
GENERAL RELATIVITY

M2 Theoretical physics

November 14, 2018.

Notations : The covariant derivative of the whole spacetime is denoted by ∇ whereas the
one on the hypersurfaces is written D. Greek indices are for the whole spacetime (typically of
dimension 4) and Latin indices for the hypersurfaces (hence typically of dimension 3).

1 Extrinsic curvature

1-a) In a space with a metric gµν , one considers the hypersurface H defined by its equation
F (xµ) = 0. Compute the vector normal to the hypersurface and normalize it, when possible.
Discuss the three different possible cases. (hint : recall that the normal is proportional to ∂αF ).

1-b) When the normal vector is time-like, show that the operator γβα = δβα + nαn
β is the

projection operator onto H. What is the projection of g on the hypersurface (let γ act twice on
g, once for each index) ? This γ is the induced metric on the hypersurface. What changes if the
normal is spacelike ?

1-c) Let T be the set of vectors tangent to H. The Weingarten map is defined as the
application that takes a vector ~v ∈ T to [χ (v)]β = vα∇αnβ. Show that it is a map from T to T
and that it is self-adjoint, meaning that

u · χ (v) = χ (u) · v ∀ (u, v) ∈ T 2.

It follows that the tensor K defined by its action on the vectors of T by K (u, v) = −u · ∇vn
is symmetric. It is called the extrinsic curvature tensor.

1-d) Consider a cylinder of radius R in Euclidean space. What is the induced metric ?
Comments ? Compute the extrinsic curvature tensor (hint : first use Cartesian coordinates and
then go back to cylindrical ones).

2 Spacetime foliation

Consider a spacetime M with a metric g. A foliation of M is a decomposition M = ∪t∈RΣt,
where Σt are spatial hypersurfaces

If xi is a coordinate system of each Σt, then
(
t, xi

)
constitutes a system of coordinates of

the whole spacetime.
2-a) Show that the induced metric is simply γij = gij .
2-b) The choice of coordinates (i.e. of t and xi) can be made via the choice of a function

N (the lapse) and spatial vector Bi (the shift). This is done by writing the normal to the
hypersurfaces as

nα =

(
1

N
,−B

i

N

)
.

Find the covariant representation of n and deduce the expression of the metric g as a function
of N , Bi and γij .
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2-c) An Eulerian observer is an observer which four-velocity is n. What is the link between
the proper time measured by this observer and the time coordinate ?

2-d) What is the variation of the spatial coordinates of an Eulerian observer between two
neighbouring hypersurfaces ?

In this context the extrinsic curvature tensor can be written(
∂

∂t
− L ~B

)
γij = −2NKij

where L is the Lie derivative.
2-e) Schwarzschild metric in quasi-isotropic coordinates reads:

ds2 = −

(
1− M

2r

1 + M
2r

)2

dt2 +

(
1 +

M

2r

)4 (
dx2 + dy2 + dz2

)
.

Find N , Bi and γij in those coordinates and compute Kij .
2-f) Painlevé-Gullstrand coordinates are defined with respect to the usual Schwarzschild

ones by

T = t+ 4M

(√
r

2M
+

1

2
ln

(√
r/2M − 1√
r/2M + 1

))
.

Reminder : in Schwarzschild coordinates one has

ds2 = −
(

1− 2M

r

)
dt2 +

(
1− 2M

r

)−1
dr2 + r2dΩ.

Compute the metric in Painlevé-Gullstrand coordinates and find the value of N , Bi and γij .
Compute Kij .

3 3+1 formalism (course)

The 3+1 formalism enables to make the time dependency of Einstein’s equations explicit. The
derivation of the full set of equations is relatively complex. In short, one proceeds as follows:

• One computes the 4D curvature as a function of the 3D one (i.e. on the hypersurfaces),
the normal nµ and the covariant derivative associated to γij . This is known as the Gauss-
Codazzi relations.

• Each index of four-dimensional tensors can be projected either onto the normal or onto
the hypersurfaces. For the stress-energy tensor those projections give:

E = Tµνn
µnν

Pα = −Tµνnµγµα
Sαβ = Tµνγ

µ
αγ

ν
β

where all the quantities are purely spatial (i.e. they “live”on the hypersurfaces). They
are, respectively, the energy density, the momentum and the stress tensor, all measured
by an Eulerian observer.
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• Einstein’s tensor can be projected in the same manner as the stress-energy one to get the
3+1 form of Einstein’s equations:

– projection onto nµnν :
R+K2 −KijK

ij = 16πE

which is called the Hamiltonian constraint.

– projection onto nµγνi :

DjK
j
i −DiK = 8πPi

which is called the momentum constraint.

– projection onto γνi γ
µ
j(

∂

∂t
− L ~B

)
Kij = −DiDjN +N

(
Rij +KKij − 2KikK

k
j + 4π [(S − E) γij − 2Sij ]

)
which is the evolution equation for the extrinsic curvature tensor.

• to those equations, one needs to add the purely geometric definition of the extrinsic cur-
vature tensor (

∂

∂t
− L ~B

)
γij = −2NKij .

This system of equations constitutes a Cauchy problem for the variables γij and Kij , under
the conditions encoded in the constraints. One can show that the evolution equations propagate
the constraint ones at latter times. The choice of coordinates is made via the choice of a lapse
and a shift.

4 Perfect fluid

Consider a perfect fluid of four-velocity uα.
4-a) One defines the Lorentz factor Γ as the ratio between the proper time of the Eulerian

observer and the one of the fluid. Show that Γ = Nu0 and express it with the normal to the
hypersurfaces.

4-b) Let d`α be the variation of distance between the worldline of a fluid element and of an
Eulerian observer , between two neighbouring hypersurfaces (in a similar way as in 2-d). One
then defines the Eulerian velocity as

Uα =
d`α

dτEuler
.

Express uαas a function of nα and Uα. Deduce the projection of uα on the hypersurfaces.

4-c) One can define the coordinate velocity as V i =
dxi

dt
. Find the relation between V i and

U i.
4-d) The stress-energy tensor of a perfect fluid is Tµν = (ρ+ P )uµuν + Pgµν , where ρ and

P are the energy density and the pressure, both measured in the fluid reference-frame. Compute
the 3+1 quantities E, P i and Sij as a function Γ and U i.
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5 Initial data for initially static binary black holes

One wants to solve the constraint equations for a system of two black holes, initially at rest,
that is with Kij = 0. Moreover, one looks for a conformally flat solution, meaning a solution
such that γij = Ψ4fij where fij is the flat metric.

5-a) Compute the Ricci scalar of γij . One can use Φ = ln Ψ. Deduce the equation that must
be fulfilled by Ψ.

For two black holes, the solution can be written as

Ψ = 1 +
α1

||~r − ~c1| |
+

α2

||~r − ~c2| |

where αi are two positive numbers and ~ci two constant vectors.
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