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Fluctuations of the order parameter

Previous Lecture. Equation for the order parameter.
Gross-Pitaevskii theory. Healing length.
Time dependent theory. Bogoliubov equations.

This Lecture.

- Quantum fluctuations, BEC depletion and kinetic energy
- Beyond mean field effects on collective oscillations

- Thermal depletion.

- Shift of critical temperature due to interactions




Fluctuations of order parameter

Field operator \if(r) =Y, (r)+ é‘if(r)

Total density of the system: n, on

NG e
n(r) =<V (r)¥(r)>=¥,(r)| + <N (r)o¥(r) >

Experiments based on imaging
techniques measure total density

n(r) # ny(r)

Physical origin of on

- Quantum fluctuations (small in very dilute Bose gases)
- Thermal fluctuations (vanish at T=0)




Quantum fluctuations in T=0 uniform Bose gas
(brief summary of Bogoliubov theory)
Using plane wave representation ¥(r) = > a, Le"l”/h of field

operator the many-body Hamiltonian P W

H = —i j dr¥* (V¥ (r) +§ j dr¥V (W (Y)Y (r)

takes the form

2
H=Y i Z
P1+q Pr—q Pl
> 2m

Zero-th order term in H is obtained by keeping only terms 4.4,
with p=0 and using Bogoliubov replacement 4 =4, =.,/N, ~+N

==> |H=FE=gnN/2 (mean field energy)

Next approximation consists of keeping terms with two operators

—~

a,,a, with p#0 + normalization condition 4'a +Y ava, =
p 00 p#0 PP
Hamlltonlan can then be rewritten as:

2
- ] A
H = const + E 20 p +gn)a,a, +— = gn(a,a’ +a,a_,))
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P

Hamiltonian is diagonalized by Bogoliubov transformation

A - * 4 +' _ |
a,=u,b +v_b" [b,,6,1=0

transforms particles into quasi-particles. Diagonalization is ensured by choice

b

2¢(p) 2 g =4mh’alm

_Jr(1?92/2m+mc2 N ljm me® = gn

£*(p) =(

2m

) 2
pj _|_p262

Results for u,v and @ =¢&/h coincide with predictions

of linearized time dependent Gross-Pitaevskii equation

Bogoliubov transformation
reduces H to the form £ p P

pP

E,, contains non trivial ultraviolet divergence.

Its evaluation requires renormalization of effective potential)

Physical observables can be expressed in terms of

quasi-particle operators. Bp ‘ vac> —0

Ground state is vacuum of quasi-particles
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P° Example:

Momentum distribution ( T=0):

At A g * 7 A L+
a,a,=w,b, +v_»b_)u,b,+v_b

-p —bp

)

‘2:]92/2m+mc2 1 =0

2e(p) 2

n,#0 because of two-body interactions

>0 n,—>mc/2p

Behaviour of 77 : .
b p —> © n,—>1/p

ON = Zn is convergent in 3D. Gives number of atoms
p
T p#0 out of the condensate:

Quantum depletion |_ oN — 3
of the condensate N 3«/;

(na3)1/2

- Quantum depletion fixed by gas parameter.
- Depletion should be small in order to apply Bogoliubobv theory.




Due to 1/p4 behaviour at large p, Bogoliubov theory
predicts divergence for kinetic energy in 3D.

Differently from total energy (kinetic + potential), which
2 . .
Zp_ (p) =0 can be safely calculated in terms of scattering length,
Y'm MP)= kinergy energy cannot be calculated in Bogoliubov
theory. Bogoliubov theory fails when p=h/a .
Kinetic energy depends on microscopic details of the force.

Behaviour of kinetic energy in a dilute Bose gas

Hard sphere Realistic microscopic potential
Scattering length a a
nergy (-*72)| g :
Kineti 1 1
inetic energy Egn # Egn



Quantum depletion in trapped Bose gas at T=0

local density approximation

i
— = jdrnrp (r)——= \/— (n.-(r)a )1/2 5\/7 \/nTF (0)a’ Ny (1) = é(,uo (7))

6 A 2/ Effect is small in T
Nrp (O)a =0.1(N a available configurations L
ho Can become larger with Feshbach resonance
Can one extract quantum depletion through N=70 Helium droplet

measurement of density profile?

N=70

& total density

Quantum depletion arises from fluctuations

of the condensate. Separation in space £ ol

S
between condensate apd quantu.m | condensate
depleted components is not possible VAT

because they fully overlap. 0




2° example: density fluctuations

Density-density correlations are o S(q)=1
NS(q) =< 5,0q5,0_q >| | |in T=0 ideal

related to static structure factor
Bose gas

By using Bogoliubov approach one can express density operator
In terms of particle (and hence quasi-particle operators):

P, =D a4, = IN(@ +a. ) =N, +v_ )b +b.)

Using Bogoliubov results for u and v one finally finds (uniform gas)

S(g) = me(@) =

h’q’ {—) hg/2mc as gq—>0  phonon regime
—1 as q—>%  free particle regime

Bogoliubov dispersion law £*(p)=(p°/2m)* + p°c’

Density fluctuations are strongly quenched in phonon regime

Result for S(q) coincides with predictions given by density
response function calculated in time-dependent GP theory




- Result for structure factor can be generalized to trapped
BEC gases (local density approximation).

- Structure factor has been measured with Bragg
spectroscopy experiments (inelastic photon scattering)

Response function 0.1

measured at MIT
(Stamper-Kurn et al. 1999)

Z"(qaa)) — ﬂ(S(qaa))_S(qa_w))

) after
in situ\ rd expan
0.0 o ‘

sion

o

6 -4 -2 0 2 4 6
w/2n(kHz)

. 14 -3
ideal gas 0 F'eah_:gdensny (13 cm’) 6

(@)

Static structure factor

NS(q) = h[ doS(q. ) 505-

/

interacting gas
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Beyond mean field effects:
density profile and collective oscillations

Quantum correlations in interacting Bose gases modify equation of
state (n) with respect to mean field prediction p(n) = gn

Inclusion of quantum fluctuations in Bogoliubov theory
(+ renormalization of coulpling constant) yields

first correction to equation of state

32 __ Lee-Yang-Huang (1957)
,U(n) — gn(l +—\/na3 ) beyond mean field correction

New equation of state modifies both equilibrium and dynamic properties

Equilibrium density profile defined by

JVL
n(r) =np(r)—npy(r)—= \/— \/nTF(r)a

p(n)+ V. (r)= 1,

mean

field TF
Veu () density

Ny (r) = l(/Uo
g
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Beyond mean field effects: collective oscillations

Beyond mean field corrections in density profile are difficult to measure
(would require 1% accuracy)

More promising possibility concerns the study of collective oscillations.

Change in equation of state msms)p change in frequency of
hydrodynamic modes (easily measurable within 1% accuracy)

Corrections in collective frequencies due to beyond mean field affects
easily evaluable using perturbation theory in hydrodynamic equations

gn +V(ven)=0
t u(m = gn(l+ == na')
0 1

mavS +V(—mvS +u(n)+V,_)=0




2 P
Linearized hydrodynamic equations: m—5n V(nV( 5;1))
ot
In uniform gas one recovers Belayev (1958) | | .2 _ gn(1+—«/na )
result for renormalized sound velocity

In trapped gas beyond mean field effects affect both equilibrium density
and chemical potential. One finds:

16613/2

N

W’ +V(gn,Von)=—

\% (n3/25n) Ny (1) = l(;uo Vot (1))
g

Left hand side: HD equation in mean field regime
Right hand side: perturbative correction due to beyond mean field

Perturbative correction 6w to collective f(kequencies Is obtained by
multiplying HD eq. by mean field value on  and integrating by parts
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Result for beyond mean field shift of collective frequencies:

so  8a¥  |dr(Vion')onmy

0, - 3\/;m ®° jdr&n*én

where on,® are density variations and frequencies of
hydrodynamics equations in mean field (Gross-Pitaevskii) regime.

- Surface modes V?’dn =0 are unaffected by beyond
mean field correction (insensitive to equation of state)

- Shift in m=0, 1=0 mode (compression) in spherical trap:

on oc r* _%Rz o=-5w, and 00 _ 63;/8; Jn(0)a’
W

Pitaevskii and Stringari, 1999
Braaten and Pearson, 1999



ﬂ

Result is easily generalized
to axially deformed trap:

A=w./w,

m=0

fi(ﬂ‘):

50, _ 6;3;/8; Jn(O)a £.(2)

N 8+ A°

1
27 6794t 1642 +16

Application to radial compression mode in cigar geometry

(A<<1l, f,=5/6 and w=2w, )

ENS experiment (2002):

a, =1.26um,a=52nm, N =10
n..(0)a’ =0.1(N"°ala, )’ =2.2x107

Theory predicts

w=2.007w,

Compared to mean field

value 26%

/ beyond mean field effect?
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Quantum depletion is small in usual geometries
It can be increased significantly by changing geometry of configuration
Examples: - Low dimensional configurations (Lecture 5).

- Periodic potentials (Lecture 9)

- Double well potential

Quantum depletion in double well potential

Hamiltonian in double well potential can be written in boson Hubbard form

N S S S s I S
H =x%(@aaa +b"b"b b)——=4(a"b+b"a)
; 4 2
on site energy \tunneling between two wells
Eigenstates of H  =—(J, /2@ b+ba) are

(p1> =(a" +l;+) vac> (ground state) with energy &,=-0,/2

@,)=(a"—b")

vac> (excited state) with energy & =+0,/2
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1

V2

Let us introduce operators a, =

_ 1

(G+b) and 4 ﬁ(&_é)

Bogoliubov prescription then corresponds to setting g, =q, = ,/NO ~~+/N

By retaining only terms quadratic in &1,&1+ and using
relationship dgfzo +&1+&1 — N , the Hamiltonian takes the form

n  E
H =const+6,aa, +—=(a, q,
8

+a,a,+2a,a,)

H is diagonalized by Bogoliubov transformation |a, = u,BA + v,bA) ’

1/2
with |u,v =1 5J+NEC/4il
2¢g, 2

and

g,=+/0,(5,+NE./2)

Hamiltonian takes diagonal form:

H = const+gj,3+,3
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Excitation energy &, = \/5J (0,+NE./2)

approaches :

“single particle” regime ( £, = 5J , Rabi frequency) when E.<<06,/N

“plasmon” regime ( &, = \/N5JEC /2 ) when

E.>>06,/N

Both regimes are described by Bogoliubov theory
provided quantum depletion is small (they correspond
to single particle and phonon regimes in uniform gas)

Quantum depletion is associated with occupation of state 1. One finds

ON,=<a,a, >=v" =

, O, +NE./4 1

2¢g, 2

Condition of applicability of Bogoliubov theory ( oV, << N ) is

equivalent to condition

E. << N¢,

(compatible with

E.>>65,/N|)

- Condition can be easily violated by reducing tunneling parameter,
ht of barrier.

through increase of hei

- In the regime |E. >> No,

system jumps into BEC

Bogoliubov theory is no longer valid and
‘ragmented configuration (Lecture 1)
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Thermal depletion of the condensate (ideal gas)

Depletion in ideal Bose gas is due to thermal effect: |7(7) = 1, (r) +n, ()

Calculation in harmonic trap yields

with

kT.=0.94hw, N'"

No(T) = [ drny(r) = N[1=(T I T.)’]

Differently from uniform gas BEC is visible in coordinate
space because it is well separated from thermal
component (crucial feature of harmonic trapping)

Width of thermal component:  |R> ~ kBY;

maw,,
. 2 2 h
Width of condensate: Ry ~a, =
mao,,
2
Ratio Rg LTI N'?| islargeif |kT >ho,,
R, ho, T,
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Role of interactions and BEC visibility in coordinate space

- Thermal component scarcely affected by interactions
(thermal gas is very dilute)

- Condensate component strongly affected by interactions
In Thomas-Fermi limit (a>0) R =a, (15Na/ah0)1/5

R, T 1
R(? I (n(0)a’)"*

and hence:

Visibility in coordinate space is
reduced with respect to ideal
gas, but still |[R, > R,| since gas
parameter is small.

Furthermore shapes of thermal
And condensate components are c
different (bimodal distribution) o

therfmal \ &

c ~lc
3 1 it
5
:‘§- 4
S | Y] :
AN NG
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Visibility of BEC in momentum space

In superfluid helium information on BEC comes from
measurement of momentum distribution. Data are available
from inelastic neutron scattering at high momentum and
energy transfer where impulse approximation (IA) holds
and dynamic structure factor is proportional to n(p):

$,4(0,0) = [ dpstnar- L= Py
m

n(p)=N,6(p)+n(p)

/A

BEC quantum depletion at T=0

In practice corrections to IA should be included (final state interactions)
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At high momenta and
energy transfer
dynamic structure factor
scales according to

S(q,0) = %J(Y)

2 scaling variable
q 2m

J(Y)= [ dp.dp,n(p,,p,.Y)

J(Y)

Scaling function

measured in superfluid
helium (Sokol 1996).

Delta peak due BEC

is smoothed out by

final state interactions

and instrumental resolution
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Measurement of momentum distribution
in trapped Bose gases

In Bragg scattering experiments photons scatter inelastically from
atoms transferring or absorbing large momentum and energy
(measured at MIT, Stenger et al. 1999).

These measurements probe dynamic structure factor propotional,
at high momentum transfer, to momentum distribution.

Width of measured signal is proportional to width of n(p)

BEC Ay o qAP/m Experiment at MIT has proven
\ uncertainty limit AP ~7%/AR

c)

Normalized Signal [a.u.]

Corrected Width [kHz]

60 -40 20 0 20 40 60
Frequency v—v, [kHz] | | | | | |
6 8 10 12 14 16

Size X [um]
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Visibility of BEC in momentum space: trapped Bose gas

Width of thermal component

is scarcely affected by interactions:

P’ ~mk,T

IDEAL GAS: width of condensate p2 h’

Ratio

Py kT T A

P02

- ho, T,

o ~ Rg
coincides with ratio

R /R

(in harmonic oscillator momentum and
coordinate variables play symmetric role)

ROLE OF INTERACTIONS: width of condensate
In momentum space reduced by interactions

Ratio

P;

})02

~
~y

Ti (n(o)a3 )1/6 N2/3

C

Bt
RO

strongly enhanced by interactions

Higher visibility of BEC in momentum than in coordinate space
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Effect of interactions on critical temperature

- Many body effect (due to correlations) relevant in uniform
systems (constant density). Even sign of the effect is not trivial
Recenty work (Baym et al, 1999; Arnold, Moore 2001, Kashurnikov
et al. 2001) predicts positive shift, proportional to an'”

- Mean field effect relevant in non uniform systems (constant N)
(example: harmonic trapping)

- repulsive interactions, although small, tend to expand the gas, thereby
reducing average density and hence the value of critical temperature.

Calculation of mean field effect:

Just above critical temperature one can use Hartree Fock-Theory
(HF theory can be developed also below 7. , in the presence

of the condensate, not discussed here)



Shift of 1

Hartree-Fock theory describes the gas as a system of statistically
independent s.p. excitations governed by the Hamiltonian (7" > 7. )

2

Hsp = _—Vz +I/ext

2m

n 24;’ Factor 2 arises from exchange term
g (absent in the condensate)

In semi-classical approximation one can write

j drdp 1
(27h)" exp Ble(r, p)— p]-
P ideal gas result
If e(r, p)=~—+V,,(r) BEC starts at #=0
/ 2m
ideal gas N, =N = kBT(? = 0.94ha)h0N”3

2

If |e(r,p) = é’—mwho (r)+2gn(r)) BEC starts at 4= 2gn(0)

In uniform gas |¢(r,p)—u|  (and hence |N,| ) does not
depend on interaction and one recovers ideal gas result
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In non uniform gas one can expand

ON ON
N.=N_,+—=—0.+—L St =2on(0
T T GT C @IL[ ,Ll H 14 ( )
Yielding, after straightforward integration,
ol
T—(f — 143 N" Giorgini et al, 1996
C

Mean field negative shift:
small, but measurable effect
(Orsay; Gerbier et al 2003):

Many-body effect gives higher
order corrections in harmonic
trap.

0.5 1.0 1.5 20 25
Critical atom number {1 IDB)




This lecture. Fluctuation of the order parameter.
Quantum fluctuations and BEC depletion.
Thermal depletion.

Shift of critical temperature due to interactions

Next lecture. BEC in low dimensions.

Theorems on long range order. Algebraic decay in low D.
Mean field and beyond mean field.

Collective oscillations in 1D gas.




