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Model inference
from
observed data

observables

time

dynamics  »  underlying mechanisms — » predictive model
(correlations) (interactions)

Many issues :  limitation over temporal and spatial sampling, noise
(measurement, dynamics), stationarity, classes of models

(number of parameters), computational effort for inference, ...
(signal/noise < 1, large systems)

# Physics  (uniform interactions — low dimensional models,
reproducibility — good sampling, thermal equilibrium)



 Today: Theoretical framework for model inference
(special case: many interacting & stationary variables)
Mean-field inference
Applications covariation in protein families (1)

« Wednesday: Issues & advanced statistical physics methods
Inverse Hopfield-Potts model & Random Matrix Theory
Applications to neural data (I), covariation in proteins (Il)

e Thursday: Case of interacting & non-stationary variables
Applications to neural data (1I)
to ecological systems

« Now: Brief overview of the biological/biophysical systems and inference
problems



Example 1:
Concerted activity of a neural population

In vitro recording on retina Cortical recording of a behaving rat

. Decision point

Fujisawa, Amarasingham,

Schnitzer, Meister (2003) Harrison, Buzsaki (2008)

Schneidman et al. (2006)
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* Network depend on activity (functional connections)
 Connections can be modified through learning ...
* More sophisticated methods to infer effective connections for encoding/decoding:
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Example 2:
Coevolution of residues in protein families

.
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DLG_h1 ETTLERINS G LGFSIAG GTINPHI GDDSSIFITKIITGGARAD DGRLEVNDCILQVNEVD VRDVTHSKAVEALKEA GSIVRLYVK FRKPVSEKIN
DLG_hi EIKLIKGPX G LGFSIAG GVGNOHI PGDNSI¥VTEIIEGGAAHK DGHLOIGDELLAVNNVC LEEVTHEEAVTALENT SDFVYLKVA KPTSMYMNDG

DLG_d1 DICOLH S G LGPSIAG GTINPHI GTDTSI¥ITELISGGAAAA DGRLSINDIIVSVNDVS DVPHASAVDALEEA GHVVELHVE EE

DLG._¢ EIDLVEGGE G LGFSIAG GIGHQHI PSDNGIYVTELTDGGRAQYV DGRLSIGDHLIAVRTNGSEKNLENVTHELAVATLESI TODEVTLIIG KT

DLG_d3 TITICREPY G LGENIVG GEDZ0 GIYVSFILAGSGPADL GSELKRGDOLLSVMNVH LTHATHEEARDALKTS GGVVTLLAGYRP

1 TVTLHRRPGF G PGIAISG GRONPHFUSGETSIVISINLEGGFA EGQLOENDRYAMVNGVS MDNVEHAFAVQQLRES GEMAKITIR RE

EVTLVEERKNEE YGLRLAS H IFVEEISQDSLARR DGNIQEGDVVLE INGTV TENMSLTDAKTLIERS KGKLEMVVQ RD

LVEFREGD 5 VGLRLAG GEDV GIFVAGVLEDSPARK EG LEEGDQILRVENVD FTHIIREEAVLFLLDL FPRSEEVTILAQK

IVTLCFDSKRE G PGIAVSG GRODNPHFEWCETSIVISINLPGGRA DGLLY TP MEDVLHEFAVOOLRES GKVAAIVVE RP

GVLLMKERANEE YGLRLGS Q IFVKEMTRTGLATE DGNLHEGDIILEINGTV TEWMSLTDARKLIERS RGELOLVVL RD

MVEFEFED 3 VGLELAG GRDV GIFVAGIQEGTSAEQ EG LOEGDOILEVNTOD FRGLVREDAVLYLLEI PEGEMVTILAQS

EITLER[MS G LGFTIAG GTINPHI GDDPSIFITKIIPGGAAAQD DGRLRVNDSILFVNEVD VREVTHSAAVEALKEA GSIVRLYWVM RR

BIKLIKEPE G LGFSIAG GVGNQHI PGDNSI¥VTEIIESCAAME DGRLOIGDKILAVNSVG LEDVHMHEDAVAALKENT YIOVVYLEVA KEP

RIVIHREST G LGFNIVG GEDGE CIFISFILAGGPADL SGELRKGDQILSVNGVD LRNASHEQAAIALKNA GOTVTIIAQYEP

LIQFEK}TEE P MGITLELNEKQ SCTVARLLHGGMIMR GSLHUVGDEILE INGTH VINHSVDOLOKAMEET KOGMISLEVIPHND

SVRLHKREVG G LGPLVEERV SEPPVIISDLIRGGAREQ SCLICAGDIILAVNGRP LVDLSYDSALEVLRGI ASETHVVLILRG

GVEVLFRELG G LGISIKG GEENK MPILISEIFKGLAADD TOALYVGDAILSVNGAD LRDATHDEAVOALKRA GHEVLLEVEYMR

FVTVRERDAG G LGISIKG GRENK MPILISKIFKGLAAD] TEALFVGDATLSVNGED LSSATHDEAVOALKET GREVVLEVKYMK

LVNLMKDAKY G LGPOIIG GEKMGRL  DLGIFISSVAPGGPADL DGCLKPGDRLISVNSVS LEGVSHHAAIEILQNA PEDVTLVIS OF

EVELAFFDN S LGISVIG GVNTSVR HEZ GIYVKAVIPOGAAES DGRIHKGDRVLAVNGVS LEGATHKOAVETLRNT GQVVHLLLE EG

EVELFENSSGLG FSFSRED NLIPEQI NASIVRVERLFPGQPAAE SGRIDNVGDVILKVNGAS LEGLSQUEVISALRGT APEVFLLLCRPR

DITUTCRKE E LGPSLOCG GHDSLY QVVYISDINPRSVAAI EGNLOLLDVIHYVNGVS TOGMTLEEVHRALDMS LPSLVLKATRND

LITL: EKG S LGFTVTE GNORI GCYVHINIQD PAKS DGRLEPGDRLIEKVNDTD VIMMTHTDAVNLLRAA SKETVRLVIGRVL

LIRITPDEDG K PGFNLEC GVDGE HPLVVSRINPESPADTC I PELNEGDD IVL INGRD ISEHTHDOVVMF IKASRESHSRELALVIER

LIRMEKPDENG R PGFNVEG GYDCOK HPVIVSRVAPGTPADLCVPRLNEGDOVVL INGRD 1A EHTHOQVVLF IKASCERHSGELMLLVRP

LVSIFASARGERGLEVS IDPPHCPPOCC TEHSHTVECOSVDP CCMS POV KNS IHVGDRILE INGTP IRNVPLDEIDLLIQET SRLLOLTLEHDS

PILII GE K YGFTLRAIRVYNGDTINYTVHHMVWHVEDGGPAS EAGLROGDLITHVNGER VHGLVHTEVVELVLES GHEVEISTTPLE

INFI GE 1 LGWIVE SGWGSIL PTVIIANMMHGSPAEE SGKLNIGDDIMSINGTS LVOLPLSTCOSIIKGL ENQSRVKLNIVE

TVLI: LRYQ LGFSVON G IICSLMRGGIAER GGVRVGHRIIEINGOS VVATPHERIVHILSNA VGEIHMETMPAA

MIHIL AAACNYGFLLS SVDEDGT ARLYVHSVKETGLASK KGLEAGDEILE INMRA ACTLNSSMLEDFLSOF  SLGLLVRTYPE

o G MGLSIVA AKGAGD DELGIYVESVVEGGAADY DGRLAAGDDLLSVDGRS LVGLSQERAAELMTRT SSVVTLEVAKQS

TYSINHEAVN F LGISIVG QSHRG GDGGIYVGSIMEGGAVAL DGRIEPGDMILOVEDVH FENMTHDEAVRVLREV VOKPGPIKLVVA

TVTLEMSA G LGFSLEG GEGSLH GDEPUTINEIFKGAASEQ SETVQPGDEILQLGGTA MOGLTRFEAWNIIKAL FPDGPVTIVIRER

LVTV 0N ETFGFEIQSYRPONONACSSEMFTLICKIQEDSPAH CAGLOAGDVLANINGVS TEGFTYKQUVDLIRSS GHLLTIETLHGT

KVLLL ME G LGISITG CGKEHG VPILISEIHPGOPADR CGGLHVGDAILAVNGVN LRDTEHKEAVTILSOQ RGEIEFEVVYVA

SALLFERSDMIN WGLNIQS SYRG VHVISEIKEGSPADA CTKIDAGDEILMINGRT VVGWOLTSVVOOVCAL — DVLELSLIVER

HVIMGED LG MGFSTVE RDER VIVESVIVGSPADE AG LLVGDTILS INGEE MSDEYQSGVTRILHEA ARVGEAIWLILR

VVEL I t ETAK ERLFYIGTVEPVGVAL GHLESGDRLLE INGTP SEIVEKLRETMVGEK IKFLVSRVS

VIPFINGSSSAC LOVSLXARVSKXSNGSKVDOGIFIKNVMHGGAAFK EGGLRVDDRIVGVEDID LEPLONREAQAALAKE LKEVGMISSHVR
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Morais Cabral et al. (1996)

 Conservation of residues (used for homology detection, phylogeny reconstruction)
» Two-residue correlations ? could reflect structural and functional constraints ...
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Gobel et al. (1994)

Structure



Example 3:
Coupled dynamics of species in an ecological system

Population ecology : interactions between species (existence, additivity, ...)

Prey—Predator Cycles

Lotka-Volterra equations:

dN
dt

L =N (r -3 AN)
1 1 J 1

Issues : Measurement noise, dynamical noise,
limited number of samples, unknown (not measured) species, ...

Is there any reliable signal about species-species 'interactions'? (additivity?)
Exploit interactions to predict dynamics, extinction ?



Example 4:
Unzipping dynamics of a single DNA molecule

' DNA linkers
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Sequence sliding average 50 bp
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 Today: Theoretical framework for model inference
(special case: many interacting & stationary variables)
Mean-field inference
Applications to neural data (1)



Goals

e Compression of data (eliminate indirect correlations, sparser representation?)

correlated activity

o - -0

interaction intemctifivﬁemction

* Find effective interaction network
(ex: contact map in protein residue case)

 Obtain predictive, generative models
(ex : model for artificial protein sequences)

Could be used to test effect of perturbation ...
to define 'energy' landscape and probe configuration space ...

* Feedback with experiments : design of optimal, maximally informative
protocols



Microscopic model for the data (1)

(here, stationary and discrete data)

Data (1,0,0,6 1,0,1,1, ..., 110{0,1,1},0)
(0,1,0{040,1,1,1, ..., 0}1}1,0,0,0)
(1,1,0110,1,1,0, ..., 1,1}0,0,1}1) [l Probability p(c,,0,,...,0,)?

(0,1,040{1,0,0,0, ..., 0{0}0,1.,0,0)

Constraints m; = <0;>, C;= <0,6;>, ... (constraints are realizable)

Maximum entropy principle (Jaynes, 1957)

Find p(o) maximizing the entropy S[p] = - > p(s) In p(o)
under the selected constraints N



Microscopic model for the data (2)

Analogy with Thermodynamics and Ensembles in Statistical Physics

» System with energy E, volume V, N particles, ...
 Fix average value of volume V « impose pressurep: E - E+pV

number of particules N «~ impose chemical potential L: E - E-uU N

Model i E(G,J,h) - - ZJU G, Gj - Zh1 O;
i<j i Ising model!

* p"(0;d,h) = exp( -E(o;d,h) ) / Z[J,h]
where Z[J,h] =) exp(-E(o;],h))
G

* find couplings and fields such that all N+ N(N-1)/2 constraints are fulfilled

dlnZ[Jh] 0lnZ[Jh]
on i 07, — 5

1




Boltzmann Machine Learning

Ackley, Hinton, Sejnowski (1985)

o Start from random J ; and h,
. Calculate <0.6> and <o > using Monte Carlo simulations

- Compare to ¢, and m _(data) and update J, - J,-a (<Gi0j> - C;)
hk — hk -d (<Gk> - mk)

Problems: 1. 1ssue of thermalization (critical point ?
may take exponential-in-N time ...)

2. convergence (yes, but flat modes ?)

- slow



Microscopic model for the data (3)

Cross-entropy of data (= ¢',...,68) ST[ILh] =) -1n p(e”J.h)

1
= B (InZ[J,h] - 3 Jjicji - S hi m; )

i<j

T w

St[J,h;data] ,

J*,h* > J,h

* The minimum of S 1s the Ising model we are looking for :

S[p] > < ST[Lh]

I
S[pMAXENT] _ ST [J% h*]

* The hessian of S is positive semi-definite, hence S is convex



Microscopic model for the data (4)

Hessian of the cross-entropy

aZS(J,h;da‘[a) ij k1 i ] k ij k i ik
0 (J,h)  (J,h) |

<000>- <00><0> @ <00>- <0><0>
ij k i k | ij i

where < > = Gibbs average with the Ising model

1<)

X, 2
— B . T = - -
X = (Xk) - X () X=< (2 X, (csicsj <0i0j>) +§Xk (o, <c5k>)) >
A

Zero modes ? Non-realizable cases...

> J.h



Bayesian inference framework (1)

Data = set of configurations ¢°, b =1, 2, ... , B=nb. of configs

Bayes formula P[J,h|Data] O[[P[c"|J,h] x P J,h]

Prior Po[ J,h | (useful in case of undersampling ...)

For instance : Po [] eXp( - %Jij /(2J(§ ))

Likelihood Plo|Jh]= exp(YJ 0 0 +3hc)/Z[Jh]



Bayesian inference framework (2)

PosterifoJl';’roba P[ J,h | Data | [ exp( B[ ZJij c; > h mi]) / Z[J,h]"
of J, i<j i

X Pol J,h ]

Regularized S = -InP[ J,h | Data ]
Cross-entropy

= B (InZ[Jh] -2 Jjjcij-2 hjmj)-InPo[ J,h ]

= B (InZ[Jh] -5 Jij cij - T himi) + 3 Jj 235)

(with Gaussian prior)



Analytical approaches

* Mean field inference

 Importance of prior(s)
 Pseudo-likelihood algorithms

» Advanced statistical physics methods

* Inverse Hopfield-Potts model



Analytical approaches

* Mean field inference

* Importance of prior(s)
 Pseudo-likelihood algorithms

» Advanced statistical physics methods

* Inverse Hopfield-Potts model



Applications to protein residue covariation (1)

Potts model with 20 (amino-acids) +1 (gap) symbols
Compute 1- and 2- residues frequencies, f. and fiajb
Regularization = pseudo-counts ...

-f -ff

Find couplings J. = from the inversion of correlation matrix ¢, ., =1 .
ia,jb 1a,] ia,jb ia jb

Weigt et al. (2009)

Mapping of
20 top
correlations ® Contact (<8A)
and o No contact (>8A)
interactions

RNA polymerase sigma-70 region 2



Applications to protein residue covariation (2)

Morcos et al. (2011)

. for top 30 couplets |
12,000 —Distance distribul
| for top 20 couplets

Distance distribution

for top 10 couplets
§os CORR
0.2 o Direct information (DI}
v Bayssian depenconcy traoe
|| == Mutual Information (M1)
1 2 5 10 20 50 100 200 0 5 10 186 20 26 30 36
Number of predicted pairs Distance (A)

True Positive rate (< 8 A)
over 131 protein families



Applications to protein residue covariation (3)

oo INT 1T e INT
| - : .."?‘uH : e Contact
- a e (<8A)

b ", .
N > ' " ! *No cogtact
iy (> 8A)
CORR " - CORR . 9
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i = i’h & l\l‘

Trypsin family PF00089, PDB 3tgi ADP-rybosilation factor family PF00025, PDB 1{zq

Issues : - large number of parameters to be inferred (~ (20 L)*2)
- not always successful (mean field?)
- not accurate enough to be a generative model
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