into account (2.4) one can conclude also that for any U there exists some
N-independent constant C(U) such that (J, J) < NC(U), if Hy ,(J) < NU. Thus,
we can derive from (4.6) that under conditions (3.21), (2.5) is fulfilled. Besides, due to
the inequality log H(x) > C} — %xz, it is easy to obtain that

, with the function A (x)

1
fnplk,h,z,8) = CT + Nlogdet(s*ZX +zI),

so (2.6) is also fulfilled.
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Hence, we have proved that under conditions (3.21) the norm of the matrix D =
{(JiJ /)}ﬁ’ =1 is bounded by some N-independent C(z, €). Then with the same proba-
bility

N
N~' Y (idj)? = NT'TiD? < C(z. e,
i,j=1
which implies (3.22).
To prove (3.23) let us observe that

O(In]— N2en)) = (B(cl — en))w.o)» 4.7)

where (...)w,¢) is defined in (3.3)-(3.7) with e = (0,...,0, 1). For the function
sy (U, c), defined by (3.5), we get

9
<iSN(U, 0)> _ Nfl/zf mHNp(J) exp{—Hn.p(DHiy=0dJ1 ... dJIn-1
dc w.0) expl—Hn p (D Hin—od 1 - d Iy 1

_ hhy

I w
=t W > ey (4.8)
n=1

Jn=0

But since (A, )| sy =0 does not depend on El(\,” ) , by using the standard Chebyshev inequal-

ity, we obtain that

0
Prob <—sN(U, 0)>

On the other hand, since sy (U, ¢) is a concave function of U, ¢ satisfying (3.13),
denoting ¢ (U, ¢) = sy (U, c) — U — (sy(U*, c*) — U*) for any (U, c) ~ (U*, c*),
one can write

2 2
> eN} < ¢ CiNey — o=Cilog" N (4.9)

ol 0
Col(U =U*)*+(c—c*)*] < —%¢N(U7 C)(C—C*)—ﬁ@v(U, AU -U"). (4.10)

Multiplying this inequality by eN®NU-9) and integrating with respect to U, we obtain
forc =0,

*2 * 0 —1
Co(c™” < c*(—sn(U,0) + O(N).
Therefore, taking into account (4.9), we get that, if (3.21) is fulfilled, then
Prob {|c*| > %N} < ¢ Cllog’ N 4.11)

But, using the Laplace method, we get easily

<9 (Ic —c*| = 8—N)> < e CNey < p=Clog’ N
2 Jlw,e) — -
Combining this inequality with (4.7) and using the symmetry with respectto Ji, ..., Jy,

we obtain (3.23).
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Proof of Proposition 2. Applying Lemma 2 to the sequences fw,, p,, and fn, p,—1 as
function of z, we obtain immediately relations (3.33) for Ry, p, for all z, where the
limiting free energy f(z, k) has continuous first derivative with respect to z. Besides,
since for all A € (—1, 1) and arbitrarily small § > 0,

AE {871 (fNpopm (2 = 8) = FNpy. pm (2 —28))}
< E {log(exp {AN,,'(J. D})}
< AE{(87 (N pm 2+ 28) = fppm @+ O},

we obtain that E {log (exp{A(N,,'(J, J)}) — Rw,,.p,)} — O for all such z and all
A € (—1, 1). Using Remark 2, we can derive then that

Jm) = E {(eXp {/\(N,;‘(J, J) —?;v,,l,pm)m — 1.

Then, since it follows from Remark 2 that fk(3) (1) is bounded uniformly in m and X, we
derive that f,’ (1) — 0 and, taking here A = 0, obtain (3.35).

To derive relations (3.33) for gy, p,, we consider f,, p,, and fn,,, p.,
of h, derive from Lemma 2 that

E {(N,,;l(h, ) = E{N' O, <J>N,,,,p,,,>})2} -0,
and therefore
E{(N O (D) = E (N B D)) }) Nir G s D) | 0.

Integrating it with respect to k;, we get

E {(qu;Pm _qu,pm _(RNmme - ﬁNm;Pnz))qust} N2 Zl "/71 1 { <J ‘] )<J )} .

Using relations (3.22) and (3.27) we derive now (3.33) for gn,,, p,, -

_1 as functions

Proof of Lemma 3. Let us note that, by virtue of Lemma 1, computing ¢y (€1, k1),

¢o.n (€1, k1) with probability more than (1 — e~ Calog N ) we can restrict all the inte-
grals with respect to J to the domain

Qv = {1l = exN'" (=1,....N).(J.]) < NR3].

In this case the error for ¢ (£1, k1) and ¢o_y (¢1, k1) will be of the order O (Ne ¢! log? Ny,
So below in the proof of Lemma 3 we denote by (...) ,—1 the Gibbs measure, correspond-
ing to the Hamiltonian Hy ,_; in the domain Q. In this case the inequalities (3.22)

are also valid, because their 1.h.s., comparing with those, computing in the whole RY,
2
have errors of the order O (N2e~C1108" Ny,

We start from the proof of the first line of (3.38). To this end consider the functions
Fy) = {pv2EW. =)

Fon () =H (U320 (N~ 260, 1)) - ).
Y = (exp im@(“), Ny

2
Yo w) = exp [~ (Rn,p-1 = aw,p-1)

4.12)
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Take L = ;= . According to the Lyapunov theorem (see [Lo]),

den
2 (F const
max | Fy(0) = Fow (@] < = | u”dulyiv@) = ol + =7 (4.13)
Since evidently
dn(er, ki) =e,"* [H(e] > (ki — 1))d Fx (1),
do.n(er, ki) =, [H(e, > (ki — 1)d Fo.n (1),
we obtain
I¢n (1, k1) = do,v (e1, ki)l < max | Fy (1) = Foy ()] const. (4.14)

Thus, using (4.13), we obtain
1
E {|¢N(81, k1) — ¢o,n(e1, kl)|2} < COHSt(Z + 1 + D),
1
n=E {/} W2 ) — wo,N<u>|2du} ,

L = / duVdu®
I<|u®M [ Ju@|<L

E{n@®) = yon@®) - @y@?) =G y@®p}. @15
Consider

| )
s D 4 o T )
I1<|u®|,|u@|<L

N - 100 1)
= f1<\u(1)|,\u(2)|<L du(l)du(z) <1_[j=1 cos N 172 (u(l)JJ — M(z) Jj ))p_l .
(4.16)
We would like to prove that one can replace the product of cos(a;) in (4.16) by the

product of exp{—a?/2}. So we should estimate
N
H cos N~1/2 (u(l)J;l) —u® J](,2)>

AEE{/ duDdu® [
1<|u®],|u@|<L e
J_
1 b @i\
_ _ M _ @
exp{ N E <u Jj u JJ. ) }i|

Let us denote

}. 4.17)

p—1

g(r) = Z (logcos N-1/2¢ (umj](l) _ u(2)j](2)>

l

2 2
T
T WM @) @
+2N§ (u 7O~ Jj)>.
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Then

Al =

/ duVdu® (8D _ eg(O))‘
I<|u®W [ |u@|<L

</ du®du® {|g(1) ~ g0)1(*? + 5O
D[ Ju@|<L

1 : o2
xexp{—WZ@“)J}”—N)J}Z)) }> - (4.18)

But since g(0), g’(O), g7(0),¢"(0) =0,

t
12(1) — g(O)] < |g(4><c>| == (u <1>1<1>+u<2>1<2>)
constsN [( RO AN SO WIS Al (2)))(|u(1)|4 + Iu(2)|4)] .

Besides, using the inequality (valid for any |x| < %)

/\

IA

xz )C2
= <
2

1 >
0gcosx + 6

we obtain that
1 . . 2
2(0) g(1) 1 M 2 7@
|e8™ + e |§26xp{6NE (u Jil+uP; )}

Thus, we get from (4.18) |A| < const 812\/. Hence, we have proved that

(1,2)

2
1
12(1) = fdu(l)du(z) <exp —5 Z Al()l,:lu(l)u(m) > + 0(812\;), (4.19)
I,m=1
p—1
where 1 q
. . . . . .

Al =50 IO, a=12 Al =00 T).
Now, taking into account that Proposition 2 implies

) 2\(12)
Y E <(A,’m — Aim) > 1= 0 (V> ),
mi=12 P

where A; ;, = 8, m (RN, p—1 — gn,p—1), we obtain immediately that

/ duau® E v @O)gy@®))
I1<luW [ Ju@|<L

_ duVdu®E {wo,N(u“))% N(M)] +o(1).
1<)uD [, |u@|<L '

In the same way one can prove also

R / duVdu®E {w(um)% N<u<2>)}
1<[uM]|u®|<L ’

- duVdu®E [wo,N(u“))% N(u@))} +o(1),
1<u®],Ju®|<L '
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which gives us that I = o(1). Similarly one can prove that I; = o(1). Then, using
(4.15), we obtain the first line of (3.38).
To prove the second line of (3.38) we denote by A = (¢n (€1, k1)), B = (¢o.n (€1, k1)),

v = E{(A— B)%), L = |logéyléy'/*, and write
E {| log A — 10gB|2} <E {Q(Z — A9 — B (|log A — log B|2}
12F H(e(i — A Y 4 0(L — B~Y))(log? A + log? B)}
<4i2E {(A - 3)2} +4logL|2E {(1og4 A + log* B)}
<4yl + |logi|_2 const < const | 10gi|_3/2. (4.20)
Here we have used the inequality
llog A —log B| < |A — B|(A~' + B™1),

the first line of (3.38) and the fact that E {log4 AL E {log4 B} are bounded (it can be ob-
tained similarly to (3.28)—(3.29)). Since we have proved above thatgy — 0,as N — oo,
inequality (4.20) implies the second line of (3.38). The third and the fourth line of (3.38)
can be derived in the usual way (see e.g. [P-S-T2]) from the second line by using the
fact that the functions log ¢y (€1, k1) and log ¢ n (€1, k1) are convex with respect to

efl and k.
The convergence in distribution N~U2 ()';'(1’), (J)p—1) = /qn, pu follows from the

central limit theorem (see, e.g. the book [Lo]), because (.J) ,—1 does not depend on ’;'(1’ )
and the Lindeberg condition is fulfilled:

1
WZ(J,')?,_I < conste%\,.
i

Thus, to finish the proof of Lemma 3 we are left to prove (3.40). It can be easily
done, e.g. for w = p and v = p — 1, if we in the same manner as above consider
the functions

¢1(3)(81,82,k1,k2) Ef

x1,x2>0

dxi1dxs <exp {_2%1(1\]—1/2(&(1’), J)—x1 —kp)?

—i(N—”Z(s(”, J)—x2 — k2>2}> 4.21)
2&

p—1

¢(()?3\/(81, €2, ki, k2)
= (8182)1/2H< 1/2@(1’) p 2) — >H<N—1/2(§(1’—1) J>p72) _ kz)’

1/2 1/2
N/p 2(e1) N/p »(£2)

4.22)

and prove for them the analogue of relations (3.38). Then relations (3.40) will follow
immediately. The self-averaging property for Uy and gy follows from the fact that
¢(2) (e1, €2, k1, k2) is a product of two independent functions.
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Proof of Proposition 3. It is easy to see that Eqs. (3.54) have the form

F _oew, L _o@ 423)
_ = & —_— = £ . .
g N8R N

where F (g, R) is defined by (2.14).

Let us make the change of variables s = g(R + & — g)~'. Then Egs. (4.23) take the
form

IF O(ey) IF O(gy) (4.24)
_— = £ s _— = £ . .
3s NP SR N

where €y = |&y| + €} | and

~ k145 ls(R—f—s)
F(s,R)=aFE JlogH | us/s + —1 R —e¢s
(s, R) { g (~/— JH—R)} 3R o +oloa( )
1 h> R —¢s
——log(1 ——R — 4.25
20g(+S) +21+s (4.25)
Then (4.24) can be written in the form
o R+ ¢)? h? _
ARy = -2Efa) ¢ BEE M p e~ 0w,
s (R —¢s) s(s+1) (4.26)
ak1+s es(s+1) 1 h? _ )
, Ry =7T———E{A} — —z=0 ,
S R = T e E N e T R T T OEW

where the function A(x) is defined by (3.51) and to simplify formulae we here and below
omit the arguments of the functions A and A’. Below we shall use also the corollary from
Egs. (4.26) of the form (cf.(3.47))

1 R
£5(R, ) = Risg <R j;s - aE{A’}) — 2= 0GN). 4.27)
But
0 o kv1+s
afl(S,R)Z——z {(«/—+ ——i-R) }
2 ak /
—E [A } + 2(1 +S)1/2(8 + R)l/2E {AA}
2(R+¢e)2e  h*Qs+1) h2
+ R—s? T 2612 (R+¢) > . (4.28)
Here we have used the inequalities (see [A]):
/12
Ax) < %44” = A%(x) —xA ()A(x) = A2(x)(1 +x> —xA(x)) > 0, (4.29)

which gives us that the sum of the first two terms in (4.28) is positive. Therefore we

conclude that equation %(s, R) = 0 for any R has a unique solution s = s(R) and, if
we consider the first of Eqs. (4.24), then its solution s1(R) for any R behave like

s1(R) = s(R) + O(en). (4.30)
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On the other hand,
92F 3ak/s + 1 ak?(s + 1) R — 3es — 2s%¢
2556 R = E{A} - S S E{A - ————————
OR 2(R + €)%/ 2(R+¢) (R — &5)’
(4.31)
Thus, if we prove that
1
3e(l +5)° < SR (4.32)
we get B
CF Ry <R (4.33)
5 < - ) .
IR2 " 2(R — e5)3

and then obtain that the function ¢(R) = F (s(R), R) is concave. So the equation
@' (R) = 0 has the unique solution R*(c, k) which is a maximum of ¢(R). Besides, in
view of (4.33) the solution of equation ¢’ (R) = O(&y) has the form R = R* + O(&y).
But in view of (4.30) the second equation of (4.24) can be rewritten in the above form.
Therefore its solution tends to R*(a, k) as gy — 0.

Thus, our goal is to prove (4.32).

Denote

k=k(s(R+e) ?A+9'% D=\ahk) —aH(—k),

hH = — / S P P = PR (1 PyEC D @
= — u e u=—:ce —k).
: V2 J-k 2T
We shall use the inequalities
shk) + K1 < E {A?} < sh(k) + Ki(1 + k%) + Kas*3, 4.35)
H(—k) < E {A/} < H(—k) + K3s_1/3e_k2/3, ’
andfor% <a<ay<?2,
H(—k L - N
D= oH(=h) « |:(kA(—k)+k2+l—2H(—k))+(2—a)H(—k)] > Ka.
aH(—k) + /al2(—k)
(4.36)

Here K 2,34 do not depend on s, k, and to obtain (4.36) we have used the inequality
- ~ ~ ~ 2\ ~
kA(—k) + k* 4+ 1 — 2H(—k) > (1 — —> k2,
T

which we have checked numerically.
We study first the case when k # 0.

— J— 2
Consider R > K8_1/3, where K = min{21—4; %}. For such R, using the first lines of
(4.26) and (4.35), we get

(R +¢)? h?
(R—¢e5)?2 145

[07
=5 <(1— 70 — 0E") ek + 1% + Kas¥?) + 12

sfi(R,s) = —a(sh(k) + Kas*> +2K1) +5

=5 < Ki(ap, h). (4.37)
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Itis evident that there exists &} (ao, &) such that for any & < &7 (cp, h) the last inequality
in (4.37) under condition R > Ke1/3 implies (4.32).
Considernow R < Ke~ 13 Ifa < %, then (4.35) and (4.27) imply

1R 1 R 11
aEfA'} < - re =z= +S( re —aE{A') > = ts
2R —¢s R+¢e R—e¢s 2R —¢s (4.38)
L+s 13
R—es — ’

IfR < %8_1/ 3 then evidently there exists 83‘ such that for any ¢ < 83‘ and any o < %,
(4.32) follows from (4.38).
Let now % < a < agp < 2. The first equation of (4.26), (4.27) and the inequalities

(4.35),
_l+s/(R+e , I+ N ,
(R ) - (-

> I+ (D — K3s1/3el;2/3)
R+ ¢

1+s
R+¢

where D is defined by (4.34). Inequalities (4.39) and (4.36) give us two possibilities:

<D — K3(1 + s)_1/3e_];2/3) <13 (4.39)

. ~1/3 —F K I+s K _
(i) Kys~1Pehld < Ko oy Lis Ka o pm13

= 3e(l +5)> < 12K, %e'*(R+¢)? and R > K, 'e'/3 —¢;

.. 173 -k : _18k3 (4.40)
(ii) Kzs™1Be k)3 > % = (Ilei;) <k IK—f = K5

= 3e(l +5)% < 38K52(R +¢&)2and R > K;].

One can see easily that there exists 83* (o, k) such that for any & < ap, € < sg‘ under

2
condition R < Ts71/3, (4.40) imply (4.32).
Hence, we have proved (4.32) for any a < ag, & < €*(a, k, h) = min{e], &3, 3}

(k # 0).

Now to finish the proof of Proposition 3 we are left to prove (4.32) for k = 0. Since
the only place above where we have used that k # 0 is the case (ii) of (4.40), it is enough
to prove that Egs. (4.26) for k = 0 imply

Rz%@_h%4. (4.41)

But for £ = 0 the second equation in (4.26) is quadratic in R with the first root satisfying
the bound (4.41) and the second root R = es(s + 2) + O(e%2). Substituting the second
root in the first equation of (4.26), we obtain

h2
o E{A%} + 1ot 2457+ 0(e2). (4.42)

But using the first inequality in (4.29) we have E {Az} < # (k = 0). Therefore for
any small enough h there exists £*(«g, #) such that for any @« < oy < 2 (4.42) has
no solutions. So we have proved (4.41) which, as it was mentioned below implies the
statement of Proposition 3 for k = 0.

Proposition 3 is proven.
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Proof of Proposition 4. One can see easily that, if we want to study min_{ F (¢, k, 0, z, £)+
%}, then we should consider the system (4.26) with zeros in the r.h.s. and with the addi-
tional equation

ad
—F(o,k,0,z,e) =1 R=1.
0z

Thus we need to substitute R = 1 in the first equation. Since the L.h.s. of this equation
for ¢ = 0 is an increasing function which tends to 1 — ozozc_] > 0, as s — 00, there exist
the unique s*, which is the solution of this equation. Then, choosing & small enough, it is
easy to obtain that s(¢) is in some e-neighbourhood of s* and therefore s(¢) < 5(k, ).
Then, substituting this s(¢) in the second equation, we get the e-independent bound for
zZ.

Proof of Lemma 4. Repeating conclusions (3.3)—(3.6) of the proof of Theorem 1, one
can see that

O™ =)y = (0 = kN~ w0, (4.43)
where (.. .) ¢ are defined by (3.7) (see also (3.3), (3.5) forI'y = Qg\‘;p]), Oy = Hg\’,‘)p
ande = N~1 Y £ J; Wedenote ¢ (¢, U) = (sW (¢, U)—U—(s\" (c*, U*)—U*)),
wheres(“ ) (c,U ) is defined by (3.5) and (c*, U™) is the point of maximum of the function

(u)
(c,U) —

App]ymg Theorem 1, we find that s(” )(c U) is a concave function of (¢, U) and it
satisfies (3.14).
Denote

Ay ={U.0): NoJ(c.U) 2 M}, Mo ={(U.0) 1 c* <c <&}, (444)

and let for any measurable B C R m(B) = (xg(c, U))w.o-
To prove Lemma 4 we use the following statement:

Proposition 5. If the function ¢(” )(c U) is concave and satisfies inequality (3.14),

maxy/ (])(M) (¢, U), then

N1/2
¢, ¢ > c*, and the constant A < — -
2(c c*)

(0(c — &)erN'”? Vw.o < peVNAE (4.45)
(O(c = N w.o 7

and for any M < —4,

(A)<1 m(Ap N s @) _ 1 4.46)
R e AL S ’

The proof of this proposition is given after the proof of Lemma 4.

Let us choose any ¢ > ¢* and A = — 2= l/j*) maxy ¢(“) (¢, U). Using (4.45), we get
~ ,AN/2¢
ANl/z(C_g)> . (B(c — e Y(U.0)
e =({0(c2 =N w,e) + = (0(c — D),
< w0 COT T 0 - M we v

<{0(c2 =) w,e) +2(0(c — D)) w,e) =2
(4.47)
On the other hand, we shall prove below



418 M. Shcherbina, B. Tirozzi

Proposition 6. For any |A| < O(log N),

8(4) = log(exp(AN"2(c — (e))}) | = log (exp(AN "W). D)

A%
= o5 (D), + Ry, E{Rj‘v}ZO(AlﬁN—Z). (4.48)

It follows from this proposition that the probability tohave forall A; = %1, ..., &[log N]
the inequalities

AR > <CXP [AiNl/z(C —~ (C>)}>(U = AID?/4 (4.49)
,C

is more than Py, > 1 — O (N ~3/?). Therefore, using that log(exp{ AN /2 (c — (c)}) v, 0)
is a convex function of A, and this function is zero for A = 0, one can conclude that
with the same probability forany A : 1 < |A| <logN,

P2ATKG > <exp [ANI/Z(C — (c))})(U 2 ADY8, (4.50)
.

The first of these inequalities implies in particular that forany 0 < L < log N,

O((c) — LN-V2 _ Nw.e) < r};li%( <exp {ANI/Z((C) —_LN"1/2_ C)}>(U,c)

< ¢~L/3RG, 4.51)

The same bound is valid for (8 (c — (c¢) — LN_1/2))(U,C). Thus, assuming that (c) > c¢*

and denoting Ly = %Nl/z((c) —c®),c1 = (¢)=2LgN~ V2 = ¢*, ¢y = (¢) — LoN /2,
c3 = (¢) + LoN~V2, we can write

72 2
1= (01 = .o + (Xer.cs ) w.o) + {00 — ) w.op < e ) o)
= N|{c) — c¢*|> =4L3 < 16R2.

Here we have used (4.51) and the fact that since qS](\’,L)(U , ¢) is a concave function and

(U*, ¢*) is the point of its maximum, we have for any d > 0 and ¢ > c*,

(Xe,e4+4()W.0) = (Xer.er4+a () U.0) = (Xea, () () W.0)5 (X(e)oe3 ()W, 0)
< <Xc*,cz (C)>(U,c)
< (B — .oy < € L, (4.53)
The case {(c) < ¢* can be studied similarly. We would like to stress here that Theorem 1

also allows us to estimate N |(c) — ¢*|?, but this estimate can depend on &.
Now let us come back to (4.47). In view of (4.50) for our choice of A,

22 12z _
ASD —ANY2@E = (c)) <log2 = A < 8N (e Df)) +4D mgxgb}&)(a, U)
~ 2 *\2 ~ 2
Gl 5 T3 et S SO ik (3) ) s
D? N D? N

with some N, u, e-independent Kj.
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Letustake L; = 8Rpand & > (¢)+L;N~'/2. Consider M (¢) = N maxy qb}(,”((c)—i—
2(¢ = {c), U).

If M(¢) < —4, consider the sets
M ={U,c):c>&, Mh={Uc:{)—LIN?<c<@). (4.55)
Applying (4.46) and (4.51), we get

3
m(ITy UTIp) > Zy m(AM(E)) >

> m(KM(g) U (IT; N L))
m(AM(E) N IIp)

m(A g N (I UTla)) + m(KM(E) U (T, NTIL))

m(AM(g) NII) 1

> > —
T 20m(A e NI +m(A g NT12)) ~ 2(1 4 =M@ 8,571

= m(A N (I UTT) =

= (0c—Nw,e) =

, (4.56)

where we denote by S| > the Lebesgue measure of A M@ N I11,2, and use the fact that
0> NoW (U, ¢) > M(@).

Consider the point ({(c) + 2(¢ — (c)), U}), found from the condition N¢](\’,‘)((c) +
2(¢ = (¢)), Uy) = M (&) and two points (¢, Uy), (¢, U3) which belong to the boundary
of A @ Since A 5 @ is a convex set, if we draw two straight lines through the first and
the second and the first and the third points and denote by 7' the domain between these
lines, then T N I1; C AM(E) N IT; and AM(E) N I1, C T N II,. Therefore

= 2
Siy, @) _— 4.57)
S2 T QRE—A(NFHLD?=(@E—(c)? 8
Thus, we derive from (4.56):
M@
O(c—c 0= —. 4.58
O =DNwo 2 T (4.58)

It M (¢) > —4,letus choose c; > ¢*, which satisfies condition N maxg; ¢1(\’,‘) 2cy,U) =
—4 (c1 > {c) + 2(¢ — {c))). Replacing in the above consideration AM(E) by A_4, we
finish the proof of the first line of (3.59).

To prove the second line of (3.59) we choose any ¢ > ¢*+ LN
the condition N maxy ¢,(\’,L) (2¢1,U) < —4, denote d = 2¢1/4AN~1/2 and write similarly
to (4.56),

~1/2 which satisfies

M(A—4 NTex eoiq) +m(A_g N e o5 1q)
m(A—4 N Tex e 4q)

- Sm(A—g N ex v yq)

—Am(A—g N Iex cxiq)

- 5648, 5et (¢] — M2 = (¢ — ¢* — d)?

<2 <el4cx, (459
45, ~ 4 (c1 —c* —d)? =e76 69

<Xc*,c*+d (C)>(U,c) =<
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where we denote by S 1,2 the Lebesgue measures of A _4 ﬂﬁc*,ch and A_4NIex e+ pg
respectively. Now, using the first line of (4.53), we obtain the second line of (3.59).
Lemma 4 is proven.

Proof of Proposition 5. Let us introduce new variables p = /(¢ — ¢*)2 + (U — U*)2,
¢ = arcsin #U(;U*)z hen ¢(“ ) (p, @) for any ¢ is a concave function of p.

Let r(¢) be defined from the condition N¢>(”)(r((p), @) = M. Consider ¢y (p, @) =
r~ ) - ¢>(“) (r(@), @)p. Since ¢(“) (p, @) is concave, we obtain that

o8 (0, 9) = du(p, 9), 0 < p < r(p),
(u) (4.60)
on (0, 0) < Pu(p, ), p = 1(p).

Thus, denoting by R the 1.h.s. of the first inequality in (4.46), we get

_ 40 0 RINGY (0, 0))

T [de [, doexploy’ (0. @)

_ Jde [, 1) a0 exp(Nou (o, 9)) _ =
= [de [, dpexpiNoy(p. @)} = 1—(1— M))eM = 4

For the second inequality in (4.46) the proof is the same. To obtain (4.45) let us remark
first that due to the choice of A the function ¢z(p, ¢) = ¢(”)(,o, @)+ N"12Apcosg

for any ¢ is a concave function of p, whose derivative at the point p = p, = ¢| cos ¢!
satisfies the condition

Loy (Ppp) _1d

()
3 o < 2d — N (Pg> @)

¢C<p¢, ¢) < —¢>“”( Pos ) —
Thus, for any ¢ we can write

N (W) , ANL/2 _ _ -1
fp>p</; d,oe on (p @)e (cos pp—c) |dp¢(u)(P<pa(P)+AN 1/2COS§0|

(W) — -1
Néy"(0.9) |dp¢(m(,0<p, (P)|

<2.

fp >p¢
This inequality implies (4.45).
Proof of Proposition 6. To prove Proposition 6 we use the method developed in [P-S-T2].

Consider the function g(A) defined by (4.48) and let us write the Taylor expansion up
to the second order with respect to ¢ for g(¢A) (¢t € [0, 1]). Then

1
Ry = AZ/ di(1 —1)g"(tA)dt — %Azg”(O)
0
1 t
= [Car o) [N D
0 0

1
+A2/ dt(1 —t)N~! Zgi(")g;“)(JiJj)M,, =Ry + R, ©.61)
0 i+
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where we denote

<(. ) exp{tAN~1/2g(m) J)}>
"

(.hur =
T a1, )
m

Let us estimate

E{(Rg\}))‘t} < A12N_6/1dt< Z E{Ei(lu)éi(zu)gigu)éi(f)
i1 #i37i
(T DI (T DIt (T DIyt AT I Jigd i)
+6 Y EEMETL D)2 T D)l (T D))

i1#£i#03
3 EWUL DJna (T D) )
11702
43 EEMEM T DA AT Dd e+ > EWU, J)J',-1>:i,,}).
1702 i

(4.62)

Now using the formula of integration by parts (3.43), taking into account that in our
case as('” = Ath—IN~1/2 3 , and then using integration by parts with respect to the

Gau551an variable A;, one can subst1tute

EGE D) = AthTINTV2E (R (L)) + NP APOELGDC )
(4.63)

Thus, for the first sum in (4.62), we obtain

1
p(z) = htaA1N S [ S bt D | 00BN
0 .
: 2
S R D S A RV s
0 .

< const AN72, (4.64)

Here to estimate the error term in (4.63) we use that, according to Theorem 1 (see (2.8)),
for any fixed p E{(Jl.p ).t} 1s bounded by N-independent constant.

Other sums in the r.h.s. of (4.62) and E {(R,(\}))“} can be estimated similarly to (4.64).
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