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1 Character for Representation of D3

(1) Let us consider a finite group G of order r and its d-dimensional representation ρ.
Since ρ is completely reducible, one can decompose ρ’s into a direct sum of irreducible
representations ρ(a): ρ = ⊕amaρ

(a). Here ma counts how many times the representation
ρ(a) appears in ρ. We denote representation matrices of ρ(g) and ρ(a)(g) as M(g) and
M (a)(g), respectively (g ∈ G). Then the characters corresponding to them are defined
by χ(ρ)(g) = tr(M(g)) and χ(a)(g) = tr(M (a)(g)) respectively.

Prove the following relation:

ma =
1

r

nc∑
i=1

riχ(Ci)χ(a)(Ci) .

Here Ci is a conjugacy class of G with a representative gi ∈ G (i = 1, 2, · · · , nc), nc is the
number of the conjugacy classes and ri is the number of elements in Ci. We notice that
the characters satisfy χ(g) = χ(gi) and χ(a)(g) = χ(a)(gi) for g ∈ Ci. Thus we denoted
the characters corresponding to the representations ρ and ρ(a) for an element in Ci as
χ(Ci) and χ(a)(Ci), respectively.

(2) Let us consider the characters for the representations of the group D3. As we have
shown in Problem 2 of Problem Set No.1, there are three conjugacy classes of D3:

C1 = {e} , C2 = {c3, c−13 } , C3 = {σ1, σ2, σ3} .

Answer the following questions :

1. For the three-dimensional representation ρ given in Problem 1 of Problem Set No.2,
calculate the characters.

2. For the irreducible representations ρ(1), ρ(1
′) and ρ(2) of D3, calculate the charac-

ters. Confirm the orthogonality of the characters for the irreducible representations
explicitly.

3. Explain that the irreducible representations of D3 are ρ(1), ρ(1
′) and ρ(2) only (up

to those isomorphic to these three).

4. Calculate m1, m1′ and m2 for the representation ρ .
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2 Induced Representation

Let us consider a finite group G and its subgroup H. One can carry out the right coset
decomposition of G as

G = g1H + g2H + · · ·+ gpH ,

where g1, g2, · · · , gp ∈ G and giH ∩gjH = ∅ for i 6= j. Let us next take a nH -dimensional
representation of H and denote its matrix representation as m(h) = (mab(h)) for h ∈ H
(a, b = 1, 2, · · ·nH). From this representation of H, one can construct a pnH -dimensional
representation of G in the following way: for g ∈ G, (nH(i − 1) + a, nH(j − 1) + b)-
component of the matrix representation M(g) is defined as (we denote it as Mia,jb(g)
here)

Mia,jb(g) =

{
mab(g

−1
i ggj) for g−1i ggj ∈ H ,

0 otherwise .

We note that i, j = 1, 2, · · · , p (and thus M(g) is a pnH × pnH matrix). This represen-
tation of G is called the induced representation.

(1) Show that the induced representation is indeed a representation of G (that is, confirm
that M(g)M(g′) = M(gg′) for g, g′ ∈ G).

Now we consider irreducible representations ρ(α) of H and denote its matrix rep-
resentation as m(α)(h) for h ∈ H. Then from these, one can construct the induced
representations for G as above. We denote the corresponding matrix representations as

M
(α)
ind (g) (for g ∈ G).

Let us next introduce the irreducible representations of G denoted by ρ
(A)
G for which

the matrix representation is given by M
(A)
G (g) (for g ∈ G). We can decompose the char-

acter for the induced representation by using the ones for the irreducible representation
as

χ
(α)
ind(g) =

∑
A:irrep. of G

n
(α)
A χ

(A)
G (g) ,

where χ
(α)
ind(g) and χ

(A)
G (g) are the characters corresponding to M

(α)
ind (g) and M

(A)
G (g),

respectively, and n
(α)
A counts how many time each irreducible representation of G appears

in the induced representation.

On the other hand, we can construct a representation of H by restricting ρ
(A)
G to H.

Then the decomposition of the corresponding character into the ones for the irreducible
representation of H is written as (for h ∈ H)

χ
(A)
G (h) =

∑
α:irrep. of H

n(A)α χ(α)(h) ,

Here χ(α)(h) is the character corresponding to m(α)(h) and n
(A)
α counts how many times

each irreducible representation of H appears in this representation constructed by re-

stricting ρ
(A)
G to H.
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(2) Prove the Frobenius reciprocity relation for these two decomposition coefficients:

n
(α)
A = n(A)α .
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