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Magné8sme	  et	  réseau	  périodique	  	  

le	  mouvement	  cyclotron	   le	  mouvement	  sur	  un	  réseau	  carré	  

` =
p
~ / qB

a

=	  phase	  de	  Aharonov-‐Bohm	  sur	  le	  contour	  d’une	  plaqueEe	  

Compé88on	  entre	  deux	  phénomènes	  («	  frustra8on	  »)	  :	  

a2

`2
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qBa2

~ = 2⇡
�
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� = Ba2 :	  flux	  à	  travers	  une	  plaqueEe	  

�0 = h/q :	  quantum	  de	  flux	  



Valeurs	  per8nentes	  de	  la	  phase	  Aharonov-‐Bohm	   2⇡�/�0

a

Dans	  un	  solide	  «	  ordinaire	  »	  :	  	  

a ⇠ 1 Å = 10�10 mB ⇠ 100T

� = Ba2 ⇠ 10�18 Wb

�0 = h/q ⇡ 4 10�15 Wb

2⇡�/�0 ⇠ 10�3

Pas	  d’effet	  radicalement	  nouveau	  lié	  au	  réseau	  	  
à	  aEendre	  dans	  ce	  régime	  «	  de	  champ	  faible	  »	  

Si	  le	  flux	  	  Ba2	  	  devient	  beaucoup	  plus	  grand	  grâce	  à	  l’u8lisa8on	  	  
de	  matériaux	  synthé8ques	  ou	  de	  champs	  magné8ques	  ar8ficiels,	  	  
la	  frustra8on	  peut	  jouer	  un	  rôle	  dominant.	  



Le	  spectre	  d’énergie	  à	  une	  par8cule	  

Hofstadter,	  1976	  :	  modèle	  de	  liaisons	  fortes	  	  
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Le	  modèle	  des	  liaisons	  fortes	  

Réseau	  1D	  périodique,	  modèle	  à	  une	  bande	  :	  

Etats	  propres	  =	  ondes	  de	  Bloch	  (version	  discré8sée	  des	  ondes	  planes)	  
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Energie	  associée	  :	  
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aĤ = �J
X

j2Z
|wj+1ihwj |+ h.c.

�1 0 1

�2

0

2

q/k

Én
er

gi
e

(u
ni

té
J

)

�2J

+2J

E

Bande	  de	  
largeur	  4J	  	  

zone	  de	  Brillouin	  

qa/⇡



Modèle	  des	  liaisons	  fortes	  à	  2D	  

Ĥ = Ĥ
x

+ Ĥ
y

:	  hamiltonien	  séparable	  
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Etats	  propres	  :	  ondes	  de	  Bloch	  à	  deux	  dimensions	  	  

E(q) = �2J (cos(aq
x

) + cos(aq
y

))

| qi =
X

j,l

eia(jqx+lq
y

) |wj,liq = (q
x

, q
y

)



Réseau	  sous	  champ	  magné8que	  

r r0
Phase	  de	  Aharonov-‐Bohm	  associée	  au	  lien	  r ! r0

�(r ! r0) =
q

~

Z r0

r
A · dr

Subs8tu8on	  de	  Peierls	  dans	  le	  régime	  des	  liaisons	  fortes	  :	  	  
chaque	  terme	  tunnel	  de	  l’hamiltonien	  est	  affecté	  de	  la	  phase	  correspondante	  

�J |wj+1,lihwj,l| �! �J ei�(j,l!j+1,l) |wj+1,lihwj,l|

j j + 1j � 1

l � 1

l + 1

l



|ãi |b̃i

|c̃i|d̃i

Choix	  de	  jauge	  

Sur	  une	  plaqueEe	  donnée	  du	  réseau,	  la	  seule	  quan8té	  physique	  	  
(invariante	  de	  jauge)	  est	  la	  somme	  des	  phases	  des	  coefficients.	  

Illustra8on	  sur	  un	  système	  à	  4	  sites	  
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|ci|di

ei�1
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ei�3

ei�4

1

1

1

ei⇥

Ĥ = �J
⇣
ei�1 |aihd|+ ei�2 |biha|

+ei�3 |cihb|+ ei�4 |dihc|
⌘
+ h.c.

⇥ = �1 + �2 + �3 + �4

|b̃i = ei(�1+�2)|bi
|c̃i = ei(�1+�2+�3)|ci

On	  redéfinit	  la	  phase	  des	  états	  de	  base	  

|ãi = ei�1 |ai

|d̃i = |di



Champ	  magné8que	  uniforme	  et	  jauge	  de	  Landau	  

On	  décide	  d’aEribuer	  une	  phase	  nulle	  à	  tous	  les	  liens	  ver8caux	  

La	  phase	  totale	  accumulée	  sur	  le	  pourtour	  de	  chaque	  cellule	  doit	  être	  iden8que	  :	  	  

2⇡↵ ↵ = �/�0avec	  	   � = Ba2 :	  flux	  à	  travers	  une	  plaqueEe	  

�0 = h/q :	  quantum	  de	  flux	  

ei 2⇡↵ lei 2⇡↵ l

ei 2⇡↵ (l+1) ei 2⇡↵ (l+1)

ei 2⇡↵ (l�1) ei 2⇡↵ (l�1)

1 1 1

1 1 1

j

l

Equivalent	  pour	  ceEe	  version	  discrète	  de	  	  A = (�By, 0, 0)

Calcul	  de	  ceEe	  phase	  totale	  :	  

⇥ = 2⇡↵l + 0� 2⇡↵(l � 1) + 0

= 2⇡↵
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Formula8on	  générale	  du	  problème	  

ei 2⇡↵ lei 2⇡↵ l

ei 2⇡↵ (l+1) ei 2⇡↵ (l+1)

ei 2⇡↵ (l�1) ei 2⇡↵ (l�1)

1 1 1

1 1 1

j

l

On	  cherche	  le	  spectre	  de	  l’hamiltonien	  

Ĥ = �J
X

j,l

ei 2⇡↵ l|wj+1,lihwj,l|

+ |wj,l+1ihwj,l| + h.c.

On	  garde	  la	  périodicité	  selon	  l’axe	  x,	  mais	  on	  perd	  la	  périodicité	  selon	  l’axe	  y	


On	  peut	  chercher	  les	  fonc)ons	  propres	  sous	  forme	  de	  fonc)ons	  de	  Bloch	  pour	  x	


| i =
X

j,l

Cl e
ijaq

x |wj,li

Equa)on	  de	  récurrence	  (équa)on	  de	  Harper)	  vérifiée	  par	  les	  coefficients	  Cl.	  

Un	  cas	  par8culier	  important	  :	  coefficient	  α	  ra8onnel,	  	  ↵ = p0/p

On	  retrouve	  alors	  la	  périodicité	  selon	  y,	  mais	  avec	  une	  période	  pa	  au	  lieu	  de	  a.	  

a

2⇡↵l  ! 2⇡↵(l + p)



L’exemple	  du	  flux	  	  ↵ = 1/3

|Aj,li

|Bj,li

|Cj,li

ei2⇡/3

ei4⇡/3

1

Cellule	  unité	  à	  trois	  sites	   |Ai, |Bi, |Ci de	  taille	  	  a ⇥ 3a

On	  cherche	  les	  états	  propres	  sous	  forme	  	  
de	  fonc8ons	  de	  Bloch	  :	  

3a

a| qi =
X

j,l

eia(jqx+3lq
y
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La	  bande	  fondamentale	  se	  	  

fragmente	  en	  trois	  sous-‐bandes	  

Ĥ| qi = E(q) | qi matrice	  3	  x	  3	  à	  diagonaliser	  pour	  chaque	  q	




Forme	  générale	  du	  spectre	  
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Les	  niveaux	  de	  Landau	  retrouvés	  
E
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Niveaux	  très	  fins	  et	  équidistants	  
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Dans	  ce	  réseau	  carré	  :	  



La	  topologie	  des	  bandes	  d’énergie	  

Au	  delà	  des	  valeurs	  très	  basses	  du	  flux,	  est-‐ce	  qu’il	  existe	  un	  lien	  quan8ta8f	  	  
entre	  les	  niveaux	  de	  Landau	  et	  les	  sous-‐bandes	  trouvées	  pour	  un	  flux	  plus	  grand	  ?	  	  
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Une	  propriété	  remarquable	  des	  niveaux	  de	  Landau	  

Conduc8vité	  transverse	  quan8fiée	  si	  on	  remplit	  le	  	  
niveau	  de	  Landau	  fondamental	  (et	  seulement	  lui)	  :	  

�E
x

courant	  

Ṅ
y

=
1

h
�E

x

Ob8ent-‐on	  un	  courant	  similaire	  si	  on	  remplit	  	  
seulement	  la	  sous-‐bande	  la	  plus	  basse	  pour	  	  
une	  valeur	  donnée	  de	  	  	  	  	  	  	  	  	  	  	  	  	  ?	  �/�0

Oui	  dans	  le	  cas	  par8culier	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  !	  	  	  
Conséquence	  d’un	  résultat	  général	  établi	  par	  Thouless	  et	  al,	  1982,	  pour	  	  
un	  remplissage	  de	  type	  «	  isolant	  »	  (poten8el	  chimique	  dans	  un	  gap):	  	  	  

Ṅ
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C

h
�E

x

C :	  nombre	  en8er	  (nombre	  de	  Chern)	  

↵ = 1/p



Interpréta8on	  physique	  du	  nombre	  de	  Chern	  
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On	  applique	  une	  force	  F	  associée	  à	  	  
la	  différence	  d’énergie	  	  	  	  	  	  	  	  	  	  �E

x
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a

En	  une	  période	  de	  Bloch,	  combien	  de	  par8cules	  
traversent	  un	  segment	  de	  longueur	  a	  ?	  

�N = aJy⌧B

= C le	  nombre	  de	  Chern	  !	  

Le	  LLL	  et	  la	  sous-‐bande	  fondamentale	  du	  papillon	  	  pour	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  sont	  	  
topologiquement	  équivalents	  car	  ils	  ont	  le	  même	  nombre	  de	  Chern	  (C=1)	  
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Expériences	  avec	  des	  réseaux	  de	  grand	  pas	  
en	  ma8ère	  condensée	  

Heterostructures consisting of atomically thin materials in a multi-
layer stack provide a new means of realizing a two-dimensional system
with a laterally modulated periodic structure. In particular, coupling
between graphene and hexagonal boron nitride (hBN), whose crystal
lattices are isomorphic, results in a periodic moiré pattern. The moiré
wavelength is directly related to the angular rotation between the two
lattices22–24, and can be tuned through the desired length scales without
the need for lithographic techniques8,9. Moreover, hBN provides an
ideal substrate for achieving high-mobility graphene devices, which is
crucial for high-resolution quantum Hall measurements25,26, and field-
effect gating in graphene allows the Fermi energy to be continuously
varied through the entire moiré Bloch band.

In this study, we used Bernal-stacked bilayer graphene (BLG) Hall
bars fabricated on hBN substrates (Fig. 1a, b) using mechanical exfo-
liation followed by co-lamination (Methods Summary). Figure 1b
shows a non-contact atomic force microscopy (AFM) image acquired
from an example device. In the magnified region, a triangular moiré
pattern is visible with wavelength 15.5 6 0.9 nm. This is comparable to
the maximal moiré wavelength of ,14 nm expected for graphene on
hBN22–24, suggesting that in this device the BLG lattice is oriented
relative to the underlying hBN lattice with near-zero angle mismatch.

Figure 1c shows transport data measured from the same device. In
addition to the usual resistance peak at the charge neutrality point (CNP),
occurring at gate voltage Vg < 2 V, two additional satellite resistance
peaks appear, symmetrically located at Vsatl < 630 V relative to the
CNP. These satellite features are consistent with a depression in the
density of states at the superlattice Brillouin zone band edge, analogous
to previous spectroscopic measurements of single-layer graphene
coupled to a moiré superlattice24,27. Assuming non-overlapping bands,
jVsatlj gives an estimate of the moiré wavelength of ,14.6 nm
(Supplementary Information), in good agreement with the AFM mea-
surements. The nature of these satellite peaks can be further probed in the
semiclassical, low-B transport regime. In Fig. 1d, longitudinal resistance,
Rxx, and transverse Hall resistance, Rxy, are plotted versus gate voltage at

B 5 1 T. Near the central CNP, the Hall resistance changes sign as the
Fermi energy passes from the electron to the hole band. The same trend
also appears near Vsatl, consistent with the Fermi energy passing through
a second band edge. This provides further confirmation that the moiré
pattern, acting as a periodic potential superlattice, gives rise to a mini-
Brillouin zone band28. We observed the satellite peak to be more
developed in the hole branch than in the electron branch in all samples,
in agreement with previous experimental and theoretical studies of hBN-
supported monolayer graphene24,27,28. The satellite peaks vanish at tem-
peratures above 100 K (Fig. 1c, inset), indicating that the coupling
between the BLG and hBN atomic lattices is of order ,10 meV.
Perfect crystallographic alignment between graphene and hBN is
expected to open a ,50-meV bandgap29,30, leading to a low-temperature
divergence in the resistance at the CNP. The weak temperature depend-
ence observed in our device suggests the absence of a gap, possibly owing
to the lattice mismatch between the BLG and hBN.

In the remainder of this Letter, we focus on magnetotransport mea-
sured at high field. Figure 2a shows the evolution of Rxx and Rxy for
magnetic fields up to 31 T. In the left panel (a Landau fan diagram), Rxx
is plotted against the experimentally tunable gate voltage and magnetic
field. In the right panel, the magnitude of the corresponding Rxy is
plotted against the dimensionless parameters appearing in the
Diophantine equation, n/no and w/wo. This Wannier diagram is simply
the Landau fan diagram with both axes relabelled by dimensionless
units defined by normalizing to the moiré unit-cell area.

In a conventional quantum Hall system, the Landau fan diagram exhi-
bits straight lines, tracking minima in Rxx and plateaux in Rxy. Plotted
against n/no and w/wo, the slope of each line is precisely the Landau level
filling fraction, n, and all lines converge to the origin. White lines in Fig. 2a
identify QHE states matching this description, tracking Landau level
filling fractions n 5 4, 8 and 12. This is consistent with the usual QHE
hierarchy associated with a conventional degenerate BLG spectrum.

At large magnetic fields, several additional QHE states, exhibiting
minima in Rxx together with plateaux in Rxy, develop outside the usual
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Figure 1 | Moiré superlattice. a, Sketch of graphene on hBN showing the
emergence of a moiré pattern. The moiré wavelength varies with the mismatch
angle, h. b, Left: an AFM image of a multiterminal Hall bar. Right: a high-
resolution image of a magnified region. The moiré pattern is evident as a
triangular lattice (upper inset shows a further magnified region). A fast Fourier
transform of the scan area (lower inset) confirms a triangular lattice symmetry

with periodicity 15.5 6 0.9 nm. c, Measured resistance versus gate voltage at
zero magnetic field. Inset: the corresponding conductivity versus temperature,
indicating that the satellite features disappear at temperatures greater than
,100 K. d, Longitudinal resistance (left axis) and Hall resistance (right axis)
versus gate voltage at B 5 1 T. The Hall resistance changes sign and passes
through zero at the same gate voltage as the satellite peaks.
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FIG. 1. Longitudinal resistance Rxx and Hall resistance Rxy
for a 2D superlattice with period a ! 120 nm for two tempera-
tures [7]. The triangles indicate the flat band positions. The
top inset shows a sketch of the lateral superlattice on top of the
heterojunction [7].

phenomena can be observed in Rxx : a well developed posi-
tive magnetoresistance around zero magnetic field with
a saturation field B0 of 0.145 T and three types of 1!B
periodic oscillations. The latter can be identified more
clearly after replotting the data as a function of the in-
verse magnetic field, as shown in Fig. 2. At the higher
fields, in region 1, the influence of the modulation poten-
tial is strongly suppressed and the usual SdH oscillations
are observed. From their period D"1!B#SdH ! 0.170 T21

we extract an areal density of 2.84 3 1011 cm22. In re-
gion 2, the SdH oscillations are superimposed on top of
the well-known semiclassical commensurability oscilla-
tions [8–10]. These display minima for the flat band
condition,

2Rc ! a"l 2 1!4# , (1)
where l is an integer and Rc is the cyclotron radius.
Their period is D"1!B#FB ! 0.682!T. Finally, in region
3 unexpected oscillations show up with a distinct 1!B
periodicity D"1!B#novel ! 0.313/T, which fits neither the
periodicity of the SdH oscillations nor the periodicity of the
commensurability oscillations for the given areal density.
Their amplitude is modulated by the above mentioned
semiclassical commensurability oscillations [11]. These
novel oscillations, reported in preliminary form previously
[12], are the subject of this Letter. It will be shown that the
miniband structure induced by the electrostatic modulation
needs to be invoked to account for these oscillations.
Moreover, there exists an intimate connection with the
mechanism of semiclassical magnetic breakdown [13,14].
The novel oscillations develop in the transition re-

gion between the positive magnetoresistance and the
onset of the SdH oscillations. Two models have been
put forward to describe the positive magnetoresistance
and its saturation. Previous experiments were best
explained within a classical model [15]. For magnetic
fields where the electrical force due to the modulation
potential is greater than the Lorentz force, electrons

may be trapped in the minima of the potential and
runaway orbits in real space cause the positive mag-
netoresistance. It saturates when the magnetic force
exceeds the electrical force. A second approach, rele-
vant for the case at hand, is the semiclassical theory of
magnetic breakdown [13]. Electrons suffer Bragg reflec-
tions at the boundaries of the Brillouin zone defined by the
periodic potential. The free electron energy dispersion is
perturbed and displays energy gaps at these boundaries.
Under the influence of the magnetic field electrons move
on constant energy contours in k space. In real space
the corresponding path has the same shape, yet is rotated
by p!2 and scaled by h̄!eB. As a consequence of the
Bragg reflections, the motion of electrons at the Fermi
energy is modified and two classes of orbits coexist:
closed orbits and undulating open runaway trajectories
(Fig. 3b). As in the classical model, the latter enhance the
magnetoresistance. Transitions between these different
orbits would require the crossing of the energy gap at the
Brillouin zone boundary. This tunneling is made possible
by increasing the magnetic field [13]. The probability for
tunneling becomes significant when the cyclotron energy
h̄vc reaches a value close to the relevant energy gap DE.
If the tunneling rate is sufficiently large, the positive mag-
netoresistance saturates. Electrons now predominantly
describe closed trajectories in k space—resembling the
well-known cyclotron orbits for the case without modu-
lation—by crossing the gaps instead of tracing the open
orbits. This mechanism is called magnetic breakdown. It
was introduced in the context of bulk metals [14].
With the reappearance of free cyclotronlike orbits the

SdH oscillations develop. The Bohr-Sommerfeld quanti-
zation rule allows only closed orbits that enclose a quan-
tized amount of magnetic flux. This restriction leads to the
oscillatory behavior of quantities dependent on the density
of states at the Fermi energy, such as the SdH oscillations
in the longitudinal resistivity. Their period D"1!B# is in-
versely proportional to the area AF in k space enclosed by
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FIG. 2. Magnetoresistance as a function of the inverse mag-
netic field [7]. There are oscillations with three different 1!B
periodicities. Triangles indicate flat band positions. The very
regular oscillations in region 3 have a new fundamental period
D"1!B#novel.
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Modèle	  des	  liaisons	  fortes,	  choix	  de	  jauge	  

2.	  Le	  papillon	  de	  Hofstadter	  

Sépara)on	  en	  sous-‐bandes,	  nombre	  de	  Chern	  	  
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But	  de	  ceEe	  approche	  

Réseau	  modulé	  dans	  le	  temps	  

x

On	  veut	  u8liser	  les	  différents	  paramètres	  de	  la	  modula8on	  

• 	  amplitude	  
• 	  fréquence	  
• 	  phase	  
• 	  dimensionalité	  

pour	  faire	  une	  «	  ingénierie	  »	  des	  coefficients	  tunnels,	  avec	  en	  par8culier	  	  	  

J �! J ei✓

V(x, t)



Rappel	  pour	  un	  réseau	  1D	  modulé	  (cours	  2012-‐13)	  	  

x

V(x, t) = V [x� x0(t)]
V(x, t)

On	  peut	  faire	  une	  transforma8on	  unitaire	  pour	  simplifier	  l’analyse	  du	  problème	  :	  

ˆ

U(t) = exp (ix0(t)p̂/~)

On	  passe	  de	  	   Ĥ(t) =
p̂2

2M
+ V [x� x0(t)] à	   Ĥ(t) =

[p̂�A(t)]2

2M
+ V (x)

A(t) = Mẋ0(t)

Dans	  le	  modèle	  des	  liaisons	  fortes,	  ceci	  conduit	  à	  

Ĥ(t) = �J eiMaẋ0(t)/~
X

j

|w
j+1ihwj

|+ h.c.



La	  modifica8on	  du	  coefficient	  tunnel	  

| (t)i =
X

j

↵j(t) |wji

On	  écrit	  le	  vecteur	  d’état	  sous	  la	  forme	  

L’équa8on	  de	  Schrödinger	  conduit	  alors	  à	  	  

i ~ ↵̇
j

= �J
⇣
↵
j+1 e

�iMaẋ0(t)/~ + ↵
j�1 e

+iMaẋ0(t)/~
⌘

Ĥ(t) = �J eiMaẋ0(t)/~
X

j

|w
j+1ihwj

|+ h.c.

Deux	  échelles	  de	  temps	  :	  mouvement	  rapide	  	  	  	  	  	  	  	  	  	  	  	  ,	  mouvement	  lent	  	  	  	  	  	  ẋ0(t) J/~

Moyenne	  temporelle	  de	  l’équa8on	  d’évolu8on	  :	   i ~ ↵̇j = �J̄⇤↵j+1 � J̄↵j�1

J̄ = J heiMaẋ0(t)/~iavec	  le	  coefficient	  tunnel	  moyenné	  :	  

Que	  peut-‐on	  obtenir	  par	  ceQe	  méthode	  ?	  



Changement	  de	  l’amplitude	  du	  coefficient	  tunnel	  

Expérience	  de	  Pise	  (2007)	  :	  modula8on	  sinusoïdale	  

J̄ = J heiMaẋ0(t)/~i

Ma

~ ẋ0(t) = ⇠0 sin(⌦t+ �) J̄ = Jhei ⇠0 sin(⌦t+�)i = J J0(⇠0)

fonc8on	  de	  Bessel	  

our experimental resolution, we could measure a suppres-
sion by at least a factor of 25).

We also checked the behavior of jJeff=Jj as a function of
! for a fixed value of K0 ! 2 (see inset in Fig. 2) and found
that, over a wide range of frequencies between @!=J " 0:3
and @!=J " 30, the tunneling suppression works,
although for @!=J & 1 we found that jJeff#K0$=Jj deviated
from the Bessel function near the zero points, where the
suppression was less efficient than expected. In the limit of
large shaking frequencies (!=2! * 3 kHz, to be com-
pared with the typical mean separation of "15 kHz be-
tween the two lowest energy bands at V0=Erec ! 9), we
observed excitations of the condensate to the first excited
band of the lattice. In our in situ expansion measurements,
these band excitations (typically less than 30% for K0 > 3
and less than 10% for K0 < 3) were visible in the conden-
sate profile as a broad Gaussian pedestal below the near-
Gaussian profile of the ground-state condensate atoms.
From the widths of those pedestals, we inferred that
jJeff=Jj of the atoms in the excited band also followed
the Bessel-function rescaling of Eq. (2) and that the ratios
of the tunneling rates in the two bands agreed with theo-
retical models.

We now turn to the phase coherence of the BEC in the
shaken lattice, which was made visible by switching off the
dipole trap and lattice beams and letting the BEC fall under
gravity for 20 ms. This resulted in an interference pattern
whose visibility reflected the condensate coherence [20]. In
the region between the first two zeros of the Bessel func-

tion, where J 0 < 0, we found an interference pattern [see
Fig. 3(a)] that was shifted by half a Brillouin zone. This
shift can be interpreted as an inversion of the curvature of
the (quasi)energy band at the center of the Brillouin zone
when the effective tunneling parameter is negative. We
then quantified the visibility V ! #hmax % hmin$=#hmax &
hmin$ of the interference pattern after shaking the conden-
sate in the lattice for a fixed time between 1 and " 200 ms
and finally accelerating the lattice to the edge of the
Brillouin zone. In the expression for V , hmax is the mean
value of the condensate density at the position of the two
interference peaks, and hmin is the condensate density in a
region of width equal to about 1=4 of the peak separation
centered about the halfway point between the two peaks.
For a perfectly phase-coherent condensate, V " 1,

FIG. 3. Phase coherence in a shaken lattice. (a) Dephasing
time "deph of the condensate as a function of K0 for V0=Erec !
9 and !=2! ! 3 kHz. The vertical dashed line marks the
position of K0 ! 2:4 dividing the regions with Jeff > 0 (left)
and Jeff < 0 (right). In both regions, a typical (vertically inte-
grated) interference pattern without final acceleration to the zone
edge is shown (the x axis is scaled in units of the recoil
momentum prec ! h=dL.) Inset: Rephasing time after dephasing
at K0 ! 2:4 and subsequent reduction of K0. (b) Dephasing time
as a function of @!=J for K0 ! 2:2.

FIG. 2. Dynamical suppression of tunneling in an optical lat-
tice. Shown here is jJeff=Jj as a function of the shaking parame-
ter K0 for V0=Erec ! 6, !=2! ! 1 kHz (squares), V0=Erec ! 6,
!=2! ! 0:5 kHz (circles), and V0=Erec ! 4, !=2! ! 1 kHz
(triangles). The dashed line is the theoretical prediction.
Inset: jJeff=Jj as a function of ! for K0 ! 2:0 and V0=Erec !
9 corresponding to J=h ! 90 Hz.
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our experimental resolution, we could measure a suppres-
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We also checked the behavior of jJeff=Jj as a function of
! for a fixed value of K0 ! 2 (see inset in Fig. 2) and found
that, over a wide range of frequencies between @!=J " 0:3
and @!=J " 30, the tunneling suppression works,
although for @!=J & 1 we found that jJeff#K0$=Jj deviated
from the Bessel function near the zero points, where the
suppression was less efficient than expected. In the limit of
large shaking frequencies (!=2! * 3 kHz, to be com-
pared with the typical mean separation of "15 kHz be-
tween the two lowest energy bands at V0=Erec ! 9), we
observed excitations of the condensate to the first excited
band of the lattice. In our in situ expansion measurements,
these band excitations (typically less than 30% for K0 > 3
and less than 10% for K0 < 3) were visible in the conden-
sate profile as a broad Gaussian pedestal below the near-
Gaussian profile of the ground-state condensate atoms.
From the widths of those pedestals, we inferred that
jJeff=Jj of the atoms in the excited band also followed
the Bessel-function rescaling of Eq. (2) and that the ratios
of the tunneling rates in the two bands agreed with theo-
retical models.

We now turn to the phase coherence of the BEC in the
shaken lattice, which was made visible by switching off the
dipole trap and lattice beams and letting the BEC fall under
gravity for 20 ms. This resulted in an interference pattern
whose visibility reflected the condensate coherence [20]. In
the region between the first two zeros of the Bessel func-

tion, where J 0 < 0, we found an interference pattern [see
Fig. 3(a)] that was shifted by half a Brillouin zone. This
shift can be interpreted as an inversion of the curvature of
the (quasi)energy band at the center of the Brillouin zone
when the effective tunneling parameter is negative. We
then quantified the visibility V ! #hmax % hmin$=#hmax &
hmin$ of the interference pattern after shaking the conden-
sate in the lattice for a fixed time between 1 and " 200 ms
and finally accelerating the lattice to the edge of the
Brillouin zone. In the expression for V , hmax is the mean
value of the condensate density at the position of the two
interference peaks, and hmin is the condensate density in a
region of width equal to about 1=4 of the peak separation
centered about the halfway point between the two peaks.
For a perfectly phase-coherent condensate, V " 1,

FIG. 3. Phase coherence in a shaken lattice. (a) Dephasing
time "deph of the condensate as a function of K0 for V0=Erec !
9 and !=2! ! 3 kHz. The vertical dashed line marks the
position of K0 ! 2:4 dividing the regions with Jeff > 0 (left)
and Jeff < 0 (right). In both regions, a typical (vertically inte-
grated) interference pattern without final acceleration to the zone
edge is shown (the x axis is scaled in units of the recoil
momentum prec ! h=dL.) Inset: Rephasing time after dephasing
at K0 ! 2:4 and subsequent reduction of K0. (b) Dephasing time
as a function of @!=J for K0 ! 2:2.

FIG. 2. Dynamical suppression of tunneling in an optical lat-
tice. Shown here is jJeff=Jj as a function of the shaking parame-
ter K0 for V0=Erec ! 6, !=2! ! 1 kHz (squares), V0=Erec ! 6,
!=2! ! 0:5 kHz (circles), and V0=Erec ! 4, !=2! ! 1 kHz
(triangles). The dashed line is the theoretical prediction.
Inset: jJeff=Jj as a function of ! for K0 ! 2:0 and V0=Erec !
9 corresponding to J=h ! 90 Hz.
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our experimental resolution, we could measure a suppres-
sion by at least a factor of 25).

We also checked the behavior of jJeff=Jj as a function of
! for a fixed value of K0 ! 2 (see inset in Fig. 2) and found
that, over a wide range of frequencies between @!=J " 0:3
and @!=J " 30, the tunneling suppression works,
although for @!=J & 1 we found that jJeff#K0$=Jj deviated
from the Bessel function near the zero points, where the
suppression was less efficient than expected. In the limit of
large shaking frequencies (!=2! * 3 kHz, to be com-
pared with the typical mean separation of "15 kHz be-
tween the two lowest energy bands at V0=Erec ! 9), we
observed excitations of the condensate to the first excited
band of the lattice. In our in situ expansion measurements,
these band excitations (typically less than 30% for K0 > 3
and less than 10% for K0 < 3) were visible in the conden-
sate profile as a broad Gaussian pedestal below the near-
Gaussian profile of the ground-state condensate atoms.
From the widths of those pedestals, we inferred that
jJeff=Jj of the atoms in the excited band also followed
the Bessel-function rescaling of Eq. (2) and that the ratios
of the tunneling rates in the two bands agreed with theo-
retical models.

We now turn to the phase coherence of the BEC in the
shaken lattice, which was made visible by switching off the
dipole trap and lattice beams and letting the BEC fall under
gravity for 20 ms. This resulted in an interference pattern
whose visibility reflected the condensate coherence [20]. In
the region between the first two zeros of the Bessel func-

tion, where J 0 < 0, we found an interference pattern [see
Fig. 3(a)] that was shifted by half a Brillouin zone. This
shift can be interpreted as an inversion of the curvature of
the (quasi)energy band at the center of the Brillouin zone
when the effective tunneling parameter is negative. We
then quantified the visibility V ! #hmax % hmin$=#hmax &
hmin$ of the interference pattern after shaking the conden-
sate in the lattice for a fixed time between 1 and " 200 ms
and finally accelerating the lattice to the edge of the
Brillouin zone. In the expression for V , hmax is the mean
value of the condensate density at the position of the two
interference peaks, and hmin is the condensate density in a
region of width equal to about 1=4 of the peak separation
centered about the halfway point between the two peaks.
For a perfectly phase-coherent condensate, V " 1,

FIG. 3. Phase coherence in a shaken lattice. (a) Dephasing
time "deph of the condensate as a function of K0 for V0=Erec !
9 and !=2! ! 3 kHz. The vertical dashed line marks the
position of K0 ! 2:4 dividing the regions with Jeff > 0 (left)
and Jeff < 0 (right). In both regions, a typical (vertically inte-
grated) interference pattern without final acceleration to the zone
edge is shown (the x axis is scaled in units of the recoil
momentum prec ! h=dL.) Inset: Rephasing time after dephasing
at K0 ! 2:4 and subsequent reduction of K0. (b) Dephasing time
as a function of @!=J for K0 ! 2:2.

FIG. 2. Dynamical suppression of tunneling in an optical lat-
tice. Shown here is jJeff=Jj as a function of the shaking parame-
ter K0 for V0=Erec ! 6, !=2! ! 1 kHz (squares), V0=Erec ! 6,
!=2! ! 0:5 kHz (circles), and V0=Erec ! 4, !=2! ! 1 kHz
(triangles). The dashed line is the theoretical prediction.
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Changement	  de	  la	  phase	  du	  coefficient	  tunnel	  (version	  1)	  

J̄ = J heiMaẋ0(t)/~i

On	  prend	  une	  modula8on	  	  
temporelle	  asymétrique	  	  

x0(t)

t

T1 T2

T

J̄

J
=

T1

T
eiMav1/~ +

T2

T
eiMav2/~ a	  priori	  non	  réel	  

Equivalent	  d’un	  poten8el	  vecteur	  constant	  :	  	  
décalage	  du	  minimum	  de	  la	  courbe	  de	  	  
dispersion,	  qui	  peut	  être	  mis	  en	  évidence	  	  
dans	  une	  expérience	  de	  temps	  de	  vol	  

k ¼ A=@. As will be detailed later on, we experimentally
observe the relaxation of the condensate quasimomentum
toward the minimum of the effective dispersion relation.
Therefore, the imprinted Peierls phase can be directly read
out from the quasimomentum distribution revealed in the
time of flight after a sudden switch off of the lattice and the
external potential.

As a central result, Fig. 2(b) shows the experimental data
together with the theoretical predictions from Eq. (3). After
increasing the forcing amplitude slowly (within up to
120 ms) to the desired value, the corresponding quasimo-
mentum distribution was recorded. From the obtained
time-of-flight images, examples of which are shown in
Fig. 2(c), we extract the Peierls phases ! [22]. We observe
an excellent agreement between experiment and theory,
thus proving the controlled generation of an arbitrary
vector gauge potential encoded into the Peierls phase ! 2
½0; 2"½. In addition, the experimental images demonstrate
the large degree of coherence maintained in the atomic
sample throughout the shaking process. As an additional
feature, Fig. 2(a) shows that the Peierls phase allows us

now to invert the sign of the effective tunneling element
without crossing jJeffj ¼ 0 via the rotation in the complex
plane.
In the following, we will discuss the details of the

relaxation of the system toward nonzero quasimomenta
superfluid states, allowing for the described direct mea-
surement of the Peierls phase. Note that for an homoge-
neous and noninteracting system, the initial Bloch wave at
ki ¼ 0 remains an eigenstate of the effective Hamiltonian.
Thus, no transfer to states with k ! 0 is expected after the
shaking is turned on. However, since we are working with
interacting bosons and an external harmonic confinement,
more effects come into play.
When the gauge potential is ramped up from 0 to Af, the

condensate acquires a nonzero group velocity, reflecting
the presence of an artificial electric force FE ¼ # _A. This
velocity induces a displacement of the condensate’s center-
of-mass position xc in the harmonic potential of frequency
f [22]. The resulting restoring force induces oscillations
both in position and momentum space [see Fig. 3(a)]. In
Fig. 3(b), we report a time-resolved measurement of the
condensate quasimomentum after a quench to a final
Peierls phase of #"=4. The oscillations around the final
quasimomentum result from an excitation of the dipole
mode: The measured frequency of 3:6$ 0:4 Hz perfectly
matches the expected dressed condensate frequencyffiffiffiffiffiffiffiffiffiffiffiffiffi
m=m%p

f for particles having an effective mass m% in the
lattice of 10$ 1Erec depth with a tunneling amplitude of
0:3Jbare (ftheo ¼ 3:5$ 0:5 Hz). The coupling to nonzero
quasimomenta results thus from the underlying harmonic
trapping potential.
In addition, this center-of-mass dynamics is subjected to

several damping mechanisms induced by the trap anhar-
monicity or the lattice discreteness, which leads to a cou-
pling to other collective modes and therefore to the
relaxation of the BEC toward the new equilibrium state.
Therefore, the duration of the ramp from 0 to Af has to be
compared with the time scale of those relaxation mecha-
nisms. In Fig. 3 we compare time-resolved measurements
of the quasimomentum distribution for a slow ramp
[Fig. 3(d)] of A to a final Peierls phase ! ¼ 3"=2, with a
sudden quench [Fig. 3(f)]. As the gauge field is slowly
increased, the BEC follows the shift of the dispersion
relation minimum, as depicted in Fig. 3(c). For the quench,
on the contrary, for which the shift of the dispersion
relation occurs within 1 ms, the system cannot follow
and thus relaxes into the nearest minimum of the effective
band structure [see Fig. 3(e)]. For the chosen value, this
minimum lies on the left with respect to the original k ¼ 0
peaks and we thus find the BEC at k ¼ #"=2d. This
demonstrates clearly that in the presence of these relaxa-
tion mechanisms, the forcing does not induce a net particle
current in the lattice, unlike for ratchets, but allows the
engineering of ground-state superfluids at arbitrary non-
zero quasimomenta.

(a)

(b)

(c)

FIG. 2 (color). Creation of complex tunneling matrix ele-
ments. (a) Absolute value of the tunneling parameter obtained
from Eq. (3) for our experimental parameters (T1 þ T2 ¼ 1 ms
and T1=T2 ¼ 2:1). (b) The measured Peierls phases in a 1D
driven optical lattice for different values of the forcing amplitude
K are depicted as circles. The dashed red curve corresponds to
the theoretically expected values [Eq. (3)]. (c) Quasimomentum
distribution of the BEC after 27 ms time of flight for different
values of K. The Peierls phase as a function of K is deduced
from the observed shifts of the interference patterns.
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Changement	  de	  la	  phase	  du	  coefficient	  tunnel	  (version	  2)	  

On	  va	  chercher	  à	  imprimer	  la	  phase	  φ	  de	  la	  modula8on	  
sur	  le	  coefficient	  tunnel	  

Ma

~ ẋ0(t) = ⇠0 sin(⌦t+ �)

On	  revient	  à	  une	  modula8on	  sinusoïdale	  

• 	  Jusqu’à	  maintenant,	  on	  a	  vu	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  ce	  qui	  ne	  convient	  pas.	  	  J̄ = J J0(⇠0)

• 	  Mais	  on	  peut	  aussi	  produire	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  en	  profitant	  d’une	  résonance	  !	  	  J̄ = J J1(⇠0) e
i�

Première	  étape	  :	  on	  superpose	  au	  réseau	  une	  force	  uniforme	  F	


V (x)� Fx

x
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Décalage	  en	  énergie	  de	  deux	  sites	  	  
adjacents	  d’une	  quan8té	  	  ~⌦0

Deuxième	  étape	  :	  on	  va	  moduler	  à	  	  ⌦ ⇠ ⌦0



U8lisa8on	  d’une	  résonance	  (suite)	  
V (x)� Fx
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On	  cherche	  le	  vecteur	  d’état	  sous	  la	  forme	  

| (t)i =
X

j

↵j(t) e
ij⌦0t |wji

L’équa8on	  de	  Schrödinger	  pour	  le	  réseau	  vibrant	  conduit	  alors	  à	  	  

i ~ ↵̇
j

= �J
⇣
↵
j+1 e

�i (Maẋ0(t)/~�⌦0t) + ↵
j�1 e

+i (Maẋ0(t)/~�⌦0t)
⌘

J̄ = J J1(⇠0) e
i�

Gagné	  !	  	  (	  au	  moins	  à	  1D	  )	  

Pour	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  et	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  le	  coefficient	  tunnel	  moyenné	  vaut	  :	  	  ⌦ = ⌦0,
Ma

~ ẋ0(t) = ⇠0 sin(⌦t+ �)⌦ = ⌦0,
Ma

~ ẋ0(t) = ⇠0 sin(⌦t+ �)

J̄ = Jhei[⇠0 sin(⌦t+�)�⌦0t]i = J h
X

n

Jn(⇠0)e
in(⌦t+�) e�i⌦0ti



Le	  passage	  à	  deux	  dimensions	  

Modula@on	  asymétrique	  	  

x0(t)

t

T1 T2

T

Applicable	  à	  un	  réseau	  triangulaire	  
(ne	  marche	  pas	  si	  les	  côtés	  de	  la	  cellule	  
du	  réseau	  sont	  deux	  à	  deux	  parallèles)	  

Conduit	  à	  un	  flux	  alterné	   Hambourg	  2013	  

Modula@on	  résonnante	  

V (x)� Fx
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~⌦0

Peut	  être	  adapté	  à	  un	  réseau	  carré	  
pour	  produire	  un	  flux	  uniforme,	  
moyennant	  certaines	  sub8lités...	  

Munich	  2013,	  MIT	  2013	  

+	   +	   +	  -‐	   -‐	  



Exemple	  de	  résultat	  à	  deux	  dimensions	  

Munich,	  2013,	  u8lisa8on	  d’un	  réseau	  secoué	  +	  résonance	  
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on for 4 ms with strength V0
K ¼ 9:9ð2ÞErK, where ErK ¼

h2=ð2m!2
KÞ. Afterwards, we measured the fraction of

atoms transferred to odd sites nodd as a function of the
frequency difference ! for a fixed value of the magnetic
field gradient. Even-odd resolved detection was achieved
by transferring atoms in odd sites to a higher Bloch band
and applying a subsequent band-mapping sequence
[22,25]. As shown in the inset of Fig. 2(b), atoms are
transferred resonantly to odd sites when the frequency of
the running-wave beams matches the energy offset !
between neighboring sites. We measured the resonance
frequency !res for various values of the magnetic field
gradient and observed a large tunability up to about
!=h$ 10 kHz [Fig. 2(b)].

The spatial distribution of the local fluxes induced by the
running-wave beams was revealed by a series of measure-
ments in isolated four-site square plaquettes using optical
superlattices. This was achieved by superimposing two
additional standing waves along x and y with wavelength
!li ¼ 2!i, i 2 fx; yg. The resulting potential along x is
VðxÞ ¼ Vlxsin

2ðkxx=2þ ’x=2Þ þ Vxsin
2ðkxxÞ, where Vlx

is the depth of the ‘‘long’’ lattice. The superlattice potential
along y is given by an analogous expression. The depths of
the lattices and the relative phases ’x and ’y can be
controlled independently. For ’x ¼ ’y ¼ 0, we realize
symmetric double well potentials along x and y to isolate
individual plaquettes (Fig. 3). Because of the presence of
the magnetic field gradient, the plaquettes are tilted along
x, with an energy offset ! for j"i atoms and &! for j#i
atoms. The four sites of the plaquette are denoted as A, B,
C, and D (Fig. 3). The experiment started by loading
spin-polarized single atoms into the ground state of
the tilted plaquettes: j"0

" i ¼ ðjAiþ jDiÞ=
ffiffiffi
2

p
and j"0

# i ¼
ðjBiþ jCiÞ=

ffiffiffi
2

p
, for j"i and j#i, respectively {Fig. 3(a) and

Ref. [22]}. After switching on the running-wave beams,
the atoms couple to the B and C sites (j"i atoms) and A and
D sites (j#i atoms). Without the artificial magnetic field,
the atoms would oscillate periodically between left and
right, but due to the phase imprinted by the running-wave
beams, the atoms experience a force perpendicular to their
velocity similar to the Lorentz force acting on a charged
particle in a magnetic field. We measured the time
evolution of the atom population on different bonds
(Nleft ¼ NA þ ND, Nright ¼ NB þ NC, Nup ¼ NC þ ND,
and Ndown ¼ NA þ NB), with Nq being the atom popula-
tion per site (q ¼ A, B, C, D), by applying the even-odd
resolved detection along both directions independently
[22]. From this, we obtained the mean atom positions
along x and y, hXi ¼ ðNright & NleftÞdx=2N and hYi ¼
ðNup & NdownÞdy=2N, with N being the total atom number.
As shown in Fig. 3(a), the mean atom position follows a
small-scale quantum analog of the classical cyclotron orbit
for charged particles. Starting with equally populated sites
A and D, spin-up atoms experience a force along y, which
is perpendicular to the initial velocity and points towards

the lower bond in the plaquette (A and B sites). Spin-down
atoms, initially with opposite velocity, also move towards
the lower bond. Therefore, the chirality of the cyclotron
orbit is reversed, revealing the spin-dependent nature of the
artificial magnetic field [Fig. 3(a)]. The value of the mag-
netic flux per plaquette # ¼ 0:73ð5Þ ' "=2, measured in
our previous work [12], is used for the fits in Fig. 3. The
difference from # ¼ "=2, expected for a homogeneous
lattice, stems from the smaller distance between lattice
sites inside the plaquettes when separated.
To further demonstrate the uniformity of the magnetic

field, we performed the same set of measurements in
plaquettes shifted by one lattice constant along x. This
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FIG. 3 (color). Quantum cyclotron orbits obtained from the
mean atom positions along x and y, hXi=dx and hYi=dy, for
J=K ( 2 [22]. Every data point is an average over three indi-
vidual measurements. The solid gray lines show the fit of the
theoretically expected evolution to the data, which was obtained
from a numerical calculation solving the time-dependent
Schrödinger equation of the 4' 4 Hamiltonian. The oscillation
amplitudes and offsets were fitted independently along x and y,
whereas the time offset #¼0:12ð5Þms and flux #¼0:73ð5Þ'
"=2 were fixed (see the main text and the Supplemental Material
[22]). The schematics illustrate the superlattice potentials used to
partition the lattice into plaquettes together with the initial state
for j"i atoms (green) and j#i atoms (blue) and the direction of the
flux. The superlattice potential along x is shifted by one lattice
constant for the experimental results in (b) with respect to the
ones in (a) to demonstrate the uniformity of the artificial mag-
netic field.
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on for 4 ms with strength V0
K ¼ 9:9ð2ÞErK, where ErK ¼

h2=ð2m!2
KÞ. Afterwards, we measured the fraction of

atoms transferred to odd sites nodd as a function of the
frequency difference ! for a fixed value of the magnetic
field gradient. Even-odd resolved detection was achieved
by transferring atoms in odd sites to a higher Bloch band
and applying a subsequent band-mapping sequence
[22,25]. As shown in the inset of Fig. 2(b), atoms are
transferred resonantly to odd sites when the frequency of
the running-wave beams matches the energy offset !
between neighboring sites. We measured the resonance
frequency !res for various values of the magnetic field
gradient and observed a large tunability up to about
!=h$ 10 kHz [Fig. 2(b)].

The spatial distribution of the local fluxes induced by the
running-wave beams was revealed by a series of measure-
ments in isolated four-site square plaquettes using optical
superlattices. This was achieved by superimposing two
additional standing waves along x and y with wavelength
!li ¼ 2!i, i 2 fx; yg. The resulting potential along x is
VðxÞ ¼ Vlxsin

2ðkxx=2þ ’x=2Þ þ Vxsin
2ðkxxÞ, where Vlx

is the depth of the ‘‘long’’ lattice. The superlattice potential
along y is given by an analogous expression. The depths of
the lattices and the relative phases ’x and ’y can be
controlled independently. For ’x ¼ ’y ¼ 0, we realize
symmetric double well potentials along x and y to isolate
individual plaquettes (Fig. 3). Because of the presence of
the magnetic field gradient, the plaquettes are tilted along
x, with an energy offset ! for j"i atoms and &! for j#i
atoms. The four sites of the plaquette are denoted as A, B,
C, and D (Fig. 3). The experiment started by loading
spin-polarized single atoms into the ground state of
the tilted plaquettes: j"0

" i ¼ ðjAiþ jDiÞ=
ffiffiffi
2

p
and j"0

# i ¼
ðjBiþ jCiÞ=

ffiffiffi
2

p
, for j"i and j#i, respectively {Fig. 3(a) and

Ref. [22]}. After switching on the running-wave beams,
the atoms couple to the B and C sites (j"i atoms) and A and
D sites (j#i atoms). Without the artificial magnetic field,
the atoms would oscillate periodically between left and
right, but due to the phase imprinted by the running-wave
beams, the atoms experience a force perpendicular to their
velocity similar to the Lorentz force acting on a charged
particle in a magnetic field. We measured the time
evolution of the atom population on different bonds
(Nleft ¼ NA þ ND, Nright ¼ NB þ NC, Nup ¼ NC þ ND,
and Ndown ¼ NA þ NB), with Nq being the atom popula-
tion per site (q ¼ A, B, C, D), by applying the even-odd
resolved detection along both directions independently
[22]. From this, we obtained the mean atom positions
along x and y, hXi ¼ ðNright & NleftÞdx=2N and hYi ¼
ðNup & NdownÞdy=2N, with N being the total atom number.
As shown in Fig. 3(a), the mean atom position follows a
small-scale quantum analog of the classical cyclotron orbit
for charged particles. Starting with equally populated sites
A and D, spin-up atoms experience a force along y, which
is perpendicular to the initial velocity and points towards

the lower bond in the plaquette (A and B sites). Spin-down
atoms, initially with opposite velocity, also move towards
the lower bond. Therefore, the chirality of the cyclotron
orbit is reversed, revealing the spin-dependent nature of the
artificial magnetic field [Fig. 3(a)]. The value of the mag-
netic flux per plaquette # ¼ 0:73ð5Þ ' "=2, measured in
our previous work [12], is used for the fits in Fig. 3. The
difference from # ¼ "=2, expected for a homogeneous
lattice, stems from the smaller distance between lattice
sites inside the plaquettes when separated.
To further demonstrate the uniformity of the magnetic

field, we performed the same set of measurements in
plaquettes shifted by one lattice constant along x. This
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FIG. 3 (color). Quantum cyclotron orbits obtained from the
mean atom positions along x and y, hXi=dx and hYi=dy, for
J=K ( 2 [22]. Every data point is an average over three indi-
vidual measurements. The solid gray lines show the fit of the
theoretically expected evolution to the data, which was obtained
from a numerical calculation solving the time-dependent
Schrödinger equation of the 4' 4 Hamiltonian. The oscillation
amplitudes and offsets were fitted independently along x and y,
whereas the time offset #¼0:12ð5Þms and flux #¼0:73ð5Þ'
"=2 were fixed (see the main text and the Supplemental Material
[22]). The schematics illustrate the superlattice potentials used to
partition the lattice into plaquettes together with the initial state
for j"i atoms (green) and j#i atoms (blue) and the direction of the
flux. The superlattice potential along x is shifted by one lattice
constant for the experimental results in (b) with respect to the
ones in (a) to demonstrate the uniformity of the artificial mag-
netic field.
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Trajectoire	  cyclotron	  à	  	  
l’intérieur	  d’une	  plaqueEe	  

U8lisa8on	  d’un	  super-‐réseau	  pour	  isoler	  
des	  plaqueEes	  comprenant	  2	  x	  2	  sites	  



Plan	  du	  cours	  

1.	  Champs	  de	  jauge	  sur	  réseau	  

Modèle	  des	  liaisons	  fortes,	  choix	  de	  jauge	  

2.	  Le	  papillon	  de	  Hofstadter	  

Sépara)on	  en	  sous-‐bandes,	  nombre	  de	  Chern	  	  

3.	  Les	  réseaux	  op8ques	  secoués	  

Comment	  obtenir	  des	  coefficients	  tunnels	  non	  réels	  

4.	  Réseaux	  combinant	  plusieurs	  états	  internes	  

Effet	  tunnel	  assisté	  par	  laser	  



Effet	  tunnel	  assisté	  par	  laser	  	  

Atome	  à	  deux	  états	  internes	  
Géométrie	  en	  forme	  d’«	  échelle	  »,	  avec	  deux	  réseaux	  1D	  parallèles	  

b

|gi |ei

|gi, |ei |gi

|ei

!0

j + 1

j

Elément	  de	  matrice	  de	  l’effet	  tunnel	  sur	  la	  ligne	  j	  :	  

e

ijkb ~
2

Z
w0(x� a, y) cos(ky) w0(x, y) d

2
r

phase	  du	  laser	  
sur	  la	  ligne	  j	


recouvrement	  des	  fonc8ons	  	  
de	  Wannier	  pour	  	  	  |gi et |ei

Le	  couplage	  avec	  le	  laser	  permet	  à	  l’atome	  de	  	  
«	  sauter	  »	  d’un	  montant	  de	  l’échelle	  à	  l’autre	  	  

|g, wji ! |e, wji

Laser	  
eiky

a



Effet	  tunnel	  assisté	  par	  laser	  (suite)	  	  

b

Laser	  

|gi |ei

eijkb

ei(j+1)kb

Phase	  accumulée	  sur	  une	  plaqueEe	  

⇥ = 0 + (j + 1)kb+ 0� jkb

= kb

k = 2⇡/� b ⇠ �

	  	  	  	  	  peut	  prendre	  des	  valeurs	  ajustables	  entre	  0	  et	  2π ,	  
en	  contrôlant	  l’angle	  du	  faisceau	  laser	  avec	  l’axe	  y.	  
⇥



Extension	  à	  deux	  dimensions	  

b

Laser	  

|gi |ei |gi |ei |gi

�

�

�

� ��

��

��

��

Flux	  alterné	  :	  sur	  une	  ligne	  donnée,	  
parcourue	  de	  gauche	  à	  droite,	  
la	  phase	  du	  coefficient	  tunnel	  	  
oscille	  entre	  	  

+j kb pour |gi ! |ei
et	  	  

�j kb pour |ei ! |gi

On	  peut	  rec8fier	  ce	  flux	  avec	  des	  schémas	  un	  peu	  plus	  compliqués	  

Jaksch	  &	  Zoller	  (2003),	  Gerbier	  &	  Dalibard	  (2010)	  



Une	  méthode	  possible	  de	  rec8fica8on	  

Lasers	  

|gi |ei |gi |ei |gi

Laser	  

�

�

�

�

�

�

�

�

|ei

U8lisa8on	  d’un	  super-‐réseau	  qui	  	  
décale	  périodiquement	  l’énergie	  	  
des	  états	  	  internes	  	  	  	  	  	  	  	  et	  	  |gi |ei

Eg

Ee

La	  raie	  de	  résonance	  est	  
clivée	  en	  4	  composantes	  

�

�

�

�

�

�

�

�

�

�

�

�

Lasers	  

Gerbier	  &	  Dalibard	  (2010)	  



Est-‐ce	  intéressant	  de	  8rer	  par8	  des	  états	  internes	  atomiques	  ?	  

Les	  écueils	  à	  éviter	  pour	  ceEe	  simula8on	  du	  magné8sme	  sur	  réseau	  :	  

• 	  le	  chauffage	  dû	  aux	  vibra8ons	  
• 	  les	  transi8ons	  vers	  les	  bandes	  supérieures	  (non	  prises	  en	  compte	  dans	  le	  modèle)	  

La	  condi8on	  de	  résonance	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  impose	  donc	  

Pour	  un	  réseau	  @lté	  +	  secoué	  
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0
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3
V (x)� Fx

x

~⌦0

�

• 	  pour	  éviter	  les	  transi8ons	  interbandes:	  ⌦0 ⌧ �

• 	  pour	  éviter	  le	  chauffage,	  bonne	  sépara8on	  
	  	  	  des	  échelles	  de	  temps	  :	   J̄ ⇠ J ⌧ ⌦

⌦ = ⌦0

J̄ ⌧ ⌦ ⌧ � :	  très	  faibles	  coefficients	  tunnels...	  

Pour	  un	  effet	  tunnel	  entre	  états	  internes	  différents	  :	  	  	  

,	  ce	  qui	  semble	  plus	  favorable...	  une	  seule	  inégalité	  à	  sa8sfaire	  :	  	   J̄ ⇠  ⌧ �

mais	  les	  collisions	  inélas)ques	  entre	  états	  internes	  différents	  peuvent	  être	  probléma)ques	  



Bilan	  sur	  les	  méthodes	  pour	  simuler	  un	  magné8sme	  orbital	  

Hamiltoniens	  	  
indépendant	  du	  temps	  

Hamiltoniens	  	  
dépendant	  du	  temps	  

pulsa8on	  Ω	


Pas	  d’u8lisa8on	  
d’états	  internes	  

U8lisa8on	  
d’états	  internes	  

Rota8on	  à	  moment	  	  
ciné8que	  conservé	  	  	  	  	  	  	  	  

Phase	  de	  Berry	  
Réseaux	  de	  flux	  

Effet	  tunnel	  assisté	  par	  laser	  
Couplage	  spin-‐orbite	  

⌦ ⇠ !c	  	  	  	  	  	  	  	  	  	  	  	  	  	  :	  rota8on	  forcée	  
avec	  agitateur	  tournant	  

⌦ � !c :	  réseaux	  secoués	  

Couplage	  spin-‐orbite	  

But	  :	  aEeindre	  une	  fréquence	  cyclotron	  	  	  	  	  	  	  donnée	  ou	  un	  couplage	  spin-‐orbite	  !c


