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1 Linearization of Einstein’s equations

1-a) Consider a perturbative expansion of Minkowski spacetime: gµν = ηµν + hµν with
|hµν | � 1. All the derivatives of h are also small. Find the expression of gµν at the first order.
We will define hµν = ηµαηνβhαβ. Show that, at first order, one can manipulate the indices with
η.

1-b) Compute Einstein’s tensor as a function hµν and its trace h = ηµνhµν (assume
Cartesian-like coordinates).

1-c) One introduces the variable h̄µν = hµν − 1
2hηµν . What is the trace of h̄µν ? Express

Einstein’s tensor as a function of h̄µν and the vector V α = ∂βh̄
αβ.

2 Lorenz gauge

Given a small vector field ξα, consider the transformation

h̄µν −→ h̄′µν = h̄µν + ∂µξν + ∂νξµ − ηµν∂αξα.

2-a) What is the transformation law for V α ? Show that the linearized Einstein’s equations
are invariant under this transformation.

2-b) Lorenz gauge is such that V α = 0. How can it be constructed ? In the vacuum, what
is the equation obeyed by h̄µν ?

2-c) One looks for a solution that is a monochromatic wave h̄µν = Aµν exp (ikαx
α) where

Aµν and kα are two constant tensors. What are the conditions that must be fulfilled by this
wave ?

3 TT gauge (transverse and traceless)

One considers the same wave as in 2-c and the same transformation as in 2.
3-a) Show that any transformation with a vector ξα = Bα exp

(
ikβx

β
)

where Bα is con-
stant, maintains the Lorenz gauge. It shows that the Lorenz gauge does not completely fix the
coordinates.

3-b) Consider a constant vector uα such that kαu
α 6= 0. Show that there exists a unique

Bα that enables to fulfill the TT gauge conditions

uµAµν = 0 (transverse)

ηµνAµν = 0 (traceless).

3-c) Given all the conditions that Aµν must verify, determine the number of independent
components of the tensor. Those are the polarization states of the gravitational wave.
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3-d) Consider a plane wave propagating in the z direction. Find hµν in the TT gauge if
one takes uα as the quadrivelocity of an inertial observer (i.e. uα = (1, 0, 0, 0)).

4 Action on matter

4-a) Consider a massive particle at rest. Its geodesic is parametrized by its proper time.
What is the equation of its trajectory ? A gravitational wave reaches the particle (use the same
TT coordinates as in 3-d). By writing the geodesic equation at the leading order, find how the
spatial coordinates of the particle vary.

4-b) Consider two points A = (t, 0, 0, 0) and B =
(
t, xiB

)
, which are close compare to the

wavelength. One can then consider that hij is only dependent on time: hij (xα) = hij (t, 0, 0, 0).
A photon is send from A to B, who sends it back to A. The distance L is defined as half

the time needed to do this trip, as measured by A. One will define xiB = L0n
i, where L0 is the

distance in absence of gravitational waves and δL = L− L0. Show that :

δL

L0
=

1

2
hijn

inj .

4-c) One can construct a coordinate system based on the distances defined in 4-b. More
precisely, one considers x′i = xi + 1

2δ
ikhkjx

j , where the xi are the TT coordinates. Show that
the metric is then simply ds2 = −dt2 + δijdx

′idx′j . One talks of Fermi coordinates.
4-d) Consider a circle on the plane (x, y) and an incoming plane wave along z direction. In

Fermi coordinates, how does the circle change ?

5 Sources of gravitational waves

In order to determine the waves emitted by a source, one needs to linearized the Tµν term in
Einstein’s equations. It can be done explicitly under the following hypothesis:

• one is far from the source that is of compact support.

• the source is not highly relativistic, meaning all its velocities are small compared to c.

One then finds the quadrupole formulae that give the emitted wave, the emitted energy and
angular momentum per unit of time as

hij =
2

r

[
P ki P

l
j −

1

2
PijP

kl

]
d2Qkl

dt2
(t− r)

dE

dt
= −1

5

〈
d3Qij
dt3

d3Qij

dt3

〉
dJj
dt

=
2

5
εjkl

〈
d2Qkm
dt2

d3Qml

dt3

〉
, (1)

where εjkl is the Levi-Civita symbol (1 if jkl is an even permutation of 123, −1 if it is an
odd one and 0 otherwise). The averages are taken on several periods of the source. Pij is the
transverse projection operator Pij = δij − ninj , where ~n is the unit vector joining the source to
the observer.
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Q (t) is the Newtonian quadrupole given by an integral on the source

Qkl (t) =

∫
source

ρ (x, t)

(
xkxl −

1

3
xix

iδkl

)
d3x. (2)

ρ is the Newtonian matter density, that is ρ ≈ T 00.
To have an emission of gravitational waves, one then needs to have a varying quadrupole

momentum.
5-a) Consider a source of mass M , of characteristic velocity v and size R. The efficiency

of the emission (i.e. the geometry of the source) is measured by the parameter ε such that
Q ≈ εMR2. Estimate the emitted power. What are the properties of a good emitter ?

6 Binary system

6-a) Consider two point masses of mass m, on a circular orbit with a separation d. Assuming
that the dynamic is Newtonian, compute the energy and angular momentum emitted by the
system (using the quadrupole formulae).

6-b) Show that the orbit stays circular under the emission of gravitational waves.
6-c) If the initial separation is d0, how long does it take for the system to coalesce (i.e. to

reach d = 0).
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